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Preface

In the past few years the subject of variable exponent spaces has undergone
a vast development. Nevertheless, the standard reference is still the article
by Kovécik and Rékosnik from 1991. This paper covers only basic properties,
such as reflexivity, separability, duality and first results concerning embed-
dings and density of smooth functions. In particular, the boundedness of
the maximal operator, proved by Diening in 2002, and its consequences are
missing.

Naturally, progress on more advanced properties is scattered in a large
number of articles. The need to introduce students and colleagues to the
main results led around 2005 to some short survey articles. Moreover, Diening
gave lectures at the University of Freiburg in 2005 and Ruzi¢ka gave a course
in 2006 at the Spring School NAFSA 8 in Prague. The usefulness of a more
comprehensive treatment was clear, and so we decided in the summer of 2006
to write a book containing both basic and advanced properties, with improved
assumptions. Two further lecture courses were given by Hasto based on our
material in progress (2008 in Oulu and 2009 at the Spring School in Paseky);
another summary is Diening’s 2007 habilitation thesis.

It has been our goal to make the book accessible to graduate students as
well as a valuable resource for researchers. We present the basic and advanced
theory of function spaces with variable exponents and applications to partial
differential equations. Not only do we summarize much of the existing liter-
ature but we also present new results of our most recent research, including
unifying approaches generated while writing the book.

Writing such a book would not have been possible without various sources
of support. We thank our universities for their hospitality and the Academy of
Finland and the DFG research unit “Nonlinear Partial Differential Equations:
Theoretical and Numerical Analysis” for financial support. We also wish to
express our appreciation of our fellow researchers whose results are presented
and ask for understanding for the lapses, omissions and misattributions that
may have entered the text. Thanks are also in order to Springer Verlag for
their cooperation and assistance in publishing the book.

We thank our friends, colleagues and especially our families for their
continuous support and patience during the preparation of this book.



vi Preface

Finally, we hope that you find this book useful in your journey into the
world of variable exponent Lebesgue and Sobolev spaces.

Munich, Germany Lars Diening
Helsinki, Finland Petteri Harjulehto
Oulu, Finland Peter Histé
Freiburg, Germany Michael Ruzicka

November 2010
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Chapter 1
Introduction

The field of variable exponent function spaces has witnessed an explosive
growth in recent years. For instance, a search for “variable exponent” in
Mathematical Reviews yields 15 articles before 2000, 31 articles between 2000
and 2004, and 267 articles between 2005 and 2010. This is a crude measure
with some misclassifications, but it is nevertheless quite telling.

The standard reference for basic properties has been the article [258] by
Kovécik and Rakosnik from 1991. (The same properties were derived by
different methods by Fan and Zhao [149] 10 years later.) Some surveys of the
field exist, e.g. [99,345], but they are already quite dated. When we started
writing this book, in 2006, it seemed possible to derive a more coherent
foundation for the field with simpler and better proofs. This turned out to be
somewhat more challenging than we had anticipated, but it is fair to say that
the understanding of the basics of the field has now, in 2010, reached a certain
stability and maturity. Thus we have tried to write a usable, self-contained
monograph collecting all the basic properties of variable exponent Lebesgue
and Sobolev spaces, which fills the need of having a readily available reference
with unified notation and terminology.

Since most of the results contained in this book are no more than ten years
old, we have generally credited the original authors of results mid-text, often
noting also previous contributions. Our selection of topics is based to some
extent on our personal interests, but we have tried to include all the most
important and general results, and make note of several other ones along with
references to sources for further information.

Many of the very early contributions are largely superseded by more recent
results, and so we include here a brief history of the field from its inception
in 1931 to approximately 2000 in the next section. The second section of this
chapter provides an outline of the rest of the book.

In Sect. 1.3 we summarize the most important basic properties of variable
exponent spaces from the book, as well as some properties which do not hold.
We also provide a diagram which shows the connections between different
central assumptions on the exponent. This section is meant as a reference for
locating the results one needs, and is not self-contained.

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 1
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-1,
(© Springer-Verlag Berlin Heidelberg 2011



2 1 Introduction

Finally, in Sect.1.4 we introduce some notation and conventions used
throughout the book; we also recall many well-known definitions and results
from real and functional analysis, topology and measure theory which are
needed later on. No proofs are included for these standard results, but refer-
ences are provided and they can be consulted if necessary. The results from
this section are used in many places later on; we also introduce some standard
results later in the book if they are needed only in a single proof or section.

1.1 History of Variable Exponent Spaces

Variable exponent Lebesgue spaces appeared in the literature for the first
time already in a 1931 article by Orlicz [319]. In this article the following
question is considered: let (p;) (with p; > 1) and (x;) be sequences of real
numbers such that ), 2" converges. What are the necessary and sufficient
conditions on (y;) for ), z;y; to converge? It turns out that the answer is
that Zi(/\yi)pé should converge for some A > 0 and p; = p;/(p; — 1). This
is essentially Holder’s inequality in the space ¢7(). Orlicz also considered the
variable exponent function space LP() on the real line, and proved the Holder
inequality in this setting.

However, after this one paper, Orlicz abandoned the study of variable
exponent spaces, to concentrate on the theory of the function spaces that
now bear his name (but see also [308]). In the theory of Orlicz spaces, one
defines the space L¥ to consist of those measurable functions u: 2 — R for
which

o(hu) = [ pA|u(z)]) dz < oo
/

for some A > 0 (p has to satisfy certain conditions, see Example 2.3.12 (b)).
Abstracting certain central properties of o, we are led to a more general class
of so-called modular function spaces which were first systematically studied
by Nakano [309,310]. In the appendix [p. 284] of the first of these books,
Nakano mentions explicitly variable exponent Lebesgue spaces as an example
of the more general spaces he considers. The duality property mentioned
above is again observed.

Following the work of Nakano, modular spaces were investigated by sev-
eral people, most importantly by groups at Sapporo (Japan), Voronezh
(USSR), and Leiden (Netherlands). Somewhat later, a more explicit ver-
sion of these spaces, modular function spaces, were investigated by Polish
mathematicians, for instance Hudzik, Kaminska and Musielak. For a com-
prehensive presentation of modular function spaces, see the monograph [307]
by Musielak.

Variable exponent Lebesgue spaces on the real line have been inde-
pendently developed by Russian researchers, notably Sharapudinov. These
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investigations originated in a paper by Tsenov from 1961 [366], and were
briefly touched on by Portnov [325,326]. The question raised by Tsenov and
solved by Sharapudinov [351-353] is the minimization of

b
/ () — v(@)P@d,

where u is a fixed function and v varies over a finite dimensional subspace of
L0 ([a,b]). In [351] Sharapudinov also introduced the Luxemburg norm for
the Lebesgue space and showed that this space is reflexive if the exponent
satisfies 1 < p~ < p™ < oo. In the mid-1980s Zhikov [392] started a new
line of investigation, that was to become intimately related to the study of
variable exponent spaces, considering variational integrals with non-standard
growth conditions. Another early PDE paper is [257] by Kovacik, but this
paper appears to have had little influence on later developments.

The next major step in the investigation of variable exponent spaces was
the paper by Kovacik and Rékosnik in the early 1990s [258]. This paper
established many of the basic properties of Lebesgue and Sobolev spaces
in R™. During the following ten years there were many scattered efforts to
understand these spaces.

At the turn of the millennium various developments lead to the start of
a period of systematic intense study of variable exponent spaces: First, the
connection was made between variable exponent spaces and variational inte-
grals with non-standard growth and coercivity conditions (e.g., [4,393]). It
was also observed that these non-standard variational problems are related to
modeling of so-called electrorheological fluids, see [328, 329, 337]. Moreover,
progress in physics and engineering over the past ten year have made the
study of fluid mechanical properties of these fluids an important issue, see
[90,337,369]. (Later on, other applications have emerged in thermorheological
fluids [34] and image processing [1,53,70,269].)

Even more important from the point of view of the present book is the fact
that the “correct” condition for regularity of variable exponents was found.
This condition, which we call log-Hélder continuity, was used by Diening [91]
to show that the maximal operator is bounded on LP() (Q) when € is bounded.
He also showed that the boundedness holds in LP()(R™) if the exponent is
constant outside a compact set. The case of unbounded domains was soon
improved by Cruz-Uribe, Fiorenza and Neugebauer [84] and, independently,
Nekvinda [314] so that a decay condition replaces the constancy at infinity.
The boundedness of the maximal operator opens up the door for treating
a plethora of other operators. For instance one can then consider the Riesz
potential operator and thus prove Sobolev embeddings. Such results indeed
followed in quick succession starting from the middle of the 00s.

The boundedness of the maximal operator and other operators is a subtle
question and improvements on these initial results have been made since then
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in many papers. In this book we present mature versions of these results as
well as more recent advances. In particular, we would like to emphasize the
efforts to remove spurious bounds on the exponents from previous results
which were the consequence of technical rather than substantial issues. In
particular, we have made a point of replacing the assumptions 1 < p~ and
pT < oo by 1 <p~ and pt < co whenever possible.

1.2 Structure of the Book

This book is divided into three parts. The first part deals with variable
exponent Lebesgue spaces, and the second one deals with variable exponent
Sobolev spaces. These form the main content of the book. In the third part
we give a selection of applications of these results to partial differential equa-
tions. Some sections and one chapter are marked by an asterisk. These we
consider more advanced content which may be omitted on first reading.
Figure 1.1 illustrates the main dependencies among the chapters. As indi-
cated by the triple line, Chaps. 3, 4, 6 and 8 form the core of the book. They

| Chapter 5 | Chapter 6 | Chapter 7 |
Part 11 Chapter 8

| Chapter 9 | Chapter 10 | | Chapter 12 |
Part 111 | Chapter 13 | | Chapter 14

Fig. 1.1 The main dependencies among chapters
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deal with basic properties of Lebesgue spaces, the maximal operator, other
operators, and Sobolev spaces, respectively. Any course based on the book
would likely include at least these chapters, although Chap. 8 could be omit-
ted if one is not interested in differentiability. Results from Chap.5 and 7 are
used in Chap. 8 and later to some extent, but it is not unreasonable to skip
these at first reading if one is interested mainly in Sobolev spaces.

Chapter 2 is not properly about variable exponent spaces but rather intro-
duces the more general frameworks of semimodular spaces and Musielak—
Orlicz spaces. Since these topics have not been treated in this generality in
widely available sources we have included this preliminary chapter for com-
pleteness. It can be skipped by readers mostly interested in more advanced
properties of variable exponent spaces. On the other hand, many basic prop-
erties, including completeness, reflexivity, separability and uniform convexity,
follow in the variable exponent setting directly from the more general case.
It should also be stressed that the study of semimodular spaces, rather than
modular spaces, allows us to treat variable exponent spaces with unbounded
exponents in a uniform manner, in contrast to many previous investigations
which have used a more ad hoc approach (cf. Remark 3.2.3).

Chapter 3 relies heavily on Chap.2: we directly obtain completeness,
reflexivity, separability and uniform convexity. The more complicated general
conditions translate into simple (and optimal) assumptions on the variable
exponent (see Sect.1.3). Another important topic in these sections is the
norm dual formula, which we derive in the framework of associate spaces;
this is another component which allows us to avoid earlier restrictions on the
variable exponent that follow from dual space considerations.

Chapter 4 introduces a slate of new techniques to deal with the maxi-
mal function and averaging operators. These are the central advances of the
past few years which have made possible the rapid expansion of the field. In
contrast to previous investigations, our general techniques allow for the sys-
tematic inclusion of unbounded exponents. After introducing the logarithmic
Holder continuity condition, we derive “Hoélder”-type inequalities

p(y)
<][|f|dﬂc> <][|f|p(r)dx+error
Q Q

where y € @Q and “error” denotes an appropriate error term. This estimate
suffices for the boundedness of the maximal operator in unbounded domains
and for unbounded exponents. If we use the boundedness of the maximal
operator we always incur the restriction p~ > 1, which is in fact necessary by
Theorem 4.7.1. Therefore we also study two tools without this shortcoming;:
weak-type estimates and averaging operators. We prove, for instance, that

1
11l oy = Q)@



6 1 Introduction

for all cubes @Q, where % is log-Hélder continuous but p is possibly unbounded,
and pq is the harmonic average of p on (). Also convolution is shown to work
without bounds on the exponent.

Chapter 6 consists of a fairly straightforward application of the meth-
ods from Chap.4 to other operators such as the Riesz potential, the sharp
operator and singular integrals.

The first part includes two optional chapters. Chapter 5 contains a more
abstract treatment of the boundedness of the maximal operator in terms
of the so-called class A. This class consists of those exponents for which a
suitable collection of averaging operators are bounded. It provides the right
context for a necessary and sufficient condition of the boundedness of the
maximal operator similar to the Muckenhoupt classes for weighted Lebesgue
spaces. Working with averaging rather than maximal operators allows us
to remove superfluous restrictions on the exponent from below which had
appeared in various previous results. This is the case for instance for the
Poincaré inequality, which is considered in Chap. 8.

Chapter 7 is a collection of methods which we call “transfer techniques”.
The idea is that we start with a result in one setting and obtain it in another
setting “for free”. The best known example of such a technique is inter-
polation, which has played an important unifying role in the development
of the theory of constant exponent spaces. Unfortunately, it is not possi-
ble to interpolate from constant exponents to variable exponents. Therefore
other techniques are also included, namely, extrapolation and a result for
generalizing statements for balls to statements in (possible unbounded) John
domains.

The first chapter in the second part, Chap. 8, relies substantially on the
results from the first part. First we “translate” the results from Chap.3 to
results for Sobolev spaces. Hence we prove completeness, reflexivity, sep-
arability and uniform convexity, again under optimal assumptions on the
exponent. More sophisticated results like Sobolev embeddings and Poincaré
inequalities are proved by recourse to results on the maximal and other oper-
ators. We also include a short section on compact embeddings and present a
recent extension result. Again, several results are presented for the first time
including the cases p~ = 1 and/or p™ = co.

After the first chapter, the second part of the book splits into three rela-
tively independent strands. Chapter 9 deals with the density of smooth and
continuous functions in Sobolev spaces, which turns out to be an elusive and
difficult question which is not fully understood yet. We present several suffi-
cient conditions for density, as well as examples when density does not hold.

Chapter 10 introduces a Sobolev and a relative capacity, which measure
set size on a finer scale than the Lebesgue measure. We study their relation-
ship with each other and with the Hausdorff measure. The capacities are used
in Chap. 11 to the study of fine properties of Sobolev functions, such as qua-
sicontinuity, removability, Lebesgue points and function with zero boundary
value.
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The third strand, in Chap. 12, deals with other spaces of “Sobolev type”,
i.e. spaces of functions with at least some (possibly fractional) smoothness. In
particular, trace, homogeneous Sobolev, Bessel potential, Besov, and Triebel—-
Lizorkin spaces are considered.

In the third part, we consider applications to partial differential equations
of the theory developed in the first two parts. The third part consists of
two chapters. In Chap. 13, we consider PDE of non-standard growth, i.e.
differential equations where the main term is of the form — div(|Vu[P() =2 V).
In this case W1 P()(Q) is the natural space in which to look for solutions. The
approach of the chapter continues the minimal assumptions-theme of previous
chapters. In particular, we add continuity assumptions on the exponent only
as necessary. This part is based on capacity methods and fine properties of
the functions from Chaps. 10 and 11. Chapter 14 is the culmination of the
other strand in Part II: here we use traces and homogeneous spaces from
Chap. 12, Calder6n—Zygmund operators (Sect.6.3), as well as the Lipschitz
truncation method (Sect.9.5), and the transfer technique from Sect. 7.4. We
first treat classical linear PDE with data in variable exponent spaces, namely
the Poisson and Stokes problems and the divergence equation. The latter
leads to generalizations of further classical results to variable exponent spaces.
Finally these results and the theory of pseudomonotone operators are applied
in Sect. 14.4 to prove the existence of solutions to the steady equations for
the motion of electrorheological fluids, which is again a PDE with a version
of the variable p(-)-Laplacian as a main elliptic term.

1.3 Summary of Central Results

In this section we highlight the similarities and differences between constant
exponent and variable exponent spaces; we also emphasize the assumptions
on the exponent needed for the properties. First we list properties which do
not require any regularity of the exponent. The second section features a dia-
gram which illustrates the quite complex relationship between the different
conditions used when dealing with more advanced properties such as bound-
edness of various operators. In the final section we list some properties which
essentially never hold in the variable exponent context.

Elementary Properties

Here we collect the most important properties of variable exponent Lebesgue
and Sobolev spaces which hold without advanced conditions on the exponent.
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For Any Measurable Exponent p

o LP() and WP() are Banach spaces (Theorem 3.2.7, Theorem 8.1.6).

e The modular g, and the norm ||-[|,, are lower semicontinuous with
respect to (sequential) weak convergence and almost everywhere conver-
gence (Theorem 3.2.9, Lemma 3.2.8, Lemma 3.2.10).

o Holder’s inequality holds (Lemma 3.2.20).

e LP0) is a Banach function space (Theorem 3.2.13).

o (LPO))Y = LP'0) and the norm conjugate formula holds (Theorem 3.2.13,
Corollary 3.2.14).

For Any Measurable Bounded Exponent p

LPC) and WHP() are separable spaces (Lemma 3.4.4, Theorem 8.1.6).

e The Aj-condition holds (Theorem 3.4.1).

e Bounded functions are dense in LP() and W1r() (Corollary 3.4.10,
Lemma 9.1.1).

Cg° is dense in LP() (Theorem 3.4.12).

For Any Measurable Exponent p with 1 < p~— < pt < oo

o LP0) and WP() are reflexive (Theorem 3.4.7, Theorem 8.1.6).
o LP0) and WP() are uniformly convex (Theorem 3.4.9, Theorem 8.1.6).

The log-Holder and Other Conditions

The diagram in Fig. 1.2 illustrates the relationship between more advanced
conditions imposed on the exponent p. Arrows represent implications, with
the relevant theorem or lemma number quoted. The three bullets are con-
junctions of the conditions, e.g., p~ > 1 and P!°¢ together imply that the
maximal operator M is bounded, by Theorem 4.3.8.
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p~ >1 Plog

4.7.1 ° 4.4.8

trivial

e —

5.7.2 if 1<p~ <pt<oo

trivial °
7.3.6
M weak type WRE Aloc °
4.5.7 7.3.3
HXQHP(.)HXQHP/@ ~ Q|
lIxqfl,,.
‘ > xef|  ~| X xeor?
QeQ p(+) QeQ p()

Fig. 1.2 The relationship between various conditions on the exponent

Warnings!

Here are some results and techniques from constant exponent spaces which
do not hold in the variable exponent setting even when the exponent is very
regular, e.g., p € P8 or p € C®(Q) with 1 < p~ < pt < 0.

e The space LP() is not rearrangement invariant; the translation operator
Ty : LPO) — LPO) Ty, f(x) := f(x+h) is not bounded; Young’s convolution
inequality || f * g,y < ¢ | fll1llgllp¢.) does not hold (Sect. 3.6).

e The formula

oo

/If(x)l”dx:p/t”‘l\{x €Q: |f(x) >t} dt
Q 0

has no variable exponent analogue.
¢ Maximal, Poincaré, Sobolev, etc., inequalities do not hold in a modular
form. For instance, Lerner showed that

/\Mf|p(z)dm<c/|f\p(m) dx
R~ R®
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if and only if p € (1, 00] is constant [267, Theorem 1.1]. For the Poincaré
inequality see Example 8.2.7 and the discussion after it.

¢ Interpolation is not so useful, since variable exponent spaces never result
as an interpolant of constant exponent spaces (see Sect.7.1).

¢ Solutions of the p(-)-Laplace equation are not scalable, i.e. Au need not be
a solution even if u is (Example 13.1.9).

1.4 Notation and Background

In this section we clarify the basic notation used in the book. Moreover we
give precise formulations of some basic results which are frequently used.

We use the symbol := to define the left-hand side by the right-hand side.
For constants we use the letters ¢, ¢y, co, C, C1,Cs, . .., or other letters specif-
ically mentioned to be constants. The symbol ¢ without index stands for
a generic constant which may vary from line to line. In theorems, propo-
sitions and lemmas we give precise dependencies of the constants on the
involved other quantities. We use = ~ y if there exist constants ¢y, ce such
that ¢; ¢ < y < co x. The Euler constant is denoted by e and the imaginary
unit is denoted by i. For sets A and B the notation A C B includes also the
case A = B.

By R™ we denote the n-dimensional Euclidean space, and n € N always
stands for the dimension of the space. By U and V we denote open sets
and by F' closed sets of the topological space under consideration, usually
R™. A compact set will usually be denoted by K. For A, E C X we use the
notation A CC E if the closure A is compact and A C E. By Q we always
denote an open subset of R™. If the set has additional properties it will be
stated explicitly. A domain Q C R"™ is a connected open set. We will also
use domains with specific conditions on the boundary, such as John domains
(cf. Definition 7.4.1).

Balls will be denoted by B. The ball with radius r and center zy €
R™ will be denoted by B(zg,r). We usually denote cubes in R™ by @,
and by a cube we always mean a non-degenerate cube with faces paral-
lel to the coordinate axes. However, in many places @} stands for cubes
or balls, since the statements hold for both of them, but this will be
mentioned explicitly. For a ball B we will denote the ball with a times
the radius and the same center by «B. Similarly, for a cube @ we will
denote by a@) the cube with « times the diameter and same center as
Q. For half-spaces of R™ we use the notation RZ := {z ¢ R" : z, > 0},
RE :={zeR" : x, 20}, RL := {z € R" : 2, <0}, and RY := {z € R :
Zn < 0}, where z = (21,...,2y). For a,b € R™ we use (a,b) and [a,b] to
denote the open and closed segment, respectively, connecting a and b.
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Functional Analysis

A Banach space (X, ||-|| y) is a normed vector space over the field of real num-
bers R or the field of complex numbers C, which is complete with respect the
norm ||-|| y. The Cartesian product X : vazl X of Banach spaces (X}, HHX,)
consists of points (z1,...,zy) and is equipped with any of the equivalent
norms ||zl = ||£L'HX7 = (Zjvzl ”%”;7);’ 1 < r < oo, and an obvious
modification for r = co. If X; = Y for j = 1,..., N, we write X = YV,
Sometimes it is useful to equip a vector space with a quasinorm instead of
a norm. A quasinorm satisfies all properties of a norm except the triangle
inequality which is replaced by ||z + y|| < ¢ (2] + ||y||) for some ¢ > 0.

Let X and Y be normed vector spaces. The mapping F': X — Y is bounded
if |F(a)|ly < Clla|x for all a € X. It is an isomorphism if F and F~! are
bijective, linear and continuous. Clearly, a linear mapping is bounded if and
only if it is continuous.

Let X and Y be normed spaces, both subsets of a Hausdorff space Z
(i.e. distinct points possess disjoint neighborhoods). Then the intersection
X NY equipped with the norm ||z|| v~y = max{||z| v, ||z]ly} and the sum
X+Y:={zx+y:2e€ X,y €Y} equipped with the norm

12l x4y = mf{{lzllx +llylly : 2 € X,y Y,z =z+y}

are normed spaces. If X and Y are Banach spaces, then X NY and X +Y
are Banach spaces as well.

The dual space X* of a Banach space X consists of all bounded, linear
functionals F: X — R (or C). The duality pairing between X* and X is
defined by (F, X) y. y = (F, X) := F(z) for F' € X*, z € X. The dual space
is equipped with the dual norm ||F||x. := supy, < (F,z), which makes
X* a Banach space. We have the following versions and consequences of the
Hahn-Banach theorem (cf. [58, Corollary 1.2, Theorem 1.7, Corollary 1.4],
[335]).

Theorem 1.4.1. Let X be a Banach space and let Y C X be a closed,
linear subspace. Every bounded, linear functional F' € Y™ can be extended to
a bounded, linear functional F' € X* satisfying

[E N xe = [[Elly -

Here we mean by extension that (F,y)y. = <ﬁ, Y)x« x forally eY.

Theorem 1.4.2. Let X be a Banach space and let E and K be convez,
disjoint non-empty subsets of X. If E is closed and K compact, then there
ezists a closed hyperplane which strictly separates E and K, i.e. there exists
FeX* aeRande > 0 such that ReF(x) + ¢ < a < Re F(y) — ¢ for all
reFE, ye K.
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Corollary 1.4.3. Let X be a Banach space. Then we have for all x € X

zlx = sup [(F,z)].
I1F[l x=<1

A Banach space is called separable if it contains a dense, countable
subset. We denote the bidual space by X** := (X*)*. A Banach space
X is called reflexive if the natural injection ¢: X — X**, given by
(1, F) o x 1= (F. @) x. x, is surjective. A norm || - || on a Banach space X
is called uniformly convex if for every € > 0 there exists §(¢) > 0 such that
for all z,y € X satisfying ||z||, ||ly|| < 1, the inequality ||z — y|| > & implies
l(z+vy)/2|| < 1—6(g). A Banach space X is called uniformly convex, if there
exists a uniformly convex norm || ||, which is equivalent to the original norm
of X. These properties are inherited to closed linear subspaces and Cartesian
products. More precisely we have (cf. [11, Chap.I]):

Proposition 1.4.4. Let X be a Banach space and let Y denote either a
closed subset of X or a Cartesian product X. Then:

(i) Y is a Banach space.

(ii) If X is reflexive, then Y is reflexive.

(iii) If X is separable, then Y is separable.

(iv) If X is uniformly convezx, then X is reflexive.

(v) If X is uniformly convex, then Y is uniformly convez.

We say that a Banach space X is continuously embedded into a Banach
space Y, X — Y, if X C Y and there exists a constant ¢ > 0 such that
llzl]ly < c|lz||y for all € X. The embedding of X into Y is called com-
pact, X —<— Y, if X — Y and bounded sets in X are precompact in Y.
A sequence (zp)reny C X is called (strongly) convergent to x € X, if
limg oo ||k — 2| x =0. It is called weakly convergent if limy_.o (F,zr) = 0
for all F' € X*. An embedding X — Y is compact if and only if weakly con-
vergent sequences in X are mapped to strongly convergent sequences in Y.
Note that each set which is closed with respect the weak topology (con-
vergence) is also closed with respect to the strong topology (convergence).
The converse implication is in general false. However it holds for convex sets
(cf. [58, Theorem IIL.7]).

Let (X, |-|[x) be a Banach space and A C X a set. The closure of A with

respect to the norm ||| x, ZH'HX, is the smallest closed set Y that contains A.

The closure of a set A is denoted by A when the space is clear from the
context.
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Measures and Covering Theorems

We denote by (A, X, 1) a measure space (cf. [184]). If not stated otherwise u
will always be a o-finite, complete measure on ¥ with pu(A) > 0. If there is
no danger of confusion we omit ¥ from the notation. We use the usual con-
vention of identifying two p-measurable functions on A if they agree almost
everywhere, i.e. if they agree up to a set of y-measure zero. The characteristic
function of a set E C A will be denoted by xg.

A measure p is called doubling if balls have finite and positive measure
and there is a constant ¢ > 1 such that

w(2B) < cu(B) for all balls B.

A measure y is called atom-less if for any measurable set A with p(A) > 0
there exists a measurable subset A’ of A such that u(A) > p(A’) > 0. For
a sequence (Ag) of sets we write Ay / A if Ay C Apyq for k € N and
A= UZL Ag. We write A, \, A if Ax D Ak+1 for ke Nand A = ﬂzozl Ay

The Lebesgue integral of a Lebesgue-measurable function f: A — K,
where K is either R or C, is defined in the standard way (cf. [334, Chap. 1])
and denoted by [, fdu. If there is no danger of confusion we will write
“measurable” instead of “u-measurable”; “almost everywhere” instead of
“p-almost everywhere” | etc. The most prominent example for our purposes
are: A = Q) is an open subset of R™, y is the n-dimensional Lebesgue measure,
and X is the o-algebra of Lebesgue-measurable subsets of Q; or A = Z"™, u is
the counting measure, and X is the power set of Z™. In the former case the
Lebesgue integral will be denoted by fQ f dx and the measure of a measurable
subset E C Q will be denoted by |E|.

We need some covering theorems. We state the basic covering theorem in
metric measure spaces. The stronger Besicovitch covering theorem does not
hold in general in metric measure spaces and hence it is stated in R™. For
the proof for the basic covering theorem see for example [217, Theorem 1.2]
or [129, Theorem 1, p. 27] and for the Besicovitch covering theorem [129,
Theorem 2, p. 30] or [288, Theorem 2.7, p. 30].

Theorem 1.4.5 (Basic covering theorem). Let F be any collection of
balls in a metric space with

sup{diam(B) : B € F} < cc.

Then there exists a countable subcollection G of pair-wise disjoint balls in F
such that

U Bc 5B

BeF Beg
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Theorem 1.4.6 (Besicovitch covering theorem). Let A be a bounded
set in R™. For each x € A a cube (or ball) Q. C R™ centered at x is
giwen. Then one can choose, from among the given sets {Qz},c4 @ sequence

{Qj};en (possibly finite) such that:

(a) The set A is covered by the sequence, A C Ujen@;.

(b) No point of R™ is in more than 0,, sets of the sequence {Qj}jeN, i.e.

o0
Z XQ; < On-
j=1

(¢) The sequence {Qj}jeN can be divided in &, families of disjoint sets.

The numbers 0, and &, depend only on the dimension n.

A proof for the existence of a partition of unity can be found for example
in [11, Theorem 3.14, p. 51] or in [280, Theorem 1.44, p. 25].

Theorem 1.4.7 (Partition of unity). Let U be a family of open sets
which cover a closed set E C R™. Then there exists a family F of functions
in C§°(R™) with values in [0,1] such that:

(a) Yofer f(x) =1 for every z € E.
(b) For each function f € F, there exists U € U such that spt f C U.
(¢) If K C E is compact, then spt f N K # () for only finitely many f € F.

The family F is said to be a partition of unity of E subordinate to the open
covering U.

Integration

Let Q C R™ be an open set equipped with the n-dimensional Lebesgue mea-
sure. For s € [1,00] and k € N, we denote by L*(Q) and W*-*(Q) the classical
Lebesgue and Sobolev spaces, respectively (cf. [11]). If there is no danger of
confusion we omit the set  and abbreviate L* and W*#*. The gradient of a
Sobolev function u, i.e. a function belonging to some Sobolev space, is given by
Vu := (Ou,...,0pu), where d;u, i = 1,...,n, are the weak partial derivatives

of u. We also use the notation g—;‘i for Q;u. If u € W*#(Q) we denote higher

. . arpt...tan . .. .
order weak derivatives by dqu := 20— % where « is a multi-index with

- 0%1xq---0%nx,, *
|a| < k. By V*u we denote the tensor consisting of all weak derivatives of u
of order k, i.e. VFuy := (Oatt)|a|=k- In most cases we do not distinguish in the
notation of the function spaces and the corresponding norms between scalar,
vector-valued or tensor-valued functions.
By Li..(92) we denote the space of all locally integrable functions f, i.e.

f € LY(U) for all open UCC Q. We equip L{. . by the initial topology of those
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embeddings, i.e. the coarsest topology such that Li (Q) < LY(U) for every

loc
open UCC . Analogously, we define VV{;;(Q) for k € N to consist of the
functions such that f € Wk1(U) for all open UCC Q. We equip VVllzcl(Q)
with the initial topology induced by the embeddings VV{;J(Q) — WkLU)
for all open UCC 2. A function f: Q — K has compact support if there exists
a compact set K C § such that f = fyx. For an exponent s € [1,00] the
dual exponent s’ is defined by % + 5—1, = 1, with the usual convention é =0.

We denote by C(Q) the space of uniformly continuous functions equipped
with the supremum norm ||f|l, = sup,.g|f(z)]. By C*(Q), k € N, we
denote the space of functions f, such 9, f € C(Q) for all |a| < k. The space
is equipped with the norm sup|, <, |04 fllo- The set of smooth functions in
Q is denoted by C'*°(Q)—it consists of functions which are continuously dif-
ferentiable arbitrarily many times. The set C3°(€2) is the subset of C*°(Q)
of functions which have compact support. We equip C§°(§2) with the ini-
tial topology of the embeddings C§°(Q) — C*(U) for all k € Ny and open
Uccq.

A standard mollifier is a non-negative, radially symmetric and radi-
ally decreasing function ¢ € C§°(B(0,1)) with fB(Oyl)z/de = 1. We call
{Y:} a standard mollifier family (on R™) if ¢ is a standard mollifier and
V(&) := e ™p(&/e). By a modulus of continuity we mean an increasing,
continuous, concave function w: Ry — R> with w(0) = 0. A real- or complex-
valued function f has modulus of continuity w if |f(z) — f(y)| < w(|z — y|)
for all x and y in the domain of f.

In the case of a measure space (A, u) we denote by L*(A4, p), s € [1, 0],
the corresponding Lebesgue space. A sequence ( f;) of p-measurable functions
is said to converge in measure to the function f if to every € > 0 there exists
a natural number N such that

ulz e A:|fila) — (@) > <} <<

for all ¢ > N. For u(A) < oo, it is well known that if f; — f u-almost every-
where, then f; — f in measure; on the other hand lim; .o [, [fi — f|du =0
does not imply convergence in measure unless we pass to an appropriate
subsequence.

Theorem 1.4.8. Let (A, 3, u) be a o-finite, complete measure space. Assume
that f and (f;) are in L'(A, ), p(A) < oo and

tim [ 1= fldu =0,
A

Then there exists a subsequence (fi,,) such that f;, — f p-almost everywhere.

We write a, /" a if (ai) is a sequence increasing to a. We frequently use
the following convergence results, which can be found e.g. in [11,184]:
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Theorem 1.4.9 (Monotone convergence). Let (A, X, u) be a o-finite,
complete measure space. Let (fr) be a sequence of p-measurable functions
with fr / f p-almost everywhere and [, fidp > —oco. Then

lim /fkd,u:/fdu.
‘ A A

Theorem 1.4.10 (Dominated convergence). Let (A, 3, u) be a o-finite,
complete measure space. Let (fi) be a sequence of p-measurable functions
with fi, — f p-almost everywhere. If there exists a function h € LY(A,u)
such that | fx| < h p-almost everywhere for all k € N, then f € L*(A, u) and

lim /fkdu:/fdu.
A A

Lemma 1.4.11 (Fatou). Let (A, X, u) be a o-finite, complete measure
space. Let (fx) be a sequence of u-measurable functions and let g € L' (A, ).
If fr > g p-almost everywhere for alln € N, then

/ liminf fr dp < lim inf/fk du.
A A

Let (fn) C L*(A, p) and set A(E) := limsup,, . [, |fnl®dp, for E C A
measurable. We say that (fy,) is equi-integrable if:

1. For all € > 0 there exists a § > 0 with A(F) < ¢ for all measurable E
with u(E) < 4.

2. For all ¢ > 0 there exists a measurable set Ay with u(Ap) < oo and
)\(A \ Ao) < €.

Theorem 1.4.12 (Vitali). Let (A4,%,u) be a o-finite, complete measure
space. Let 1 < s < oo. Let the sequence (f,) C L°(A,u) converge
p-almost everywhere to a p-measurable function f. Then f € L*(A,u) and
Ilfn = fllzeca,n — 0 if and only if (fn) is equi-integrable.

Recall that v is absolutely continuous with respect to p if v(E) = 0 for all
E € ¥ with p(E) = 0. Another important result is the following (cf. [184]):

Theorem 1.4.13 (Radon—Nikodym). Let (A,%,u) be a finite measure
space and v be a finite, signed measure on (A,X). If v is absolutely continuous
with respect to p, then there exists a unique function g € L*(A, i) such that

v(E) = /gdu for all E € X.
E
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Theorem 1.4.14 (Jensen’s inequality). Let (A, 3, u) be a finite measure
space with u(A) = 1. If f is a real function in L*(A, ), a < f(z) < b for all
x € A, and if p is conver on (a,b), then

s@(/fdu) S/soOfdu-
A A

The classical sequence spaces*(Z™), s € [1, 00|, are defined as the Lebesgue
spaces L*(Z", u) with p being the counting measure. It is well known that
for s,q € [1,00] the embedding I*(Z™) — [9(Z™) holds if and only if s < g.

The space of distributions D'(f2) is a superset of the space L (Q) of
locally integrable functions. To state the definition, we first equip the space

D(Q) := C§° () with such a topology that fi — f if and only if

Uspt frcCcQ and lim sup
e k—oo

Oalfi = )] =0

for every multi-index «. Then D’(Q) is the dual of D(Q), i.e. it consists of all
bounded linear functionals on D(Q). If f € L (), then Ty € D'(Q2), where

loc

(Ty.g) = / f(@)pla) dx

for ¢ € D(N). For simplicity, one may denote this by (f,¢) and write
Li () C D(Q). If f € D'(Q), then its distributional derivative is the
distribution g satisfying

(9,0) = —(f,¢)

for all ¢ € D(2). Note that this corresponds to partial integration if
fect().
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Chapter 2
A Framework for Function Spaces

In this chapter we study modular spaces and Musielak—Orlicz spaces which
provide the framework for a variety of different function spaces, including clas-
sical (weighted) Lebesgue and Orlicz spaces and variable exponent Lebesgue
spaces. Although our aim mainly is to study the latter, it is important to see
the connections between all of these spaces. Many of the results in this chap-
ter can be found in a similar form in [307], but we include them to make this
exposition self-contained. Research in the field of Musielak—Orlicz functions
is still active and we refer to [69] for newer results and references.

Our first two sections deal with the more general case of semimodu-
lar spaces. Then we move to basic properties of Musielak—Orlicz spaces
in Sect.2.3. Sections 2.4 and 2.5 deal with the uniform convexity and the
separability of the Musielak—Orlicz spaces. In Sects.2.6 and 2.7 we study
dual spaces, and a related concept, associate spaces. Finally, we consider
embeddings in Sect. 2.8.

2.1 Basic Properties of Semimodular Spaces

For the investigation of weighted Lebesgue spaces it is enough to stay in
the framework of Banach spaces. In particular, the space and its topology
is described in terms of a norm. However, in the context of Orlicz spaces
this is not the best way. Instead, it is better to start with the so-called
modular which then induces a norm. In the case of classical Lebesgue spaces
the modular is [ |f(z)[” dz compared to the norm ([ |f(z)” dz)¥. In some
cases the modular has certain advantages compared to the norm, since it
inherits all the good properties of the integral. The modular spaces defined
below capture this advantage.

We are mainly interested in vector spaces defined over R. However, there is
no big difference in the definition of real valued and complex valued modular
spaces. To avoid a double definition we let K be either R or C.

The function p is said to be left-continuous if the mapping A — o(Az) is
left-continuous on [0, 00) for every z € X, i.e. limy_,;- o(Ax) = o(z). Here

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 21
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-2,
(© Springer-Verlag Berlin Heidelberg 2011
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a — b~ means that a tends to b from below, i.e. a < b and a — b; a — b* is
defined analogously.

Definition 2.1.1. Let X be a K-vector space. A function g: X — [0, 00] is
called a semimodular on X if the following properties hold.

) 0(0) =
o(Ax) = ()foralleX,)\EKWith|)\|:1.

(a

(b)

(c) o is convex.
(d) o is left-continuous.

(e) o(Ax) =0 for all A > 0 implies x = 0.
A semimodular g is called a modular if
(f) o(z) =0 implies z = 0.

A semimodular o is called continuous if

(g) the mapping A — p(Az) is continuous on [0, 00) for every z € X.

Remark 2.1.2. Note that our semimodulars are always convex, in contrast
to some other sources.

Before we proceed let us provide a few examples.

Definition 2.1.3. Let (A4, %, 1) be a o-finite, complete measure space. Then
by L°(A, u1) we denote the space of all K-valued, u-measurable functions on
A. Two functions are identical, if they agree almost everywhere.

In the special case that u is the n-dimensional Lebesgue measure, € is a
p-measurable subset of R™, and X is the o-algebra of p-measurable subsets
of  we abbreviate L°(Q2) := L(Q, p).

Example 2.1.4.
(a) If 1 < p < oo, then

o= [ 1f@) do
Q
defines a continuous modular on L°(Q).

(b) Let @oo(t) := 00 - X(1,00)(t) for t > 0, i.e. poo(t) = 0 for t € [0,1] and
Yoo(t) = 0o for t € (1,00). Then

0 (f) :=/
Q

defines a semimodular on L%(£2) which is not continuous.

Poo(|f (2)]) d
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(c) Let w € Li (Q) with w > 0 almost everywhere and 1 < p < co. Then

loc

olf) = / (@) Pwla) de
Q

defines a continuous modular on L°(Q2).
(d) The integral expression

olf) = / exp(|(2)]) — 1dz

Q

defines a modular on L°(Q). It is not continuous: if f € L?(Q) is such
that |f| > 2 and |f| € LP(Q) for any p > 2, then o(Alog|f|) = oo for
A > 2 but o(2log|f]) < oo.

(e) If 1 < p < oo, then

oo

op((z5)) == Z 25" dx

Jj=0

defines a continuous modular on RY.

(f) For f € L%Q) we define the decreasing rearrangement,
f*:[0,00) — [0,00) by the formula f*(s) := sup{t: ||f| > t| > s}. For
1 < g < p < oo the expression

o(f) = [ 1f*(s?/9)|" ds
/

defines a continuous modular on L%(Q2).

Let o be a semimodular on X. Then by convexity and non-negative of o
and o(0) = 0 it follows that A — o(Az) is non-decreasing on [0, 00) for every
z € X. Moreover,

o(Az) = o(|A[z)
o(Az) = o(|A| z)

Al o(x) for all |A

| <L s
[\ o(x) for all |A] > 1. o

<
=

In the definition of a semimodular or modular the set X is usually chosen to
be larger than necessary. The idea behind this is to choose the same large set
X for different modulars like in our Examples 2.1.4(a), (b), (¢), (d) and (f).
Then depending on the modular we pick interesting subsets from this set X.

Definition 2.1.6. If p be a semimodular or modular on X, then

X, ={reX: ;ii%,g()\x) =0}
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is called a semimodular space or modular space, respectively. The limit A — 0
takes place in K.

Since o(Az) = o(|A| ) it is enough to require limy_,g o(Az) with A € (0, 00).
Due to (2.1.5) we can alternatively define X, by

X, = {z € X: o(Az) < 0o for some A > 0},

since for X < A we have by (2.1.5) that

A/ A/
o(Vz) = o( T Aw) < So(ha) — 0
A A
as X — 0.
In the next theorem, like elsewhere, the infimum of the empty set is by
definition infinity.

Theorem 2.1.7. Let o be a semimodular on X. Then X, is a normed
K-vector space. The norm, called the Luxemburg norm, is defined by

[z, := inf {)\ > 0: Q(%l‘) < 1}.

Proof. We begin with the vector space property of X,. Let =,y € X, and
a € K\ {0}. From the definition of X, and g(ax) = o(|a| z) it is clear that
oz € X,. By the convexity of p we estimate

0< o(Ma +y)) < So(2h2) + Fo(2hy) ~= 0.
Hence, z +y € X,. It is clear that 0 € X,. This proves that X, is a K-vector

space.
It is clear that ||z]|, < oo for all z € X, and [|0]|, = 0. For a € K we have

x|, = inf{)\ >0: Q(%) < 1} = |of inf{)\ >0: g(%x) < 1}

= lal [,

Let 2,y € X and u > |[z||, and v > [|y|,. Then o(z/u) < 1 and o(y/v) < 1,
hence, by the convexity of o,

xr + u T v U x v
o) =elon * aro) <o) (D) <t
u—+v u+vu u+vov u+v \u u—+v \v

Thus || +y||, < u+ v, and we obtain [z +y|, < llzll, + [[yll,.
If [|z||, = 0, then g(ax) < 1 for all a > 0. Therefore,

Az

o(Az) < ﬁg( 5

)<
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forall A > 0 and § € (0, 1], where we have used (2.1.5). This implies p(Az) = 0
for all A > 0. Thus « = 0. O

The norm in the previous theorem is more generally known as the
Minkowski functional of the set {z € X : p(x) < 1}, see Remark 2.1.16. The
Minkowski functional was first introduced by Kolmogorov in [253] long before
the appearance of the Luxemburg norm. Nevertheless, we use the name
“Luxemburg norm” as it is customary in the theory of Orlicz spaces.

In the following example we use the notation of Example 2.1.4.

Example 2.1.8 (Classical Lebesgue spaces). Let 1 < p < co. Then the
corresponding modular space (L°(Q2)),, coincides with the classical Lebesgue

space LP, i.e.
151, = 151, = ([ 17 as)”.
Q

Similarly, the corresponding semimodular space (L°(2)),.. coincides with the
classical Lebesgue space L, i.e.

[fllo == [If1l,. = esssup|f(z)].
e

The norm ||-||, defines our standard topology on X,. So for zx, z € X, we
say that zj converges strongly or in norm to x if [|xx — x|, — 0. In this case
we write 2 — x. The next lemma characterizes this topology in terms of the
semimodular. Here it suffices to study null-sequences.

Lemma 2.1.9. Let ¢ be a semimodular on X and x, € X,. Then x; — 0
for k — oo if and only if limg_ o(Axg) = 0 for all A > 0.

Proof. Assume that [|k||, — 0 and A > 0. Then [[K Azy||, <1 for all K >1
and large k. Thus o(K Azx) < 1 for large k, hence

o(Ark) <

for large k, by (2.1.5). This implies o(Azy) — 0.

Assume now that o(Azg) — 0 for all A > 0. Then o(Azy) < 1 for large k.
In particular, [z, < 1/A for large k. Since A > 0 was arbitrary, we get
|zx|l, — 0. In other words xy — 0. O

Apart from our standard topology on X,, which was induced by the
norm, it is possible to define another type of convergence by means of the
semimodular.
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Definition 2.1.10. Let p be a semimodular on X and zj,z € X,. Then we
say that zj is modular convergent (g-convergent) to z if there exists A > 0

such that o(A(zx — x)) — 0. We denote this by zj, > z.

It is clear from Lemma 2.1.9 that modular convergence is weaker than norm
convergence. Indeed, for norm convergence we have limy_, o o(A(zr —y)) =0
for all A > 0, while for modular convergence this only has to hold for some
A>0.

For some semimodular spaces modular convergence and norm convergence
coincide and for others they differ:

Lemma 2.1.11. Let X, be a semimodular space. Then modular conver-
gence and norm convergence are equivalent if and only if o(xy) — 0 implies
0(2zy) — 0.

Proof. “=": Let modular convergence and norm convergence be equivalent
and let o(xy) — 0 with z), € X,. Then x;, — 0 and by Lemma 2.1.9 it follows
that o(2zy) — 0.

“<”: Let z, € X, with go(z;) — 0. We have to show that g(Azy) — 0
for all A > 0. For fixed A > 0 choose m € N such that 2™ > A. Then by
repeated application of the assumption we get limg_ o 0(2™x) = 0. Then
0 < limg—oo 0(Axg) < A27" limy—0o 0(2™x1) = 0 by (2.1.5). This proves
that xr — 0. O

If either of the equivalent conditions in the previous lemma hold, then we
say that the semimodular satisfies the weak As-condition.

If p is a semimodular that satisfies the weak As-condition, then g is already
a modular. Indeed, if o(x) = 0, then the constant sequence z is modular
convergent to 0 and therefore convergent to 0 with respect to the norm, but
this implies x = 0.

Lemma 2.1.12. Let be a semimodular on X that satisfies the weak As-
condition. Then for every e > 0 there exists 6 > 0 such that o(f) < 0 implies
Ifll, <e.

Proof. This is an immediate consequence of the equivalence of modular and
norm convergence. O

Example 2.1.13. The weak As-condition of modulars is satisfied in Exam-
ples 2.1.4 (a) and (c). Examples 2.1.4 (b) and (d) do not satisfy this
condition.

Let us study the closed and open unit ball of X,. The left-continuity of o is
of special significance. The following lemma is of great technical importance.
We will invoke it by mentioning the unit ball property, or, when more clarity
is needed, the norm-modular unit ball property.
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Lemma 2.1.14 (Norm-modular unit ball property). Let ¢ be a semi-
modular on X. Then ||z||, < 1 and o(x) < 1 are equivalent. If ¢ is continuous,
then also ||z||, < 1 and o(x) < 1 are equivalent, as are ||z, =1 and o(z) = 1.

Proof. If o(z) < 1, then [z, <1 by definition of ||-[|,. If on the other hand
]|, <1, then o(x/A) <1 for all A > 1. Since g is left-continuous it follows
that o(z) < 1.

Let ¢ be continuous. If [|z[|, < 1, then there exists A < 1 with o(z/A) < 1.
Hence by (2.1.5) it follows that o(z) < Ao(x/A) < A < 1. If on the other
hand p(x) < 1, then by the continuity of o there exists v > 1 with o(yz) < 1.
Hence [|yz|[, < 1 and [lz]|, < 1/y < 1. The equivalence of [|z[[, = 1 and
o(z) = 1 now follows immediately from the cases “< 1”7 and “< 17. O

A simple example of a semimodular which is left-continuous but not con-
tinuous is given by 0o (t) = 00 - X(1,00)(t) on X = R. This is a semimodular
on R and [z, = |z|.

Corollary 2.1.15. Let g be a semimodular on X and x € X,.

(a) If [lz]l, < 1, then o(x) < |||,
(b) If 1 < ||z[,, then ||lz[|, < o(z).
(c) llzll, < o(x) +1.

Proof. (a) The claim is obvious for z = 0, so let us assume that 0 < ||z||, < 1.
By the unit ball property (Lemma 2.1.14) and ||x/||x||g||g =1 it fol-

lows that o(z/||z]|,) < 1. Since ||lz[|, < 1, it follows from (2.1.5) that
o(@)/[l=l[, < 1.

(b) Assume that [z[|, > 1. Then p(z/A) > 1for 1 <A < |z|, and by (2.1.5)
it follows that 1 < o(x)/A. Since A was arbitrary, o(z) > |[z||,.

(¢) This follows immediately from (b). O

Remark 2.1.16. Let K := {z € X,: o(z) < 1}. Then the unit ball property
states that K = B(0,1), the closed unit ball with respect to the norm. This
provides an alternative proof of the fact that |||, is a norm. Indeed, K is a
balanced, i.e. AK := {\zx: z € K} C K for all || < 1, convex set. Moreover,
by definition of X, the set K is absorbing for X,, i.e. [J,5o(AK) = X,.
Therefore, the Minkowski functional of K, namely x +— inf {\ > 0: 1z € K},
defines a norm on X,. But this functional is exactly ||-||, which is therefore

a norm on X,.

We have seen in Remark 2.1.16 that {x € X,: g(x) < 1} is closed. This
raises the question whether {x € X : p(z) < a} is closed for every « € [0, 00).
This is equivalent to the lower semicontinuity of ¢ on X,, hence the next
theorem gives a positive answer.
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Theorem 2.1.17. Let ¢ be a semimodular on X. Then g is lower semicon-
tinuous on X,, i.e.

o(w) < lim inf o)

for all xp,x € X, with x, — x (in norm) for k — oo.

Proof. Let xp,z € X, with x, — x for £ — 0co. We begin with the case
o(z) < oo. By Lemma 2.1.9, limy .o 0(y(z — 2x)) = 0 for all v > 0. Let
£ € (0, 3). Then, by convexity of o,

o((1 —e)z) = Q(lir - 2€($ — k) + L 25%)

2 2 2
< %Q(l‘) + %Q((l —2e)(x —xk) + (1 — 25)xk)
< g0 + 5o F g -0 ) + 15 o),

We pass to the limit £ — oo:

1—2¢

o((1—e)x) < %Q(x) + likrggf o(zk).

Now letting ¢ — 0% and using the left-continuity of o, we get

1 1. .
o(x) < o(@) + 5 liminf o(y).
Since p(x) < oo, we get p(x) < liminfy_. o(zy). This completes the proof
in the case g(z) < oco.

Assume now that z € X, with o(z) = oco. If liminfs_ o o(zr) = o0,
then there is nothing to show. So we can assume liminfy_,o o(zr) < oo.
Let Ao :=sup{A > 0: o(Az) < oo}. Since z € X,, we have A\g > 0. Moreover,
o(x) = oo implies A\g < 1. For all A € (0, \g) the inequality o(Az) < oo holds, so

o(Az) < likm inf o(Azy) < 1ikm inf o(zy)

for all A € (0, Ag) by the first part of the proof. The left-continuity of ¢ implies
that
o(Aox) < liminf o(ay).
k—o0

If Ay = 1, then the proof is finished. Finally we show, by contradiction, that
Ao & (0,1). So let Ag € (0,1). Choose A1 € (Ao, 1) and « € (0,1) such that

A1 —Xo

Ao = 1.
" + o+ Ag
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The convexity of g implies

o(\z) = g<()\1 —Xo)T + No(r —xx) + )\oxk>

< A — Ao
Ao

o(Mox) + ag(%(x — mk)> + Moo(zk).

We pass to the limit k£ — oo:

AL — Ao
Ao

o(A1z) < o(Aox) + Ao 1ikrri£rolf o(zr) < (1 —a) liknii;if o(xg).

Since lim infy o(xr) < oo, we get p(Ax) < oo. But this and Ay > Ay contra-
dict the definition of Ag. O

Remark 2.1.18. It follows from Theorem 2.1.17 that the sets
{z € X: o(z) < a} are closed for every a € [0, 00). Since these sets are con-
vex, it follows that they are also closed with respect to the weak topology
of X, (cf. Sect. 1.4, Functional analysis).

Remark 2.1.19. Let g be a semimodular on X. Then

. 1
lall, := ggx(l + Q(X$)>

defines a norm on X, and
lzll, < llzlll, < 2[l=|,-

This norm is called the Amemiya norm. For a proof see [307].

2.2 Conjugate Modulars and Dual Semimodular
Spaces

The dual space of a normed space X is the set of all linear, bounded func-
tionals from X to K. It is denoted by X*. It is well known that X* equipped
with the norm

[#* || - := sup |(2", )]
el <1

is a Banach space. Here we use the notation (z*,z) := z*(x). The study of
the dual of X is a standard tool to get a better understanding of the space X
itself. In this section we examine the dual space of X,.
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Lemma 2.2.1. Let g be a semimodular on X. A linear functional x* on X,
is bounded with respect to ||-||, if and only if there exists v > 0 such that for
every v € X,

(@, 2)| < v(e(z) +1).

Proof. 1f z* € X, and z € X,, then (z%,z) < ||x*||Xg zlly, <

|z*[| x (1 + o(z)) by Corollary 2.1.15. Assume conversely that the inequality
e

holds. Then

for every e > 0, hence [|z*|| . < 27. 0
e

Definition 2.2.2. Let ¢ be a semimodular on X. Then by X we denote the
dual space of (X, [|-[|,). Furthermore, we define ¢*: X — [0, 00] by

o*(z*) = sup (I(z*, z)| — o(x)).

o
We call po* the conjugate semimodular of o.

Note the difference between the spaces X and X,«: the former is the dual
space of X,, whereas the latter is the semimodular space defined by o*.
By definition of the functional ¢o* we have

(2%, 2)| < o(x) + 0" (2") (2.2.3)

for all x € X, and z* € X7. This inequality is a generalized version of the
classical Young inequality.

Theorem 2.2.4. Let o be a semimodular on X. Then o* is a semimodular
on X}.
0

Proof. Tt is easily seen that ¢*(0) = 0, o*(A\z*) = p*(z*) for [A| = 1, and
0" (x*) = 0 for every x* € X. Let 25,77 € X; and 6 € (0,1). Then

¢"((1 = 0)a5 + 0ef) = sup ([{(1 - O)af + a1, 2)| - ()
< (1-0) sup (|{z5, 2)| - o))
+ 6 sup (|(z},2)| — o(2))
rzeX
= (1= 0)0"(x5) + 00 (27).

Finally, let ¢*(Az*) = 0 for every A > 0. For z € X, choose n > 0 such that
o(nx) < oco. Then by (2.2.3)
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A [{e®, )| < o(nz) + 0" (Ax™) = o(nx).

Taking A — oo we obtain [(z*,z)| = 0. Hence z* = 0. It remains to show
that o* is left-continuous. For A — 17 and z* € X we have

li *(A\x*) = li bV —
i 00 = Jim sup (10”2} = ofo)

= sup sup (|A|(z", z)| — o(2))
0<A<lzeX

sup (I{z", 2)| - o(x)) = o" ().

Thus o* is left-continuous. ad

For a semimodular p on X we have defined the conjugate semimodular o*
on X7. By duality we can proceed further and define ¢** the conjugate semi-
modular of ¢* on the bidual X;* := (X;)*. The functional ¢** is called the
biconjugate semimodular of o on X;*. Using the natural injection ¢ of X, into
its bidual X;*, the mapping = +— 0**(vx) defines a semimodular on X ,, which
we call the biconjugate semimodular of o on X,. For simplicity of notation it
is also denoted by p** neglecting the extra injection ¢. In particular, we have

0 () = sup (Ita", )~ o(a")) (2.2.5)

for all x € X,. Certainly the formula is also valid for all z € X7*, by the
definition of o** on X}*, if we interpret (z*, ) as <x,x*>X;*XX;.

Analogously to the fact that + : X, — XJ* is an isometry, it turns out
that the biconjugate ¢o** and p coincide on X,.

Theorem 2.2.6. Let o be a semimodular on X. Then o** = p on X,.

Proof. Exactly as in the proof of Theorem 2.2.4 we can prove that o™ is a
semimodular on X,. By definition of ¢** and (2.2.3) we get for z € X,

0" (z) = sup ([(a*,z)| - 0" (2"))
x*eXZ;
= sup (", 2)| — 0" (a"))
x*EXZ;,g*(x*)<oo
< sup (o(z) + 0" (2") — 0" (z7))
x*eXg,g*(x*)<oo
= o(z).

It remains to show o**(z) > o(z). We prove this by contradiction. Assume to
the contrary that there exists g € X, with ¢**(z¢) < o(x¢). In particular,
0" (zp) < co. We define the epigraph of ¢ by
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epi(o) == |J {(#,7) € X, x R: v > o(x)}.
AER

Since g is convex and lower semicontinuous (Theorem 2.1.17), the set epi(p)
is convex and closed (cf. [58, Sect.1.3]). Moreover, due to o**(zg) < o(zo)
the point (zo, 0**(x0)) is not contained in epi(p). So by the Hahn-Banach
Theorem 1.4.2 there exists a functional on X, x R which strictly separates
epi(o) from (xo, 0**(20)). So there exist o, 3 € R and x* € X with

(2%, ) = Po(r) < a < (2", 20) = Be" (20)

for all z € X,. The choice x = zy and the estimate ¢**(x¢) < o(zo) imply
B > 0. We multiply by % and get

x—*,x —g(x)<g< —*,xo — 0" (z0)
B B B

for all z € X,. Due to (2.2.5) the right-hand side is bounded by Q*(%) Now,
taking the supremum on the left-hand side over z € X, implies

7(5) <5< (5)
B) =B B)
This is the desired contradiction. O

For two semimodulars o,k on X we write o < k if o(f) < k(f) for every
feXx.

Corollary 2.2.7. Let o, k be semimodulars on X. Then o < k if and only if
k* < o".

Proof. If o < k, then by definition of the conjugate semimodular follows
easily k* < o*. If however k* < p*, then o™ < k™ and by Theorem 2.2.6
follows o < K. a

From Theorem 2.1.17 we already know that the modular g is lower semi-
continuous on X, with respect to convergence in norm. This raises the
question of whether p is also lower semicontinuous on X, with respect to
weak convergence. Let fi, f € X,. As usual we say that f, converges weakly
to fif (g%, fr) — (g%, f) for all g* € X;. In this case we write f — f.

Theorem 2.2.8. Let o be a semimodular on X, then the semimodular o is
weakly (sequentially) lower semicontinuous, i.e. if f, = f weakly in X,, then
o(f) <liminfy o0 o(fr)-

Proof. Let fi, f € X, with fi — f. Then, by Theorem 2.2.6, ¢ = ¢**, which
implies
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o(f) =" (f) = sup ([{g", /)l - 0"(g"))
g* EX;

= sup ( lim (g%, fr)] — 0" (9"))
grex; koo

ghminf( sup (|<g*,fk>|f@*(g*)))

k—oo g*GX;‘
= liminf ¢ (/i)
= likminf o(fr)- O

In the definition of p* the supremum is taken over all z € X,. However, it
is possible to restrict this to the closed unit ball of X,.

Lemma 2.2.9. If o is a semimodular on X, then

o (z*) = sup  ([z", @) —o(x)) = sup  ([z*,2)] - ol))
:L’€XQ,||I||Q<1 z€X,,0(x)<1

for x* € X7 with ||x*HXQ <1

Proof. The equivalence of the suprema follows from the unit ball property
(Lemma 2.1.14). Let ||z*|| . < 1. By the definition of the dual norm we have

sup ([(27,2)| — o(x)) < sup ([l2"[|x, [l2ll, — o(=))
|zl ,>1 llzll,>1

< sup (Jlz], — o(x)).
] ,>1

If ||z[|, > 1, then o(z) > [|z||, by Corollary 2.1.15, and so the right-hand side
of the previous inequality is non-positive. Since p* is defined as a supremum,
and is always non-negative, we see that the points with |[z]|, > 1 do not
affect the supremum, and so the claim follows. a

Since ¢* is a semimodular on X7, it defines another norm |-

We next want to compare it with the norm ||| y..
e

%
o+ on XQ.

Theorem 2.2.10. If ¢ be a semimodular on X, then for every x* € X,
"] e < Ml s < 20127 e

Proof. We first prove the second inequality. By the unit ball property
(Lemma 2.1.14) the inequalities ||z, < 1 and o(z) < 1 are equivalent. Hence,

2*]|y. = sup [{z*,2)| < sup (o*(z*) + o(z)) < 0 (2*) + 1.
¢ l=]l, <1 o(z)<1
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If ||lz*]|,- < 1, then o*(2z*) < 1 by the unit ball property and we conclude
that ||2*|| y. < 2. The conclusion follows from this by a scaling argument: if
o

|2*||,- > 0, then set y* := 2*/[|z*|| .. Since [ly*||,- = 1, we conclude that
ly*llx- <2[ly*[l,-. Multiplying by [[2*|| . gives the result.
o
Assume now that ||*| y. <1. Then by Lemma 2.2.9 and Corollary 2.1.15 (c)
e

o ()= sup  ([@",2)|—o(@) <  sup  (al, - o(x)) < 1.
IEXQ,Q(w)gl zEXmg(;p)g]

Hence, ||z*

o~ < 1. The scaling argument gives [[2*|| . < [[2*]|x. O
e

Note the scaling argument technique used in the previous proof. It is one
of the central methods for dealing with these kind of spaces, and it will be
used often in what follows.

With the help of the conjugate semimodular ¢* it is also possible to define
yet another norm on X, by means of duality. Luckily this norm is equivalent
to the norm ||- .

Theorem 2.2.11. Let o be a semimodular on X. Then

lll}, := sup {|{z*, )| : 2* € X3, [l

}

<1
<1}

o
= sup{|(x*,x>|: "€ Xy, 0" (2")

defines a norm on X,. This norm is called the Orlicz norm. For all z € X,
we have o], < [l]], < 2]l
Proof. By the unit ball property (Lemma 2.1.14) the two suprema are equal.
If ||lzf], < 1T and |lz*[|,- <1, then o(x) < 1 and ¢*(z*) < 1. Hence, [(z,2)| <
o(z) + o*(z*) < 2. Therefore ||x||'g < 2. A scaling argument proves ||a:\|’g <
2|l -

If ||x||/g < 1, then [(z*,z)| < 1 for all 2* € X7 with [[2*],. < 1. In
particular, by Theorem 2.2.10 we have |(z*,z)| < 1 for all z* € X with
||1:*||X; < 1. Hence, Corollary 1.4.3 implies ||z, < 1. We have thus shown

that [, < o]l 0

2.3 Musielak—Orlicz Spaces: Basic Properties

In this section we start our journey towards more concrete spaces. Instead
of general semimodular spaces, we will consider spaces where the modular is
given by the integral of a real-valued function.

Definition 2.3.1. A convex, left-continuous function ¢: [0,00) — [0, 0]
with ¢(0) = 0, lim;_,o+ ©(t) = 0, and lim; o ¢(t) = oo is called a ®-function.
It is called positive if p(t) > 0 for all ¢ > 0.
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In fact, there is a very close relationship between ®-functions and semi-
modulars on R.

Lemma 2.3.2. Let ¢: [0,00) — [0,00] and let o denote its even extension
to R, i.e. o(t) := @(|t]) for allt € R. Then ¢ is a -function if and only if o
is a semimodular on R with X, = R. Moreover, ¢ is a positive ®-function if
and only if o is a modular on R with X, = R.

Proof. “=": Let ¢ be a ®-function. Since lim; .o+ ¢(t) = 0, we have X, = R.
To prove that g is a semimodular on R it remains to prove that go(Atp) = 0
for all A > 0 implies t) = 0. So assume that g(Aty) = 0 for all A > 0.
Since lim;—,o ¢(t) = o0, there exists t1 > 0 with ¢(¢1) > 0. Thus there
exists no A > 0 such that t; = Atg, which implies that tg = 0. Hence o
is a semimodular. Assume that ¢ is additionally positive. If g(s) = 0, then
©(|s]) = 0 and therefore s = 0. This proves that ¢ is a modular.

“<": Let ¢ be a semimodular on R with X, = R. Since X, = R, there
exists to > 0 such that p(t2) < oo. From (2.1.5) follows that
0 < p(t) < t/tap(ta) for all ¢ € [0,%2], which implies that lim,_ g+ ¢(t) = 0.
Since 1 # 0, there exists A > 0 such that o(A-1) # 0. In particular there
exists t3 > 0 with ¢(t3) > 0 and @(kt3) > ko(ts) > 0 by (2.1.5) for all
k € N. Since k is arbitrary, we get lim;_,o ¢(t) = co. We have proved that
p is a P-function. Assume additionally that ¢ is a modular. In particular
o(t) = ¢(|t|) = 0 implies ¢t = 0. Hence by negation we get that ¢ > 0 implies
©(t) > 0, so ¢ is positive. O

Let us remark that if ¢ is a ®-function then on the set {t > 0: ¢(t) < co}
it has the form

t

o(t) = /a(T) dr, (2.3.3)

0

where a(t) is the right-derivative of ¢(t) (see [330], Theorem 1.3.1). Moreover,
the function a(t) is non-increasing and right-continuous.

The following lemma is an easy consequence of the left-continuity, convex-
ity, and monotonicity of ¢. However, it is also possible to use Lemma 2.3.2
and Theorem 2.1.17 to prove this.

Lemma 2.3.4. Every ®-function is lower semicontinuous.
Example 2.3.5. Let 1 < p < co. Define

1
op(t) := —tP,
p () ’

Poo(t) 1= 00+ X(1,00) (1)
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for all t > 0. Then ¢, and ¢, are ®-functions. Moreover, ¢, is continuous
and positive, while ¢, is only left-continuous and lower semicontinuous but
not positive.

Remark 2.3.6. Let ¢ be a ®-function. As a lower semicontinuous function
 satisfies

¢(inf A) < infp(A)

for every non-empty set A C [0,00). The reverse estimate might fail as the
example po with A := (1,00) shows. However, for every A > 1 we have

inf p(A) < o(Xinf A).

Indeed, if inf A = 0, then the claim follows by lim;_o+ ¢(¢) = 0. If inf A > 0,
then we can find ¢ € A such that inf A <t < Ainf A. Now, the monotonicity
of ¢ implies inf p(A4) < (t) < p(Ainf A).

Remark 2.3.7. Let ¢ be a ®-function. Then, as a convex function, ¢ is

continuous if and only if ¢ is finite on [0, c0).

The following properties of ®-functions are very useful:
(2.3.8)

for any r € [0,1], s € [1,00) and ¢ > 0 (compare with (2.1.5)). This is a
simple consequence of the convexity of ¢ and ¢(0) = 0. Inequality (2.3.8)
further implies that ¢(a) + ¢(b) < f5¢(a+b) + aibw(a +b) =p(a+0) for
a+b >0 for all a,b > 0 which combined with convexity yields

p(a) + o(b) < p(a+b) < 5(p(2a) + (2b)).

Although it is possible to define function spaces using ®-functions, these
are not sufficiently general for our needs. In the case of variable exponent
Lebesgue spaces (see Chap. 3) we need our function ¢ to depend also on the
location in the space. So we need to generalize ®-functions in such a way that
they may depend on the space variable.

Definition 2.3.9. Let (A4,%, ) be a o-finite, complete measure space. A
real function ¢: A x [0,00) — [0, 00] is said to be a generalized ®-function on
(A, %, p) if:

(a) ¢(y,-) is a ®-function for every y € A.

(b) y — ¢(y,t) is measurable for every ¢ > 0.

If ¢ is a generalized ®-function on (A, %, u), we write ¢ € ®(A,u). If Q
is an open subset of R™ and p is the n-dimensional Lebesgue measure we
abbreviate this as ¢ € () or say that ¢ is a generalized ®-function on .
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In what follows we always make the natural assumption that our measure
1 is not identically zero.

Certainly every ®-function is a generalized ®-function if we set p(y,t) :=
o(t) for y € A and t € [0,00). Also, from (2.3.8) and Lemma 2.3.4 we see
that ¢(y, ) is non-decreasing and lower semicontinuous on [0, 00) for every
y €A

We say that a function is simple if it is the linear combination of charac-
teristic functions of measurable sets with finite measure, Zle sixa; (r) with
w(Ar), ..., u(Ag) < 00, s1,..., s, € K. We denote the set of simple functions
by S(A, p). If Q is an open subset of R”™ and p is the n-dimensional Lebesgue
measure we abbreviate this by S(Q).

We next show that every generalized ®-function generates a semimodular
on LY(A, u).

Lemma 2.3.10. If ¢ € ®(A,u) and f € L°(A, u), then y — o(y,|f(y)|) is
w-measurable and

0p(f) = /sﬂ(y, |£(W)]) duly)

A

is a semimodular on L°(A, ). If ¢ is positive, then g, is a modular. We call
0, the semimodular induced by ¢.

Proof. By splitting the function into its positive and negative (real and imag-
inary) part it suffices to consider the case f > 0. Let fi, ' f point-wise where
fr are non-negative simple functions. Then

ey | frly Z ey, a5)  xar(y),

which is measurable and ¢(y, fx(v)) ./ ©(y, f(y)). Thus ¢(-, f(-)) is measur-
able.

Obviously, 0,(0) = 0 and g,(Az) = p,(x) for |A\| = 1. The convexity
of o, is a direct consequence of the convexity of ¢. Let us show the left-
continuity of g,: if Ay — 17 and y € A, then 0 < o(y, A f(v)) — (y, f(y))
by the left-continuity and monotonicity of ¢(y, -). Hence g, (Ax f) — 0,(f), by
the theorem of monotone convergence. So g, is left-continuous in the sense
of Definition 2.1.1 (d).

Assume now that f € L°(A,p) is such that g,(Af) = 0 for all A > 0.
So for any & € N we have ¢(y,kf(y)) = 0 for almost all y € A. Since N is
countable we deduce that ¢(y, kf(y)) = 0 for almost all y € A and all k € N.
The convexity of ¢ and ¢(y,0) = 0 imply that ¢(y, Af(y)) = 0 for almost all
y € A and all A > 0. Since lim; o p(y,t) = oo for all y € A, this implies
that |f(y)| = 0 for almost all y € A, hence f = 0. So g, is a semimodular
on LY(A, ).
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Assume now that ¢ is positive and that g, (f) = 0. Then ¢(y, f(y)) =0
for almost all y € A. Since ¢ is positive, f(y) = 0 for almost all y € A, thus
f = 0. This proves that g, is a modular on L°(A4, u). O

Since every ¢ € ®(A, ) generates a semimodular it is natural to study
the corresponding semimodular space.

Definition 2.3.11. Let ¢ € ®(A, 1) and let g, be given by

0o(f) = / o | F @) du(y)

A

for all f € LY(A, u). Then the semimodular space

(LA, 1)), = {f € L°(A, p): Jim 0,(Af) = 0}
={f € LA, pn): 0,(\f) < oo for some A >0}

will be called Musielak—Orlicz space and denoted by L¥ (A, ) or L¥, for short.
The norm ””w is denoted by |[-[|,, thus

141, = inf {3 >0: 0,() <1}.

The Musielak—Orlicz spaces are also called generalized Orlicz spaces. They
provide a good framework for many function spaces. Here are some examples.

Example 2.3.12. Let (A, %, i) be a o-finite, complete measure space.

(a) The (semi)modulars given in Example 2.1.4 (a)—(c) give rise to (weighted)
Lebesgue spaces.
(b) Let ¢ be a ®-function. Then

00(f) = / (1 W))) duy)
A

is a semimodular on L°(A, ). If ¢ is positive, then ¢ is a modular on
L°(A, ;1) and the space L?(A, 1) is called an Orlicz space.
With suitable choices of ¢, A and p, this includes all modulars in
Example 2.1.4 except (f).

(¢) Example 2.1.4 (f) is not a Musielak—Orlicz space.

As a semimodular space, L¥ = (L%, [|-[|,) is a normed space, which, in
fact, is complete.

Theorem 2.3.13. Let ¢ € ®(A, ). Then LP(A, 1) is a Banach space.
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Before we get to the proof of Theorem 2.3.13 we need to prove two useful
lemmas.

Lemma 2.3.14. Let ¢ € ®(A, p) and p(A) < co. Then every ||-[|,-Cauchy
sequence is also a Cauchy sequence with respect to convergence in measure.

Proof. Fix ¢ > 0 and let V; := {y € A: p(y,t) =0} for ¢ > 0. Then V; is
measurable. For all y € A the function ¢ — ¢(y,t) is non-decreasing and
lims 00 p(y,t) = 00, so Vi \, 0 as t — oo. Therefore, limy_,o0 (Vi) =
u(0) =0, where we have used that 1(A) < co. Thus, there exists K € N such
that u(Vk) < e. Note that if ¢ is positive then V; = ) for all ¢ > 0 and we
do not need this step in the proof.

For a p-measurable set & C A define

vk (E) = 0,(K xg) = /s@(y,K) du(y).
E

If E is uy-measurable with vi (F) = 0, then ¢(y, K) = 0 for p-almost every
y € E. Thus pu(E \ Vi) = 0 by the definition of Vi. Hence, E is a p| 4\ vy -
null set, which means that the measure 1| 4\v; is absolutely continuous with
respect to vi.

Since pu(A\ Vi) < u(A) < oo and | 4\ v, is absolutely continuous with res-
pect to v, there exists 6 € (0, 1) such that vx(EF) < ¢ implies u(E\ Vi) <e
(cf. [184, Theorem 30.BJ). Since fj, is a [|-[| ,-Cauchy sequence, there exists
ko € Nsuch that [|[K e~ 10~ (fi — fi)ll, <1 for allm, k > ko. Assume in the
following m, k > ko, then by (2.1.5) and the norm-modular unit ball property
(Lemma 2.1.14)

Q¢ (Kgil(fm - flc)) < 5Q¢(K571571(fm - fk)) < 0.

Let us write Ep, ke :={y € A: |fm(y) — fu(y)| = €}. Then

V(i) = / oy, ) du(y) < 00 (K e (fun — f1)) < 6.

Em,,k,s

By the choice of 0, this implies that u(En, ke \ Vk) < €. With pu(Vk) < e
we have p(En, k) < 2¢. Since € > 0 was arbitrary, this proves that fj is a
Cauchy sequence with respect to convergence in measure.

If | fx[l, — O, then as above there exists K € N such that p({|fx| >¢€}) <2e
for all £ > K. This proves fiy — 0 in measure. a

Lemma 2.3.15. Let ¢ € ®(A, ). Then every ||-||,-Cauchy sequence (fx) C
L¥ has a subsequence which converges p-almost everywhere to a measurable
Sfunction f.
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Proof. Recall that p is o-finite. Let A = Uf; A; with A; pairwise disjoint
and pu(A;) < oo for all ¢ € N. Then, by Lemma 2.3.14, (fx) is a Cauchy
sequence with respect to convergence in measure on A;. Therefore there
exists a measurable function f: A; — K and a subsequence of f; which
converges to f p-almost everywhere. Repeating this argument for every A;
and passing to the diagonal sequence we get a subsequence (fy,) and a
p-measurable function f: A — K such that fi, — f p-almost everywhere. 0O

Let us now get to the proof of the completeness of L¥.

Proof of Theorem 2.3.13. Let (fr) be a Cauchy sequence. By Lemma 2.3.15
there exists a subsequence f, and a p-measurable function f: A — K such
that fy, — f for u-almost every y € A. This implies ¢(y, |fr; (y) — f(y)]) — O
p-almost everywhere. Let A > 0 and 0 < ¢ < 1. Since (f;) is a Cauchy
sequence, there exists K = K(A,¢) € N such that [[A(fm — fi)l|, < € for all
m, k > N, which implies 0,(A(fm — fx)) < € by Corollary 2.1.15. Therefore
by Fatou’s lemma

00 (M = 1)) = [ T (0 N n(0) = fi, )] i)

A

< lijrggéf/w(y,ﬂfm(y) — fr; ()]) d(y)
A

= liminf 0, (A(fon = f;))

<e.

So 0p(A(fm — f)) — 0 for m — oo and all A > 0 and |[fx — f[|, — 0 by
Lemma 2.1.9. Thus every Cauchy sequence converges in L¥, as was to be
shown. O

The next lemma collects analogues of the classical Lebesgue integral
convergence results.

Lemma 2.3.16. Let ¢ € ®(A, u) and fi, f,g € L°(A, p).

(a) If fx — f w-almost everywhere, then o, (f) < liminfr_ o 0, (fr)-

(b) If | fx| /" |f| p-almost everywhere, then o, (f) = limg— o0 00 (f)-

(¢) If fr — [ w-almost everywhere and |fi| < |g| p-almost everywhere, and
0p(Ag) < 0o for every A > 0, then fi — f in L¥.

These properties are called Fatou’s lemma (for the modular), monotone
convergence and dominated convergence, respectively.

Proof. By Lemma 2.3.4 the mappings ¢(y, -) are lower semicontinuous. Thus
Fatou’s lemma implies
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00(1) = [ ol Jim, 1)) dity)

A

< [ timinf (o 1)) du)
A

<timinf [ ol 1)) duy)
A
= lim inf o, (fi).

This proves (a).

To prove (b) let |fx| /' |f]. Then by the left-continuity and monotonicity
of ¢(y,-), we have 0 < (-, |f()]) /" ¢(,|f(-)]) almost everywhere. So, the
theorem of monotone convergence gives

0o(9) = [ ol Jim 1)) duty)

A

— [ im0 £:0)D )

A

klirr;o/w(y7\fk(y)l)du(y)
A

= klggo Qcp(fk)'

To prove (c) assume that fr — f almost everywhere, |fx| < |g|, and
0(Ag) < oo for every A > 0. Then |fr — f| — 0 almost everywhere, |f| < |g]
and |fr — f| < 2|g]. Since p,(2Ag) < 00, we can use the theorem of dominated
convergence to conclude that

i 0,7 = fu) = [ (o Jim Mf@) = 5u(w)]) dutw) = 0.

A

Since A > 0 was arbitrary, Lemma 2.1.9 implies that fx — f in L?. ad

Let us summarize a few additional properties of L¥. Properties (a), (b),
(c) and (d) of the next theorem are known as circularity, solidity, Fatou’s
lemma (for the norm), and the Fatou property, respectively.

Theorem 2.3.17. Let ¢ € ®(A, ). Then the following hold.

(@) 171, = [[171], for ait § € L#.
(b) If f € L¥, g € LY(A,p), and 0 < |g| < |f| p-almost everywhere, then
g € L? and [|g|, <[ fll,-
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(¢) If f — [ almost everywhere, then | f||, < liminfr oo || fel -
(d) If|fel /" |f| p-almost everywhere with fr € L¥(A, p) and supy, || x|l ,<oc,
then f € L?(A, p) and || fxll, /" [If]l,-

Proof. The properties (a) and (b) are obvious. Let us now prove (c).
So let fr — f p-almost everywhere. There is nothing to prove for
liminfy oo || fxll, = 00. Let A > liminfy oo || fx||,- Then || fi[|, < A for large
k. Thus by the unit ball property o,(fr/A) < 1 for large k. Now Fatou’s
lemma for the modular (Lemma 2.3.16) implies 0, (f/A) < 1. So | f[|, < A
again by the unit ball property, which implies || f||, < liminfx— oo || frl[,-

It remains to prove (d). So let |fx| /" |f| p-almost everywhere with
supy, || fk|l, < oo. From (a) and (c) follows |f[|, < lminfroo | fell, <
supy, || k|, < oo, which proves f € L¥. On the other hand |fx|  [f| and (b)
implies that || fxll, /" limsup,_ [[fell, < [ fll,- Thus lmg—.co [[frll, =
171, and [I5ll, 171, 0

2.4 Uniform Convexity

In this section we study sufficient conditions for the uniform convexity of a
modular space X, and the Musielak-Orlicz space L?. We first show that the
uniform convexity of the ®-function implies that of the modular; and that
the uniform convexity of the semimodular combined with the As-condition
implies the uniform convexity of the norm. The section is concluded by
some further properties of uniformly convex modulars. Let us start with the
As-condition of the ®-function and some implications.

Definition 2.4.1. We say that ¢ € ®(A,u) satisfies the Ag-condition if
there exists K > 2 such that

o(y,2t) < Ko(y,t)

for all y € A and all ¢ > 0. The smallest such K is called the As-constant
of ©.

Analogously, we say that a semimodular g on X satisfies the Ay-condition
if there exists K > 2 such that o(2f) < K o(f) for all f € X,. Again, the
smallest such K is called the As-constant of o.

If ¢ € ®(A, p) satisfy the Ag-condition, then g, satisfies the As-condition
with the same constant. Moreover, ¢, satisfies the weak Aj-condition for
modulars, so by Lemma 2.1.11 modular convergence and norm convergence
are equivalent; and F C L?(Q, u) is bounded with respect to the norm if and
only if it is bounded with respect to the modular, i.e. sup;cp || f|| < oo if and
only if sup;c g 0,(f) < 0.

Corollary 2.1.15 shows that a small norm implies a small modular. The
following result shows the reverse implication.
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Lemma 2.4.2. Let o be a semimodular on X that satisfies the Ag-condition.
Let K be the Ag-constant of 0. Then for every e >0 there exists § =0(e, K) >0
such that o(f) < & implies ||f||, < e.

Proof. For e > 0 choose j € N with 277 < e. Let 6 := K7 and o(f) < . Then
0(27f) < K7o(f) < 1 and the unit ball property yields £, < 279 <e. O

Lemma 2.4.3. Let o be a semimodular on X that satisfies the As-condition
with constant K. Then ¢ is a continuous modular and for every € > 0 there
exists 6 = 6(e, K) > 0 such that o(f) < 1—e implies || f||, <1-0 for f € X,.

Proof. Tf o(f) =0, then o(2™f) < K™p(f) = 0, where K is the As-constant
of . This proves f = 0, so ¢ is a modular. We already know that p is left-
continuous, so it suffices to show g(z) = limy_,;+ o(Az). By monotonicity we
have o(x) < liminfy_, 1+ o(Ax). It follows by convexity of o that

o(af) < (2—=a)e(f) + (a—1e(2f) < (2—a) + K(a—1))o(f)

<
< (14 (K~ Da—1)o(f)
for every a € [1,2]. Hence g(z) > liminf, ,;+ o(Ax), which completes the
proof of continuity.

Let ¢ > 0 and f € X, with o(f) < 1—¢€. Fix a = a(K,¢) € (1,2) such
that the right-hand side of the previous inequality is bounded by one. Then
o(af) < 1 and the unit ball property implies [af]|, < 1. The claim follows

with 1 —§ := % a

In the previous sections we worked with general ¢ € ®(A,u). The
corresponding Musielak—Orlicz spaces include the classical spaces LP with
1 < p < o0, see Example 2.1.8. Sometimes, however, it is better to work with
a subclass of ®(A, u), called N-functions. These functions will have better
properties (N stands for nice) but the special cases p = 1 and p = oo are
excluded. This corresponds to the experience that also in the classical case
the “borderline” cases p = 1 and p = oo are often treated differently.

Definition 2.4.4. A ®-function ¢ is said to be an N-function if it is
continuous and positive and satisfies lim;_.q @ =0 and lim;_, @ = 0.
A function ¢ € ®(A, i) is said to be a generalized N-function if o(y,-) is
for every y € Q2 an N-function.
If p is a generalized N-function on (A, 1), we write ¢ € N(A, ) for short.
If Q2 is an open subset of R™ and p is the n-dimensional Lebesgue measure

we abbreviate p € N(Q).
Definition 2.4.5. A function ¢ € N (A, u) is called uniformly convez if for
every € > 0 there exists § > 0 such that

|lu —v|] < emax {u,v} or @(y,#)é(lfé)w

for all u,v > 0 and every y € A.



44 2 A Framework for Function Spaces

Remark 2.4.6. If p(z,t) = t? with ¢ € (1,00), then ¢ is uniformly convex.
To prove this, we have to show that for u,v > 0 the estimate |u—v| >
emax {v,u} implies (“£2)? < (1 —6(¢))3 (uq + v9) with §(e) > 0 for every
e > 0. Without loss of generality we can assume ¢ € (0, %) By homogeneity
it suffices to consider the case v =1 and 0 < u < 1. So we have to show that
u € [0,1—¢) implies (H2)7 < (1—-5(c)) 3 (1+u?). Define f(7) 1= 2! ~1HF4x.
Then f is continuous on [0, 1] and has its maximum at 1. This proves as
desired f(u) < d(g) for all w € [0,1 — ¢).

It follows by division with ¢ that ¢(x,t) = %tq with 1 < ¢ < oo is also
uniformly convex.

Definition 2.4.5 is formulated for u,v > 0. However, the following lemma
shows that this can be relaxed to values in K.

Lemma 2.4.7. Let p € N(A, p) be uniformly convex. Then for every ey > 0
there exists 69 > 0 such that

a;rbD < _52)<p(y,|a|)-2w(y7 [6])

la—b| < comax{lal, b} or (v,

for all a,b € K and every y € A.

Proof. Fix €2 > 0. For € := €3/2 let 6 > 0 be as in Definition 2.4.5. Let
la — b > ez max {|al, [b[}. If ||a| — [b]| > emax{|al,|b|}, then the claim fol-
lows by |a+b] < |a| + |b| and choice of § with J; = . So assume in the
following ||a| — |b|| < emax {|al, |b]}. Then

la — b > ey max {[al, |b]} = 2¢ max {|al, [b]} > 2]|a] — [b]].

Therefore,
a+b® Ja* B ja—b)?
- Y
2 2 2 2
\al b? ?

0] ‘ la] — 1b]?
>+ -1l - ()
(I al +1b \) a—b)
2 41 2 '
Since |a — b| > ey max {|al, |b|} = e2(]a|] + 1b])/2, it follows that
a+b)? 3e3\ /lal + [b]\2
< (-2 ()
’ 2 ‘ \(1 16)( 2 )

Let 85 == 1 — /1= 22 > 0, then | 42| < (1 — &) 12 This, (2.1.5) and
the convexity of ¢ 1mp1y
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a+b a + b 7a + ’b
(0 [E2]) < (- s B ¢ gy etaabelEetl)

2 ~
Remark 2.4.8. If u,v € K satisfies |a — b| < g2 max {|a|, |b|} with 5 € (0, 1),
then Ia—gb‘ <e ‘aH_lb‘ and by the convexity of ¢ follows

(y, \a;b\) <, 2w Ial)gw(y,lbl)_ (2.4.9)

Therefore, we can replace the first alternative in Lemma 2.4.7 by the weaker
version (2.4.9).

We need the following concept of uniform convexity for the semimodular.

Definition 2.4.10. A semimodular ¢ on X is called uniformly convez if for
every € > 0 there exists 6 > 0 such that

g(f—g)gge(f)ﬂw(g) or Q(f+g)<(15)9(f)-£9(9)

2 2 2

for all f,g € X,.

Theorem 2.4.11. Let ¢ € N(A, ) be uniformly convex. Then o, is uni-
formly conver.

Proof. Let €2,02 > 0 be as in Lemma 2.4.7 and let € := 2 &5. There is nothing
to show if g, (f) = oo or p,(g) = co. So in the following let g, (f), 0,(g) < oo,
which implies by convexity g( ), (—) < o0.

Assume that Q@(f 129y > g2 (f); @) We show that

0o(158) < (1- %) elD*0clo),

which proves that o, is uniformly convex. Define

E = {y e A:|fly)—gly)| > %max{|f(y)|, |g(y)|}}

It follows from Remark 2.4.8 that (2.4.9) holds for almost all y € A\ E. In
particular,

(XA\Ef - g> < ggcp(XA\Ef) ;r 00(XA\E9) < ggw(f) —QF @w(g)_



46 2 A Framework for Function Spaces

This and g, (152) > 2 (f);g @) imply

g¢(fo_g) _ Q¢(f%g> B QQO(XA\Ef;g) - gw(f) —QF 20(9)
(2.4.12)

On the other hand it follows by the definition of F and the choice of s in
Lemma 2.4.7 that

0, (fo;g> < (1 — 5y 22XES) ; 25 (x89) (2.4.13)

We estimate

w(f);w(g) B w(f;g) > an(XEf);‘Q@(XEQ) B gg)(fo;g),

where we have split the domain of the involved integrals into the sets F and
A\ E and have used (¢(f) + ¢(g)) — p(1£2) > 0 on A\ E. This, (2.4.13),
the convexity and (2.4.12) imply

0, (f) ;L 00(9) Qw(f—;g) > 6, 0p(xEf) —2% 00(XEY)
> 62Q¢<XE¥)

S @ Q%(f) + Qw(g).

Z O
2 2

The question arises if uniform convexity of the semimodular g implies the
uniform convexity of X,. This turns out to be true under the As-condition.

Theorem 2.4.14. Let o be a uniformly convex semimodular on X that satis-
fies the Ag-condition. Then the norm |||, on X, is uniformly convez. Hence,
X, is uniformly convex.

Proof. Fix ¢ > 0. Let z,y € X with [lz[[,,[[yl[, < 1 and [z —y|, > e
Then [|%52|| > § and by Lemma 2.4.2 there exists o = a(e) > 0 such that
o(*5%) > . By the unit ball property we have o(x), o(y) < 1, so o(*5%) >
aw. Since g is uniformly convex, there exists 8 = 3(«) > 0 such that
Q(’”—;y) <(1- ﬁ)w < 1 — . Now Lemma 2.4.3 implies the existence
of § = 0(K, ) > 0 with ||xT+y||Q < 1 — 4. This proves the uniform convexity
of |1, 0
Remark 2.4.15. If ¢ € N(A,p) is uniformly convex and satisfies the
As-condition, then it follows by the combination of Theorems 2.4.11 and
2.4.14 that the norm |[|-[|, of L¥(A, p) is uniformly convex. Hence, L?(A, 1)
is also uniformly convex.
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We will later need that the sum of uniformly convex semimodulars is again
uniformly convex.

Lemma 2.4.16. If p1,02 are uniformly conver semimodulars on X, then
0 := 01 + 02 1s uniformly convex.

Proof. If € > 0, then there exists § > 0 such that

Qj(f;ﬂ) <EQj(f);er(g) or gy(%) < (1_5)Qj(f);gj(9)

for j = 1,2. We show that

g(f;g><2€g(f);re(g) or Q(f2£><(15€)9(f);r@(g)’

since this proves the uniform convexity of o. Fix f and g and assume that
o(L5 52)>2 sM Without loss of generality, we can assume that g, (L5 52)

QQ(L‘Q) for this specific choice of f and g. Therefore, gl( )> 5M>

w So the choice of § implies

91<f;rg> <(1—5)M.

Taking into account the convexity of g2, we obtain

f+yg o(f)+olg) .o1(f)+oi(g)
Q( 2 )g 2 =9 2 '

Since £ M > QI(LQ) > 6%, this implies

Q(%) < _5E)Q(f)'2f‘9(9). -

It is well known that on uniformly convex spaces weak convergence
x — ¢ combined with convergence of the norms ||zx|| — ||z|| implies strong
convergence xp — x. The following lemma is in this spirit.

Lemma 2.4.17. Let ¢ be a uniformly convex semimodular on X . Let xy,x €
X, such that z, — z, o(zr) — o(x) and o(z) < co. Then

o255 -0
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Proof. We proceed by contradiction. Assume that the claim is wrong and
there exists € > 0 and a subsequence xy; such that

Ty, — X
g( o ) > e (2.4.18)
for all j € N. Since g is uniformly continuous, there exists é > 0 such that

o) <o o o) <1 2T,

In particular, our subsequence always satisfies the second alternative. Together
with 1 (z +z) — z, the weak lower semicontinuity of o (Theorem 2.2.8) and
o(zx) — o(z) implies that

<(1-9) liminfw
J—00

T LT = (1-8)o(a)

o(r) < liminf @(

J—0o0

Using o(z) < oo we get o(z) = 0. It follows by convexity and g(zx) — o(x)
that

Q(l‘k — x) < o(zk) + o(x)

for n — oo. This contradicts (2.4.18). O

Remark 2.4.19. If p satisfies the (weak) As-condition, then under the con-
ditions of the previous lemma, o(A(zy —x)) — 0 for all A > 0 and =3, — z in
X, by Lemma 2.1.11.

2.5 Separability

We next prove basic properties of Musielak—Orlicz spaces that require some
additional structure. Since these properties do not even hold for the full range
p € [1,00] of classical Lebesgue spaces, it is clear that some restrictions are
necessary. In this section we consider separability.

We first define some function classes related to L¥. The set E¥ of finite
elements will be later important in the approximability by simple functions,
see Theorem 2.5.9.

Definition 2.5.1. Let p € ®(A, p). The set

Lo = Loo(A) = {f € L¥: 0,(f) < o0} (2:5.2)
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is called the Musielak—Orlicz class. Let

E¥ :=FE?A,p) :={f € L¥: p,(\f) < oo for all A > 0}. (2.5.3)

The elements of E¥(A, i) are called finite.
Let us start with a few examples:

(a) Let ¢(y,t) =t? with 1 <p < oco. Then E¥ = L§, = L¥ = LP.
(b) Let 90(1%75) = 00" X(1,00) (t) Then

E? = {0},
L{o ={f:|f| <1 almost everywhere},
LY = L*™.

(c) Let ¢(y,t) = exp(t) — 1 and Q = (0,1). Then ¢ € ®(Q) is positive and
continuous but E¥ # L. # L¥. Indeed, if f := > .2, %X(z—k}gflwrl),
then f € LY\ E¥ and 2f € L¥ \ L{ ..

By definition of E¥, L., and L¥ it is clear that E¥ C L§, C L¥.
Moreover, by convexity of ¢ the set LY is convex and the sets E¥ and L¥
are linear subspaces of LY. There is a special relation of E¥ and L% to L
E? is the biggest vector space in L§, and L¥ is the smallest vector space
in L° containing L.

In some cases the inclusions E¥ C L§,, C L? are strict and in other cases
equality holds. In fact, it is easily seen that E¥ = LJ, = L¥ is equivalent
to the implication f € L5, = 2f € L§,. The As-condition (see Defini-
tion 2.4.1) implies that ,(2™f) < K™p,(f), where K is the Ag-constant,
from which we conclude that

E¥ (A p) = LBC(AMLL) = L?(A, p).

Remark 2.5.4. The set E¥ is a closed subset of L¥. Indeed, let fr, — f
in LY with fi € E¥. For A > 0 we have g,(2A(fx — f)) — 0 as k — oo.
In particular, 0,(2A(fx, — f)) < 1 for some ky. By convexity o,(Af) <
200 (2A(fry — f)) + 300(2Afr,) < 3 + 305(2) fr,) < 00, which shows that
feFEv.

In the approximation of measurable functions it is very useful to work with
simple functions. To be able to approximate a function f by simple functions
we have to assume an additional property of ¢:

Definition 2.5.5. A function ¢ € ®(A, u) is called locally integrable on A if
0p(txr) < oo for all t > 0 and all y-measurable £ C A with u(E) < oco.

Note that local integrability in the previous definition differs from the one
used in L{ ., where we assume integrability over compact subsets.

If p € ®(A, p) is locally integrable, then the set of simple functions S(A, p)
is contained in E¥. Actually, the property S(A, ) C E¥ is equivalent to the
local integrability of .
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Example 2.5.6. Let ¢ € ®(A, u) with o(y,t) = 9(t) where ¢ is a contin-
uous P-function. Then ¢ is locally integrable. Indeed, due to the continuity
we know that ¢ — (t) is everywhere finite on [0, 00). Therefore, g, (txr) =
w(E)Yp(t) < oo for all t > 0 and pu(E) < co.

Proposition 2.5.7. Let p € ®(A, u) be locally integrable. Then for every
A >0 and € > 0 there exists § > 0 such that p(E) < § implies p,(AxE) < €
and |Ixgl, < 3

Proof. We begin with the proof of po,(Axr) < € by contradiction. Assume
to the contrary that there exist A > 0 and £ > 0 and a sequence (Ej)
such that p(Ey) < 27F and 0,(A\xg,) > €. Let Gy := Uo_, Em, and note
that u(Gy) < Yoo, 27™ = 217F — 0 as k — oo. Since ¢ is locally inte-
grable and p(G1) <1, we have p,(Axa,) < 0o. Moreover, Axa, < Axq, and
AxaG, — 0 almost everywhere. Thus, we conclude by dominated convergence
that o, (Axa,) — 0. This contradicts o,(Axa,) = 0p(AxE,) > € for every k.

The claim [[xgl|, < 1 follows from g,(Axg) < € by the choice e = 1 and

the unit ball property. a

Remark 2.5.8. If f € L% has the property that ||XEkf||¢ — 0 if Ex\,0,
then we say that f has absolutely continuous norm. If follows easily by
dominated convergence (Lemma 2.3.16) that every f € E¥ has absolutely
continuous norm.

Theorem 2.5.9. Let ¢ € ®(A, p) be locally integrable and let S := S(A, )
be the set of simple functions. Then gitlle — E?(A ).

Proof. The local integrability implies that S C E¥. Since E¥ is closed by
Remark 2.5.4, it suffices to show that every f € E¥ is in the closure of S.
Let f € E¥ with f > 0. Since f € LY(A), there exist fr, € S with 0 < fi /' f
almost everywhere. So fr — f in L¥ by the theorem of dominated con-
vergence (Lemma 2.3.16). Thus, f is in the closure of S. If we drop the
assumption f > 0, then we split z into positive and negative parts (real and
imaginary parts) which belong again to E%. O

We now investigate the problem of separability of E¥. Let (A4,%, u) be
a o-finite, complete measure space. Here, we need the notion of separable
measures: recall that a measure p is called separable if there exists a sequence
(E)) C X with the following properties:

(a) u(Ey) < oo for all k € N.

(b) For every E € ¥ with p(F) < oo and every € > 0 there exists an index
k such that p(EAEy) < e, where A denotes the symmetric difference
defined through EAE := (E\ E;) U (Ex \ E).

For instance the Lebesgue measure on R™ and the counting measure on Z"
are separable. Recall that a Banach space is separable if it contains a dense,
countable subset.
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Theorem 2.5.10. Let ¢ € ®(A, u) be locally integrable and let p be separa-
ble. Then E¥(A, ) is separable.

Proof. Let Sy be the set of all simple functions g of the form g = Zle aiXE,
with a; € Q and FE; is as in the definition of a separable measure. By Theorem
2.5.9 it suffices to prove that Sy is dense in S. Let f € S. Then we can write
f in the form f = Ele bixp, with b; € R, B; € ¥ pairwise disjoint and
w(B;) < oco. Let A > 0 be arbitrary and define b := max; ;< |b;|. Since
@ is locally integrable, we know by Proposition 2.5.7 that the integral of
y — (y,4kAb) is small over small sets. Hence, by the separability of u we
find measurable sets E; of finite measure such that

e By
o(y, 4kAb) du(y) < 1.

Eji AB;

Let B := Ule B;. Then [ o(y, 2An) du(y) — 0 for n — 0, since u(B) <
and ¢ is locally integrable. Let § > 0 be such that [, o(y,2A9) du(y) <
Choose rational numbers ay, ..., a such that |b; — a;| < § and |a;| < 2b for
1=1,...,k. Let g := Zle ai Xg;,- Then

00
1.

If —gl = +

k k
> (i —ai)xs| + > ai(xs — xm, )‘
=1 i=1
k k
<Y lbi —aslxs + Y lai| x5, a8,
i=1 i=1

k
<dxp+ Z 2b XE,AB; -

i=1

Hence, by the previous estimate and convexity,
1 1 &
0o (Mf —9)) < 504(200x5) + o Z 00 (4k>\b XEiABi>
1
— 5 [ w20 dutw) + 5 Ly~ [ etwab duy).
B =1lg,AB;
The right-hand side of the previous estimate is at most 1 and so || f — g[|,, < 1

by the unit ball property. Since A > 0 was arbitrary, this completes the proof.
O
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2.6 Conjugate ®-Functions

In this section we specialize the results from Sect.2.2 Conjugate modulars
and dual semimodular spaces to ®-functions and generalized ®-functions.
Apart from the general results, we are also able to prove stronger results in
this special case.

By Lemma 2.3.2 we know that every ®-function defines (by even extension)
a semimodular on R. This motivates to transfer the definition of a conjugate
semimodular in a point-wise sense to generalized ®-functions:

Definition 2.6.1. Let ¢ € ®(A, ). Then for any y € A we denote by ¢*(y, -)
the conjugate function of p(y,-) which is defined by

©* (y,u) = sup (tu — ¢(y, 1))
>0

for all w > 0 and y € €.

This definition applies in particular in the case when ¢ is a (non-generalized)
®-function, in which case

©*(u) = sup (tu — (1))

concurs with the Legendre transformation of p. By definition of ¢*,
tu < @(t) + ¢*(u) (2.6.2)

for every t,u > 0. This inequality is called Young’s inequality. If ¢ is a
O-function and o(t) := @(|t]) is its even extension to R, then o*(t) = ¢*(|t])
for all t € R.

As a special case of Theorem 2.2.6 we have

Corollary 2.6.3. Let ¢ € ®(A, ). Then (¢*)* = . In particular,

o(y,t) = sup (tu — ¢*(y,u))
u=0

for ally € Q and all t > 0.

Lemma 2.6.4. Let ¢, be ®-functions.

(a) The estimate @(t) < 1(t) holds for all t > 0 if and only if ¥*(u) < ¢*(u)
for all u > 0.

(b) Let a,b> 0. If ¥(t) = ap(bt) for all t > 0, then ¢*(u) = ap*(35) for all
u > 0.
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Proof. We begin with the proof of (a). Let ¢(t) < ¢(t) for all ¢ > 0. Then

¥ (u) = sup (tu—1(1)) < sup (tu —o(t)) = " (u)

for all w > 0. The reverse claim follows using ¢** = ¢ and ¥** = 9 by
Corollary 2.6.3. Let us now prove (b). Let a,b > 0 and ¥(t) = ap(bt) for all
t > 0. Then

P (u) =

~ U2
ke

u (tu —p(t)) = sup (tu — ap(bt)) = supa(t% - @(t))

t>0 t>0 a

for all u > 0. O

The following result is the generalization of the classical Holder inequality
S fllgldp < 1 £l llgll, to the Musielak-Orlicz spaces. The extra constant 2
cannot be omitted.

Lemma 2.6.5 (Ho6lder’s inequality). Let ¢ € ®(A, ). Then

[ 1511 duty) < 2011 gl
A
for all f € L¥(A, p) and g € L¥ (A, ).

Proof. Let f € L¥ and g € L¥". The claim is obvious for f = 0 or g = 0, so we
can assume f # 0 and g # 0. Due to the unit ball property, Qg,(f/||f||¢) <1
and 04+ (9/[|gll,-) < 1. Thus, using Young’s inequality (2.6.2), we obtain

f W) l9()] /)l o)l
J wmnmud””<1?@’Uu)+w@wgw)@@)

= 0o (f/IIflly) + 2o (g/llg]
<2

<P*)

Multiplying through by | f|,|l¢]

o yields the claim. O

Let us recall the definitions of N-function and generalized N-function from
Definition 2.4.4. A ®-function ¢ is said to be an N-function if it is continuous
and positive and satisfies lim;_.q @ =0 and lim;_, @ = co. A function
p € (A, p) is said to be a generalized N-function if ¢(y, -) is for every y € Q
an N-function.

Note that by continuity N-functions only take values in [0,00). Let
© € N(A, 1) be an N-function. As was noted in (2.3.3), the function has

a right-derivative, denoted by ¢'(y, -), and
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oy,t) = /w’(y, 7)dr
0

for all y € A and all ¢ > 0. The right-derivative ¢'(y, -) is non-decreasing and
right-continuous.

Lemma 2.6.6. Let ¢ be an N-function. Then

%w’(%) < p(t) < ty'(t)

forallt >0
Proof. Using the monotonicity of ¢’ we get

o) = [P < [ G 0dr =10,
0 0
o) = [ ¢z [ar=10(3)
0 /2
for all ¢t > 0. O

Remark 2.6.7. If ¢ is a generalized N-function, which satisfies the As-
condition (Definition 2.4.1), then Lemma 2.6.6 implies ¢(y,t) =~ ¢'(y,t)t
uniformly in y € A and ¢t > 0.

Let ¢ € N(A, pt). Then we already know that ¢'(y, -) is for any y € A non-
decreasing right-continuous, ¢’(y,0) = 0, and lim;—,+ ¢’ (y,t) = co. Define

b(y,u) :=1inf {t > 0: ¢'(y,t) > u}.

Then b(y,-) has the same properties, i.e. b(y,-) is for any y € A non-
decreasing, right-continuous, b(y,0) = 0, and lim; b(y,t) = oo. The
function b(y,-) is the right-continuous inverse of ¢'(y,-) and we therefore
denote it by (¢’)~*(y,u). It is easy to see that the right-continuous inverse
of (¢')~!is again ¢, i.e. ((¢')71)~! = ¢'. The function (¢')~! is important,
since we can use it to represent the conjugate function ¢*.

Theorem 2.6.8. If o € N(A, ), then ¢* € N(A, u) and (¢*) = (¢')71. In
particular,

(1) = / () () dr
0

forallye A andt > 0.
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Proof. Tt suffices to prove the claim point-wise, and thus we may assume

without loss of generality that ¢(y,t) is independent of y, i.e. an N-function.
It is easy to see that ¢’ is non-decreasing, right-continuous and satisfies

(@)7H0) =0, (¢")7L(t) > 0 for t > 0, and lim;_, oo (¢") "1 (t) = co. Thus,

for t > 0 defines an N-function. In particular, ¢ and v are finite.
Note that o < ¢'(7) is equivalent to (¢')~!(c) < 7. Hence, the sets

{(r,0) €10,00) x [0,00): 0 < ¢(7)}
{(r,0) €[0,00) x [0,00): (¢") "} (o) =7}

are complementary with respect to [0, 00) X [0, 00). Therefore, we can estimate
with the help of the theorem of Fubini

u

t
Ogtu://deT
0

0

= do dt + // do dr

{0<r<t,0<u: 0<o<’ (1)} {0<7<t,0<o<u: (')~ (o) 2T}
¢ min {u,¢’ (7))} w min {t,(¢") " (o)}

:/ / dadr—i—/ / dr do
0 0 0 0
¢ u

<[¢mirs [@) oo
0 0

= o(t) + P(u).

If w = ¢(t) or t = (¢)1(u), then min{u,¢’ (1)} = ¢'(r) and

min{t, (¢')" (o)} = (¢')71(0) in the integrals of the third line. So in this
case we have equality in the penultimate step. Since ¢*(u) = sup, (ut — ¢(t))
it follows that ¢* = 1. a

Remark 2.6.9. Let ¢ be an N-function. Then it follows from the previous
proof that the right-derivative (¢*)" of ¢* satisfies (p*) = (¢')~! for all
t > 0. Young’s inequality tu < ¢(t) + ¢*(u) holds with equality if u = ¢'(t)
or t = (¢') " (u).
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Theorem 2.6.8 enables us to calculate the conjugate function of N-functions.
Let us present three examples:
(a) Let o(t) = et —t — 1. Then ¢/(t) = € —1and( N (u) = (") Hu) =
log(1 + u). Integration over u implies ¢*(u) = (1 +¢)1 g(l +1t) —t.
(b) Let p(t) = %tp for 1 < p < oo. Then ¢'(t) = tP~1 and (p*) (u)

()" Hu) = urT = w”’ ! with % + z% = 1. Integration over u implies

o*(u) = I%up/.

(¢) Let ¢(t) = P for 1 <p < oo Then O'(t) = ptt~! and (¢*)'(u) =
(@) (u) = (u/p)7—T = pTruP’ ! with %—i— 1% = 1. Integration over u
implies ¢*(u) =pT7 Z%up =p P (p—1)u”.

Remark 2.6.10. We have seen that the supremum in Remark 2.6.9 is

attained for any N-function . However, this is not the case if ¢ is only

a ®-function. Indeed, if ¢(t) = t, then p*(u) = 00 - X{u>1}(u). However,

tu = 1(t) + (p1)*(u) only holds if u =1 and ¢t > 0 or if w € [0,1] and t = 0.

There are a lot of nice estimates for N-functions. Let us collect a few.

Lemma 2.6.11. Let ¢ be an N-function. Then for allt > 0 and all € > 0

t <o t)(e") ) < 2, (2.6.12)

(@) (¢'(t) —e) <t < (@) (1)), (2.6.13)
¢ (") (t) —e) <t <@ ((¢") (1)), (2.6.14)
(' (1) <t (1), (2.6.15)
w*(@) < (t), (2.6.16)

where we assumed t > 0 in (2.6.16).

Proof. We first note that (p*) = (¢')~! by Remark 2.6.9. Let t > 0 and
g > 0. The first part of (2.6.13) follows from

(@) (¢'(t) —¢) =inf{a>0: ¢'(a) > ¢(t) — e} <t

The second part of (2.6.13) follows from

¢'(a) > t})

¢ () () = ¢ (inf {a >0
>0:¢/(a) > 1} > 1,

— inf {¢/(a)
where we have used that ¢’ is right-continuous and non-decreasing.

Now, (2.6.14) is a consequence of (2.6.13) using (¢*)* = ¢. By Young’s
inequality (2.6.2) we estimate

e ) (@) THE) <t 4+t =2t
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With Lemma 2.6.6 for ¢ and ¢* and (2.6.13) we deduce

(1) < (@ ()20 < 1 0),
o (A ) < (B )y (B2 o) < Py ()~ ) < ot

Letting ¢ — 0 in the latter inequality yields (2.6.16). Setting t = ¢~ (u)
in (2.6.16) gives

() <
v~ (u)
From this it follows that u < ¢~ (u)(0*) ™ (u). O

Note that if ¢ and ¢* satisfy the As-condition (Definition 2.4.1), than all
the “<”-signs in Lemma 2.6.11 can be replaced by “~”-signs.

2.7 Associate Spaces and Dual Spaces

In the case of classical Lebesgue spaces it is well known that there is a natural
embedding of LY into (L?)* for 1 < ¢ < oo and % + % = 1. In particular,
for every g € LY the mapping Jg: [+ [ fgdp is an element of (L?)*. Even
more, if 1 < ¢ < oo, then the mapping g — J, is an isometry from LY
to (L79)*. Besides the nice characterization of the dual space, this has the
consequence that

17, = sup /fgdu

lgll, <1

for every 1 < ¢ < oco. This formula is often called the norm conjugate formula.
The cases ¢ = 1 and ¢ = oo need special attention, since (L')* = L but
(L>°)* # L. However, the isometry (L')* = L*° suffices for the proof of the
formula when ¢ = 1 and g = oc.

In the case of Musielak—Orlicz spaces we have a similar situation. We will
see that L?" can be naturally embedded into (L¥)*. Moreover, the mapping
g — Jg is an isomorphism under certain assumptions on ¢, which exclude for
example the case LY = L°°. The mapping is not an isometry but its operator
norm lies in the interval [1, 2].

The norm conjugate formula above requires more attention in the case of
Musielak—Orlicz spaces. Certainly, we cannot expect equality but only equiv-
alence up to a factor of 2. Since the space L¥ can partly behave like L' and
partly like L™, there are cases, where (L¥)* # L¥ and L¥ # (L¥")*. This is
in particular the case for our generalized Lebesgue spaces LP(") (see Chap. 3)
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when p take the values 1 and co on some subsets. To derive an equivalent
of the norm conjugate formula for L¥, we need to study the associate space,
which is a closed subspaces of (L¥)* generated by measurable functions.

Definition 2.7.1. Let ¢ € ®(A, u). Then

(L#(A, ) = {g € L2A, 1) : llgll 1o (ay < o}

with norm

([ —— /mmm
A persin, <)

will be called the associate space of L¥(A, ) or (L¥) for short.

In the definition of the norm of the associate space (L¥)’ it suffices to take
the supremum over simple function from L¥:

Lemma 2.7.2. Let ¢ € ®(A, ). Then

fesnrLy:|f|l,<

lolpoy = sup 1/mww
A

for all g € (L¥(A, ).

Proof. For g € (L¥)" let |||g||| in this proof denote the right-hand side of the
expression in the lemma. It is obvious that ||gll|, < [[g[l(z.)- To prove the
reverse let f € L¥ with || f[|, < 1. We have to prove that S 1f gl dpe < llglll-
Let (fx) be a sequence of simple functions such that 0 < fi * |f| almost
everywhere. In particular, fi € S(A,p) N L¥ and | fill, < [|fll, < 1, since
L?# is solid (Theorem 2.3.17 (b)). Since 0 < fxlg| /" |f|lgl, we can conclude
by the theorem of monotone convergence and the definition of |||g||| that

[ 15lgldu= jim_ [ felgldu < llgl

The claim follows by taking the supremum over all possible f. a

As an immediate consequence of Holder’s inequality (Lemma 2.6.5) we
have
L#7 (A, p) = (L?(A, p)) and

9]l (pey < 219l

for every g € L¥ (A, p).
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If g € (L¥) and f € L¥, then fg € L' by definition of the associate space.
In particular, the integral [ fgdu is well defined and

\ / fgdu] < gl oy 171

Thus f + [ fgdyu defines an element of the dual space (L#)* with [|g|| .. <

19]l(z¢y- Therefore, for every g € (L¥)" we can define an element J, € (L¥)”
by

Jg fr—>/fgd,u (2.7.3)

and we have ”Jg”(m)* < |lglley - Since L? is circular (Theorem 2.3.17 (a)),
”Jg”(Lw)* = sup

we even have
/fgdu‘
feLe | fll,<1

— s / f1 19l di = gl oy
fere:fl, <1

for every g € (L¥)’. Obviously, g — Jy is linear. Hence, g — J; defines an
isometric, natural embedding of (L¥)" — (L?®)*. So the associate space (L¥)’
is isometrically isomorphic to a closed subset of the dual space (L¥)* and
therefore itself a Banach space. It is easy to see that (L¥)’ is circular and
solid. We have the following inclusions of Banach spaces

L¥" — (L¥) — (L¥)*.

Under rather few assumptions on ¢, we will see that the first inclusion is
surjective and therefore an isomorphism even if L¥" is not isomorphic to the
dual space (L?)*. Therefore, the notion of the associate space is more flexible
than that of the dual space.

The mapping g — J, can also be used to define natural embeddings

LP = L% — (L) — (L¥)".

if we replace above ¢ by ¢* and use ¢ = ¢** (Corollary 2.6.3).

Since L¥ < (L¥) < (L¥)* via the embedding g + J,, we can evalu-
ate the conjugate semimodular (g,)* at J, for every g € L. As a direct
consequence of Young’s inequality (2.6.2) we have

(00)*(Jy) = sup, (Jg(f) = 0o(f)) < 04+ (9)-
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Theorem 2.7.4. Let ¢ € D(A, 1) be such that S(A,pu) C LP(A,u). Then
L? (A, ) = (L9 (A, p)'s 00+ (9) = (04)*(Jy) and

or < gllzey = 196l Loy <219l

for every g € L¥ (A, u), where Jg + f — fA fgdu. (or complex-valued
functions, the constant 2 should be replaced by 4.)

Proof. For the sake of simplicity we assume K = R. In the case K = C we
can proceed analogously by splitting ¢ into its real and imaginary part.

We already know that L¥ C (L‘/’*)’, 9l ey = 1ol 1oy < 219l an(j
(00)*(Jg) < gp+(g) for every g € L¥ . Fix g € (L¥)’. We claim that g € L¥
and 0, (9) < (00)"(Jy)-

Since p is o-finite, we find measurable sets A C A with p(Ax) < oo and
A; C Ay C ... suchthat A =J,2, Ag. Let {q1, g2, ...} be a countable, dense
subset of [0,00) with ¢; # g for j # k and ¢1 = 0. For k e Nandy € A
define

re(y) = xa.(y) max, (a5 l9W)| — ¢y, q5))-

=1,...,

The special choice ¢; = 0 implies ri(y) > 0 for all y > 0. Since {¢1, 4o, ...}
is dense in [0, 00) and ¢(y, -) is left-continuous, r(y) /" ©*(y,|g(y)|) for any
y € A as k — oo. For every k € N there exists a simple function f; with
fe(A) Cc{q1,...,qr} and fr(y) =0 for all y € A\ Ay such that

re(y) = fe(y) 9| — ¢y, fr(y))

for all y € A. As a simple function, fi belongs by assumption to L¥(A4, ).
Define hy(y) := fr(y) sgn(g(y)) for y € A, where sgn(a) denotes the sign of a.
Then also hy, is a simple function (here we use K = R) and therefore

(00)"(g) = Jy(he) — 0o (i) = / )hi(y) — oy, 1)) du(y).
A
By the definition of Ay it follows that
) > / 9] Folw) — (. | ) duu(y) = / re(y) du(y).
A A

Since ri > 0 and r,(y) . ¢*(y, |g(y)|), we get by the theorem of monotone
convergence that

(00)*(Jg) = limSUP/Tk(y) du(y) = /w*(y, l9()]) du(y) = 0,+(9)-

k—o0
A
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Together with (0,)"(Jg) < 0p+(g) We get (0,)"(Jg) = 04+ (9)-

Since g — Jy is linear, it follows that (0,)*(AJy) = 04+ (Ag) for every A > 0
and therefore [|g|| . = H']g”(gw)* < gl (ze)- = llgll(z¢) using in the second
step Theorem 2.2.10. O

Theorem 2.7.4 allows us to generalize the norm conjugate formula to L¥.

Corollary 2.7.5 (Norm conjugate formula). Let o € ®(A, ). If S(A, )
C L¥ (A, p), then

< sw / flgldu <2071l
1

g€L#®” : |gll v <

for every f € L°(A,pu). The supremum is unchanged if we replace the
condition g € L¥" by g € S(A, p).

Proof. Applying Theorem 2.7.4 to ¢* and taking into account that ¢** = ¢,
we have

171, < Il ey <2051,

for f € L¥. That the supremum does not change for g € S(A, ) follows by
Lemma 2.7.2. The claim also follows in the case f € L0\ L¥" = L%\ (L¥)’,
since both sides of the formula are infinite. a

Remark 2.7.6. Since p is o-finite it suffices in Theorem 2.7.4 and Corol-
lary 2.7.5 to assume S(Ax,p) C L¥(A, ), where (Ag) is a sequence with
Ay /A and p(Ag) < oo for all k. This is important for example in weighted
Lebesgue spaces LI (R™) with Muckenhoupt weights.

Definition 2.7.7. A normed space (Y, ||-||y) with Y C L%(A, u) is called a
Banach function space, if

(a) (Y, ||-lly) is circular, solid and satisfies the Fatou property.

(b) If u(F) < oo, then xg €Y.
(c) If W(E) < oo, then xp € Y/, ie. [, |fldu < c(E)|f|ly forall feY.

From Theorem 2.3.17 we know that L¥ satisfies (a) for every ¢ € ®(A4, p)
so one need only check (b) and (c). These properties are equivalent to S C L¥
and S C (L®)’, where S is the set of simple functions. These inclusions may
or may not hold, depending on the function ¢.

Definition 2.7.8. A generalized ®-function ¢ € ®(A, u) is called proper if
the set of simple functions S(A, ) satisfies S(A, ) C LP(A, u) N (LP (A4, ).

So ¢ is proper if and only if L¥ is a Banach function space. More-
over, if ¢ is proper then the norm conjugate formula for L¥ and L¥" holds
(Corollary 2.7.5) and L¥" = (L¥)".
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Corollary 2.7.9. Let ¢ € ®(A, ). Then the following are equivalent:

(a) ¢ is proper.
(b) ©* is proper.
(c) S(A,n) C L¥(A, 1) N I (4, ).

Proof. If (a) or (c) holds, then S C L¥. Hence (L¥) = L¥ by Theorem 2.7.4,
which obviously implies the equivalence of (a) and (c).

Applying this equivalence for the function ¢*, and taking into account
that ¢** = ¢, yields the equivalence of (b) and (c). O

Remark 2.7.10. The conditions xg € L¥ and xg € (L¥) for u(E) < oo in
Definition 2.7.7 can be interpreted in terms of embeddings. Indeed, xg € L¥
implies L¥" < L(E). The condition xg € (L¥) is equivalent to L?(E) <
LY(E). In particular, if ¢ is proper, then L?(Q) — L{ (Q) and L¥ (Q) —
LL _(Q).

loc

Remark 2.7.11. Let ¢ € ® be proper; so L¥ is a Banach function space. It
has been shown in [43, Proposition 3.6] that f € L¥ has absolutely continuous
norm (see Remark 2.5.8) if and only if f has the following property: If g,
g € LY with |g| < |f| and g1 — ¢ almost everywhere, then g, — g in L?.
Thus, f acts as a majorant in the theorem of dominated convergence.

It has been shown by Lorentz and Luxemburg that the second associate
space X" of a Banach function space coincides with X with equality of norms,
see [43, Theorem 2.7]. In particular, (L¥)"” = L¥ with equality of norms if ¢
is proper. For the sake of completeness we include a proof of this result in
our setting.

Theorem 2.7.12. Let ¢ € ®(A, 1) be proper. Then L¥" (A, ) = (L¥(A, p))’
and (L¥" (A, p)) = L¥(A, ). Moreover, (L¥(A, )" = L¥(A, n) with equal-
ity of norms, i.e. | f[l, = ||f||(Ly,),, for all f € L?(A, ).

Proof. The equalities L¥" = (L¥)" and (L¥" )" = L¥ follow by Theorem 2.7.4
and as a consequence (L¥)" = (L¥") = L¥~ = L¥ using ¢** = ¢. It only
remains to prove the equality of norms. Let f € L¥, then

ooy = su [ ifllgldu <51,

ge(L?) gl Loy <1

We now prove [|f||, < [|fl[(z-) - We begin with the case u(4) < oo. If
f = 0, there is nothing to show, so assume f # 0. Let B denote the unit
ball of L¥. Due to Remark 2.7.10 and u(A) < oo, we have L¥(A) — L'(A),
so B C L'(A). Moreover, B is a closed, convex subset of L'(A). Indeed, if
uy, € B with uy, — u in L'(A), then uy — u p-almost everywhere for a sub-
sequence, so Fatou’s lemma for the norm (Theorem 2.3.17) implies u € B.
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Let h := Af/| fll, with A > 1, then h & B, so by the Hahn-Banach Theo-
rem 1.4.2 there exists a functional on (L'(A))* separating B and f. In other
words, there exists a function g € L>°(A) and v € R such that

Re(/vgd,u) <7<Re</hgdu>

for all v € B, where we have used the representation of (L*(A4))* by L>(A).
From g € L>°(A) and x4 € (L¥)" it follows by solidity of (L®)’ that g € (L¥)’.
Moreover, the circularity of L¥ implies that

)‘HfH(Lw)””gH(Lw)/
/1l

A
/\ng\du <r < /Ih\lgldu= W/Iflgldu <
©

for all v € B. In other words,

A 17 ,
loll gy < ey olzey
111,

Using [|gll(L¢) < 00 we get [|f]l, < Alfll(zey- This proves [|f]l, < I[fllLe)
and therefore || f[[, = [ fll ze-

It remains to consider the case p(A) = oo. Choose Ay C A with p(Ag) < oo,
A1 C Ay C oo and A= U2y Ag Then [[fxaully = I1£llzean) = 11l pecapyy
= [lfxacll(ze(a)~ by the first part. Now, with the Fatou property of L¥ and
(L#)" we conclude || f]l, = [[fll zey- O

Remark 2.7.13. Let ¢ € ®(A,u) be proper. Then we can use Theo-
rem 2.7.12 Holder’s inequality to derive the formula

1
Slflo< s [ifinlde <2,
heLs” :[|all . <1

for all f € L°(A, ). This is a weaker version of the norm conjugate formula
in Corollary 2.7.5, with an extra factor % on the left-hand side.

We are now able to characterize the dual space of L¥.

Theorem 2.7.14. Let ¢ € ®(A, ) be proper and locally integrable, and sup-
pose that E¥ = LY. Then'V : g — J, is an isomorphism from L¥ (A, ) to
(L#(A, )"

Proof. By Theorem 2.7.4 V is an isomorphism from L  onto its image
Im(V) C (L¥)*. In particular, Im(V) is a closed subspace of (L?)*. Since
¢ is locally integrable S = E¥ by Theorem 2.5.9, so that S = E¥ = L¥.

We have to show that V is surjective. We begin with the case pu(A4) < oo.
Let J € (L?)*. For any measurable set E C A we define 7(E) := J(xg),
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which is well defined since S C L¥. We claim that 7 is a signed, finite measure
on A. Obviously, 7 is a set function with 7(E1UE,) = 7(E1)+7(E2) for Ey, Ey
disjoint measurable sets. Let (E;) be sequence of pairwise disjoint, measurable
sets. Let F := Uj’;l E;. Then Zle XE; — XE almost everywhere and by
dominated convergence (Lemma 2.3.16) using xg € L¥Y = E¥ we find that
25:1 Xg; — Xg in L¥. This and the continuity of J imply

> r(E) =Y Jxe,) = J(xe) = T(E),

Jj=1 Jj=1

which proves that 7 is o-additive. The estimate

IT(E) = J(xe)|l < [l (1o IXEl, < 1Ly lIxall,

for all measurable E, proves that 7 is a signed, finite measure. If u(E) = 0,
then 7(E) = J(xg) = 0, so 7 is absolutely continuous with respect to . Thus
by the Radon—Nikodym Theorem 1.4.13 there exists a function g € L'(A)
such that

J(f)= [ fgdp (2.7.15)
[

for all f = xg with E measurable and therefore by linearity for all f € S. We
claim that [lgl ;¢) < [|/]|(z¢)-- Due to Lemma 2.7.2 it suffices to show that
S fgldp < ||| (o) for every f € S =8N L with ||f]|, < 1. Fix such
an f. If K =R, then sgn g is a simple function. However, to include the case
K = C, we need to approximate sgng by simple function as follows. Since
sgng € L we find a sequence (hy) of simple functions with hy — sgng
almost everywhere and |hy| < 1. Since [f|hr € S and || [f| kel < [If]l, < 1,
we estimate [ |flhrgde = J(|f[hx) < || J|ls)- using (2.7.15). We have
|flheg — |f]lg| almost everywhere and |fhrg| < |f|lg] € L', since g € L*
and f € L™ as a simple function. Therefore, by the theorem of dominated
convergence we conclude [ |f|lg|dz = limy—.co [ |flhrgdz < ||J|| 1. This
yields [|g|z) < [[/]l(z¢)-- Then g € L¥" follows from (L¥)' = L¥ by The-
orem 2.7.4. By (2.7.3) and (2.7.15) the functionals J; and J agree on the
set S. So the continuity of J and J; and S = L% imply J = Jg proving the
surjectivity of g — Jg in the case p(A) < oo.

It remains to prove the surjectivity for p o-finite. Choose A, C A with
p(Ag) < 0o, Ay C Ay C ..., and A = [J;—, Ak. By restriction we see
that J € (L¥(Ag))* for each J € (L¥(A))*. Since pu(Ax) < oo, there exists
gr € L¥" (Ay,) such that J(f) = J,, (f) for any f € L¥(Ay) and gkl <
\\J\\(L¢)*. The injectivity of g — J, implies g; = g, on A; for all k > j. So
g = gr on Ay, is well defined and J(f) = J,(f) for all f € L¥(Ay) and every
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k. Since |gx| /" |g| almost everywhere and supy, [|gkl| - < [[/[|(z¢)- . it follows
by the Fatou property of <N ey

It remains to prove J = J,;. Let f € L¥. Then by Fatou’s lemma
(Lemma 2.3.16), f x4, — f in L¥. Hence, the continuity of J and J, and

J(f xa,) = J4(f xa,) yields J(f) = J4(f) as desired. O

Remark 2.7.16. (a) If ¢ is proper and locally integrable, then the condition
L% = E¥ is equivalent to the density of the set S of simple functions in
L¥, see Theorem 2.5.9.

(b) If p is atom-free, then the assumptions “locally integrable” and “E¥ =
L#" are also necessary for V : g — J, from L¥ = (L¥)' to (L¥)* to be
an isomorphism. Indeed, if V' is an isomorphism, then it has been shown
in [43, Theorem 4.1] that every function f € L¥ has absolutely contin-
uous norm (see Remark 2.5.8). In particular, every xp with u(E) < oo
has absolutely continuous norm. We prove that ¢ is locally integrable by
contradiction, so assume that there exists a measurable set £ and A > 0
such that u(E) < oo and g, (Axr) = co. Since p is atom-free there exists
a sequence (FE}y) of pairwise disjoint, measurable sets such that Ey \, ()
and 0, (Axpg,) = oco. In particular, [|xzg,|, . However, since xp has
absolutely continuous norm, we should have IxEll, = lIxEXEl, — 0
which gives the desired contradiction. Thus, ¢ is locally integrable. If fol-
lows from Theorem 2.5.9 that E¥ = S, where S are the simple functions.
Moreover, since V' is an isomorphism, by the norm conjugate formula in
Lemma 2.7.2 it follows that S° = {0}, where S° is the annihilator of S.
This implies E¥ = § = §°° = L¥"

The reflexivity of L¥ can be reduced to the characterization of (L¥)* and
(L")

Lemma 2.7.17. Let ¢ € ®(A, 1) be proper. Then L? is reflexive, if and
only if the natural embeddings V: L¥" — (L¥)* and U: L¥ — (L¥")* are
isomorphisms.

Proof. Let ¢ denote the natural injection of L¥ into its bidual (L¥)**. It is
easy to see that V* or = U. Indeed,

(V*if ) = (0f . V) = (Vg, f / f(@)g(z)du = (U, g)

for f € L¥ and g € L¥ . If V and U are isomorphisms, then : = (V*)~' o U
must be an isomorphism and L¥ is reflexive.

Assume now that L% is reflexive. We have to show that U and V are
isomorphisms. We already know from Theorem 2.7.4 (since ¢ is proper) that
U and V are isomorphisms from L¥ and L?  to their images Im(U) and
Im(V), respectively. In particular, V' is a closed operator and as a consequence
Im(V*) = (ker(V))°. The injectivity of V implies that V* is surjective. So
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U = V* o is surjective as well. This proves that U is an isomorphism. The
formula U = V* o implies that V* is also an isomorphism. Since V is a
closed operator, we have Im(V) = (ker(V*))°. The injectivity of V* proves
that V is surjective and therefore an isomorphism. a

By Theorem 2.7.14 and Lemma 2.7.17 we immediately get the reflexivity
of L¥.

Corollary 2.7.18. Let ¢ € ®(A,u) be proper. If ¢ and ¢* are locally
integrable, E¥ = L¥ and E¥" = L¥", then L¥ is reflexive.

2.8 Embeddings and Operators

In this section we characterize bounded, linear operators from one Musielak—
Orlicz space to another. Recall that the operator S is said to be bounded from
L¥ to LY if [Sfll, < C|fll,- We want to characterize this in terms of the
modular. The study of embeddings is especially important to us, i.e. we want
to know when the identity is a bounded operator. Such embeddings, which
are denoted by L? «— L%, can be characterized by comparing ¢ pointwise
with .

Let us begin with a characterization of bounded, sub-linear operators. Let
0,1 € (A, p) and let S: LP(A, u) — LY(A, 1) be sub-linear. By the norm-
modular unit ball property, S is bounded if and only if there exist ¢ > 0 such
that

0o(f) <1 = 0y(Sf/c) < 1.

If » and 1 satisfy the Ag-condition, then this is equivalent to the existence
of ¢1,co > 0 such that

0o(f) <1 = 0yp(Sf) < e

(since the As-condition allows us to move constants out of the modular).

Theorem 2.8.1. Let v, € ®(A,u) and let the measure p be atom-less.
Then L?(A, i) — LY (A, i) if and only if there exists ¢ > 0 and h € L'(A, 1)
with ||h]|; <1 such that

¥ (5 5) <oly1) + hiy)

for almost all y € A and all t > 0.
Moreover, ¢ is bounded by the embedding constant, whereas the embedding
constant is bounded by 2¢'.

Proof. Let us start by showing that the inequality implies the embedding.
Let | f[|, < 1, which yields by the unit ball property that o,(f) < 1. Then
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o(5) < 500(L) < Gortn +4 /h@) dy < 1.

A

This and the unit ball property yield [ f/(2¢')|,, < 1. Then the embedding
follows by the scaling argument.

Assume next that the embedding holds with embedding constant ¢;. For
y € A and t > 0 define

1y~ t if t
a(y.t) = (Y, o) — oy, 1) if ¢(y,t) < oo,
0 if p(y,t) = oo.
Since ¢(y, ) and ¥(y,-) are left-continuous for all y € A, also a(y, ) is left-

continuous for all y € A. Let (r;) be a sequence of distinct numbers with
{ri: k e N} =Qn[0,00) and 1 = 0. Then

V(y, &) < oy, rr) +aly, i)

for all k € N and y € A. Define

bi(y) := max a(y,r;).

Since 1 = 0 and «a(y,0) = 0, we have by > 0. Moreover, the functions b, are
measurable and nondecreasing in k. The function b := sup,, b, is measurable,
non-negative, and satisfies

b(y) = sup a(y, ),
t>0

Py, o) < ply,t) +b(y)

for all y € A and all ¢ > 0, where we have used that «a(y, -) is left-continuous
and the density of {r;: k € N} in [0, 00).

We now show that b € L' (A, u) with ||b]; < 1. We consider first the case
|b]| < 0o a.e., and assume to the contrary that there exists € > 0 such that

/ b(y) du(y) > 1+ 2e.
A

Define

Vi={y€A: aly.r) > 7=b(y)},
Wit1 := Vi1 \ (Vl U--- UVk)
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for all k € N. Note that V7, = 0 due to the special choice r1 = 0. Since
{rr: k € N} is dense in [0, 00) and a(y, -) is left-continuous for every y € A,
we have Jpo Vi = Ures Wi = {y € A: b(y) > 0}.

Let f := > peyrkXw,. For every y € Wy we have a(y,r;) > 0 and
therefore p(y, ) < co. If y is outside of (Jr_, Wi, then ¢(y,|f(y)|) = 0. This
implies that ¢(y, |f(y)|) is everywhere finite. Moreover, by the definition of
Wi, and o we get

LFw)l

o ) = el 1)) + —b(y) (2.8.2)

1/}(% T
for all y € A.

If o,(f) < 1, then Qw(-cil) < 1 by the unit ball property since c¢; is the
embedding constant. However, this contradicts

_L) 1 14 2¢

o (3, >Qw(f)+m b(y) du(y) = Tos
A

where we have used (2.8.2) and (J;o, Wi = {y € A: b(y) > 0}. So we can
assume that o,(f) > 1. Since p is atom-less and ¢(y,|f(y)|) is almost
everywhere finite, there exists U C A with o, (fxv) = 1. Thus

ou (L xv) = 0 (f xv) + ﬁ/b(y) du(y)

U
(2.8.3)
=1+ 1—i5/b(y) dp(y)-
U

Now, 0,(fxv) = 1 implies that u(U N {f # 0}) > 0. Since {f # 0} =
Ureo Wi ={y € A: b(y) > 0} we get u(UN{y € A: b(y) > 0}) > 0 and

/ b(y) du(y) > 0.

U

This and (2.8.3) imply that

oy(f/eixuv) > 1.

which contradicts g (f/c1) < 1. Thus the case where |b] < 0o a.e. is complete.

If we assume that there exists E C A with bl = oo and p(E) > 0,
then a similar argument with Vi, := {y € E : a(y,rx) = ﬁ} yields a
contradiction. Hence this case cannot occur, and the proof is complete by
what was shown previously. ]



Chapter 3
Variable Exponent Lebesgue Spaces

In this chapter we define Lebesgue spaces with variable exponents, LP().
They differ from classical L? spaces in that the exponent p is not constant
but a function from Q to [1,00]. The spaces LP") fit into the framework of
Musielak—Orlicz spaces and are therefore also semimodular spaces.

We first define the appropriate ®-function for variable exponent spaces
in Sect.3.1 and study its properties. Then we are in a position to apply
the results of general Musielak—Orlicz spaces to our case in Sect.3.2. Sec-
tion 3.3 deals with embeddings between spaces with different exponents.
In Sect.3.4 we have collected properties which are more restrictive in the
sense that they hold only for exponents bounded away from 1 and/or oo.
The final two sections are more technical. First we develop tools for deal-
ing with unbounded exponents in Sect. 3.5 and then we investigate failure of
convolution in Sect. 3.6. The latter is a major topic also of Chap. 4.

3.1 The Lebesgue Space ®-Function

For the definition of the variable exponent Lebesgue spaces it is necessary to
introduce the kind of variable exponents that we are interested in.

Let us also mention that many results on the basic properties on LP()
from this chapter were proved first by Kovaé¢ik and Rékosnik in [258]. These
results were later reproved by Fan and Zhao in [149].

Definition 3.1.1. Let (A4, %, u) be a o-finite, complete measure space. We
define P(A, 1) to be the set of all u-measurable functions p: A — [1, 0.
Functions p € P(A,u) are called wvariable exponents on A. We define
p~i=p, :=essinfyeap(y) and pt = p} := esssup,c,p(y). If pT < o0,
then we call p a bounded variable exponent.

If p € P(A,p), then we define p’ € P(A,u) by ﬁ + ﬁ = 1, where

é := 0. The function p’ is called the dual variable exponent of p.
In the special case that p is the n-dimensional Lebesgue measure and 2 is
an open subset of R”, we abbreviate P(Q2) := P(Q, p).

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 69
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-3,
(© Springer-Verlag Berlin Heidelberg 2011
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For the definition of the space LP() we need the corresponding generalized
®-function. Interestingly, there are two natural choices. However, we will see
that both generate the same space up to isomorphism.

Definition 3.1.2. For ¢t > 0 and 1 < p < oo we define

- 1

1% (t) = _tpv
P p

@p(t) :=tP.

Moreover we set

0 iftelo1],
00 if t € (1, 00).

@Oo(t) = Szoo(t) =00 - X(l,oo)(t) = {

For variable exponent p € P(A, ) we define for y € A and ¢ > 0
%(-)(y,t) = ‘Ep(y)(t) and @p(~)(yvt) = @p(y)(t)'

It is easy to see that both ¢, and @, are ®-functions if ¢ € [1, 00]. So @y,
and @,y are generalized ®-functions if p € P(A, ). Even more, if ¢ € (1, 00)
and p € P(A4, ) with 1 < p~ < p* < oo, then ¢, and @, are N-functions and
@p() and @y are generalized N-functions. If ¢ € [1,00) , then ¢, and @, are
continuous and positive. The function @, = @ is only left-continuous and
it is not positive.

Both ¢, and @, have their advantages. The advantage of ¢, is that the cor-
responding Musielak—Orlicz space L?» agrees for constant p € [1, c0] exactly
with the classical LP spaces, see Example 2.1.8. In particular, for f € LP()
we have |||, = [|fllz,- Additionally, the generalized ®-function @, has
been used in the vast majority of papers on variable exponent function spaces.

The advantages of ¢, are its nice properties regarding conjugation, conti-
nuity, and convexity with respect to the exponent p. First, for all ¢ > 0 the
mapping p — @,(t) is continuous with respect to p € [1, 00]. In particular,

Foclt) = lim 300
for all ¢ > 0. This suggests that the expression ;}t” has for p = co a natural
interpretation, namely ®oo(t) = 00 - X(1,00)(t). Therefore, we sometimes will
just write @p(t) = ;—)t” including the case p = occ.

Second, ¢, acts nicely with respect to conjugation. For future reference
we also need the corresponding result for (@,.))*.

#p(-)
Lemma 3.1.3. If1 < g < o0, then (94)* = @ and

(Pg)"(8) < g (t) < (pg)"(21)

forallt >0
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Proof. We first show that ($q)* = ¢g for ¢ € [1,00]. If ¢ € (1,00), then
the claim follows directly from Theorem 2.6.8 and example (b) thereafter.
Moreover,

(@1)*(u) = i‘jlg(t“ —t) = sup (tu—1)) = 00+ X(1,00) (1) = oo (1)

for all u > 0. Thus, @1(t) = ($1)**(t) = (Poo)*(t) for all ¢ > 0, where we have
used Corollary 2.6.3.

Since @1 = @1, Poo = Poo, and (pg)* = @y for all ¢ € [1,00] by the
previous case, it suffices to consider the case 1 < g < co. The estimates

55(1’(75) 4 -
e 7021

)

—,@q;(t) =qq¢" 1277 <1,
(Pg)*(2t)
valid for all ¢ > 0, yield the last assertion. ad

Third, ¢, has a certain convexity property with respect to p, which will
turn out to be quite useful:

Lemma 3.1.4. The mapping a — $q,4(t) is continuous and convex on [0, 1]
for each t > 0, with the convention L.—,

P~y :
Proof. The claim is obvious for ¢ = 0, so assume ¢t > 0. Define g(a) := at=

for a € [0,1]. Then g(a) = @14 (t). We have to show that g is convex on [0, 1].
An easy calculation shows that g is continuous on [0, 1] and

(logt)?
a3

g'(a) =t= =20

for a € (0,1]. Thus, g is convex. O

Remark 3.1.5. Let g, q1 € [1,00]. For 6 € [0,1] let go € [qo, q1] be defined

1._1-6_ 0
through i irrai Then

Bap(t) < (1= 0)Pg, (t) + 004, (1),
min { g, (t), g, ()} < Bg, (¢) < max {@g, (1), §q, (£)}

for all t > 0. The estimate for @, follows by convexity (Lemma 3.1.4) and
the estimate for @4, (t) follows by direct calculation.

The two ®-functions ¢, and @, are related in the following way.

Lemma 3.1.6. Let 1 < g < oo. Then

@q(t) < @q(t) < ‘Zq(%) for all't > 0.
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Proof. Since oo = Poo it suffices to consider the case 1 < ¢ < oo. The case
t = 0 follows from @4(0) = 0 = @4(0). For ¢ > 0 we have

2l Loy,
@q(t) g
Pq(2 24
9011( t =—>clog2>1
LPq(t) q
This proves the claim. a

Remark 3.1.7. It is also possible to show that for every A > 1 there exists
cx = 1 such that ¢4(t) < @4(t) < exngq(At) for every ¢ € [1,00] and ¢ > 0.

In the following we will need the left-continuous inverse of a ®-function.
Definition 3.1.8. For a ®-function ¢ we define ¢! : [0,00) — [0, 00) by
e M) :=inf{r=0: o(r) >t}

for all t > 0. We call ¢! the left-continuous inverse of .

For a generalized ®-function ¢ € ®(A, u) the left-continuous inverse is

defined pointwise in y, i.e. for all y € A let = (y,-) = (¢(y,)) L.

Let us collect a few properties of the left-continuous inverse, which follow
from the properties of . Let ¢ be a ®-function. Then ¢! is non-decreasing
and left-continuous on [0, c0). Moreover, ¢~(0) = 0 and

p(p (1) <t (3.1.9)
for all t > 0. We also have

t <o (1)) (3.1.10)
for all ¢ > 0 with ¢(t) < occ.

Lemma 3.1.11. If ¢ € [1,00), then @q_l(t) _ (qt)%, @(1_1(75) — Y and
Dol (t) = @3 () = X(0,00) (t) for all t > 0.
Ifqge[l,00] and ; + 5 =1, then

t <ot () ey (t) < 2t
for allt > 0.

Proof. The formulas for $; ', ¢!, and ¢! follow easily by definition of the

left-continuous inverse. The second claim is clear for ¢, since @' (t)cﬁ;,l )=t
for all ¢ € [1,00] and ¢ > 0. For ¢ and ¢ € (1,00), the claim follows from



3.2 Basic Properties 73

(¢q)* = ¢¢ and Lemma 2.6.11. If p = 1, then (1) 7' (¢)
X(0,00)(t) for all ¢t > 0. Thus, P17t gLt (t) =t for all ¢

Lemma 3.1.12. If q € [1, 0], then

1 _ 41 __ po __
g0 <ot (3) <ot <50 <2070

for all t = 0. Moreover,

-1 1 1~
b4 l(t)gaq (;) =1 and 1< o, L) Pq ! (z) <3

for allt > 0.

Proof. If ¢ € [1,00), then ¢ (%) = 27%@51@) and the first claim fol-

lows from % < 2_% < 1 and Lemma 3.1.6. The case ¢ = oo follows from

5 (t) = X(1,00)- The second claim follows from Lemma 3.1.11 and 1 <
¢?1 < e?/e < 3. O

For a € (0, 1], @;/la (t) = t*. Thus we immediately obtain

Lemma 3.1.13. The mapping a — 4,517/1(1(15) is convex on (0,1] for all t > 0.

3.2 Basic Properties

We are now ready to define the variable exponents Lebesgue space.

Definition 3.2.1. Let p € P(A, i) and let either ¢,y := @y oF @py 1=
@p(.)- Hence we obtain a semimodular:

orrey(a)(f) = /sop(z)(lf(x)I)dx-
A

We define the variable exponent Lebesgue space Lp(')(A, u) as the Musielak—
Orlicz space L) (A, p) with the norm (||| ;o) (4 ) = Il Lowc) (4 0)-

In particular, the variable exponent Lebesgue space Lp(')(A, u) is
LPO(A, ) = {f € L°(A, ) < lima—o 000 (4 (Af) = 0}
or equivalently

LPO(A ) = {feLA,p): 01r0)(a)(Af) < oo for some A > 0}
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equipped with the norm

10 cag = {3 > 0+ 0000 (£) <1}

Note that ¢p»()(4) is @ modular if p is finite everywhere. We abbreviate
0rr0)(4) 10 0p(y and [[“[| ey (4, tO [I[],(. if the set and the measure are clear
from the context. Moreover, if 3 C R™ and p is the Lebesgue measure we
simply write LP()(Q) and if p is the counting measure on Z", then we write
PO (7).

This definition seems ambiguous, since either~g0p(_) = @g(.) OT Pp(.y = Pp(.)-
However, due to Lemma 3.1.6 it is clear that L¥»() = L¥»() and

115, < IFl,,, <207ll5,,- (3.2.2)

Thus, the two definitions agree up to equivalence of norms with constant at
most 2.

Recall that we have two relevant ®-functions, ¥,y and @,.). Usually, the
exact norm of LP() is not important, so we just work with ©p(-) Without
specifying whether ¢,y = @) or ¥,y = @p(.). If there is a difference in the
choice of ), then the specific choice for ¢,y will be specified.

Remark 3.2.3. Originally, the spaces LP(") have been introduced by Orlicz
[319] in 1931 with ¢,.) = @) in the case 1 < p~ < pT < oo. The first
definition of LP(") including the case p™ = oo was given by Sharpudinov [351]
and then, in the higher dimensional case, by Kovaé¢ik and Rékosnik [258]. For
measurable f they define

kR (f) = Bp() (f Xproo)) + 1 Xtp=oo} [l -

If is easy to see that gkr is a modular on L°(Q), the set of measurable
functions. We denote the corresponding Luxemburg norm by

I llr = inf {A > 0: QKRGf) <1},

If u({p = o0}) = 0, then gxr = 0,()- But if u({p =oc}) > 0, then okr #
0p(.)- Note that pxgr is a modular, while our g,.) is a only semimodular. In
particular, oxr(f) = 0 implies f = 0. For g,y we only have that g, (Af) =0
for all A > 0 implies f = 0. This is due to the fact that @, is not a positive
®-function. Since we developed most of the theory in Chap. 2 for semimodular
spaces, we do not have to treat the set {p = oo} differently and we can work
directly with g,.)(f). This includes the case pT = 0o in a more natural way.

Although pxgr and 0,y differ if pT = oo, they produce the same space
up to isomorphism. Let us prove this: let f € L°(f) with [fll e < 1, sO
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okr(f) < 1 by the norm-modular unit ball property (Lemma 2.1.14). In
particular, ||f x{p=co}ll . < 1. Thus 0,y (f X{p=cc}) = 0, since P (t) = 0 for
all ¢ € [0,1]. This proves that

@p()(f) = @p()(f X{p;éoo})""_@p(‘)(f X{p:oo}) = Ep()(f X{p;ﬁoo}) < EKR(f) <L

So it follows that Hf”@ 0 < 1. The scaling argument shows that || f||
1/l r-

Assume now that || f]|

0(>\

()
particular, QOO(fX{p:oo}) = @p()(f X{p:oo})
everywhere on {p = co}. This proves that

< 1,80 9,()(f) < 1 by the unit ball property. In
<

1 and therefore | f| < 1 almost

QKR(f) = @p()(f X{p;éoo}) + ||fX{p:oo}||oo < Ep()(f) +1<2

This implies okr(3f) < 2oxr(f) < 1, so || fllxkr < 2 by the norm-modular
unit ball property. The scaling argument shows || flg < 2[|f|l; o
Overall, we have shown that

10, < I lce < 201, -

for all f € LY(2). Thus gxr and 05, define the same space LPO)(Q), up to
equivalence of norms.

For a constant exponent the relation between the modular and the norm
is clear. For a variable exponent some more work is needed. We will invoke
it by mentioning the unit ball property, or, when more clarity is needed, the
norm-modular unit ball property.

Lemma 3.2.4 (Norm-modular unit ball property). If p € P(Q2), then
£l <1 and op)(f) < 1 are equivalent. For f € LPO)(Q) we have

(@) I fllpy <1, then o) (F) < [ fllpqy-
(b) If1< ||f||p(. ; then ||f|| ) S Qp()(f)

This lemma follows directly from Lemma 2.1.14 and Corollary 2.1.15. The
next lemma is a variant which is specific to the variable exponent context.

Lemma 3.2.5. Let p € P(Q) with p~ < oc. If 0, (f) > 0 or pt < oo, then

1

min {2,0) ()7 38y ()77} < I lpey < max {0 ()7 1By ()77 -

Proof. Suppose that p™ < oco. If 0p(1(f) < 1, then we need to prove that

1

8oy ()7 < Ifllpe) < Bpy ()77
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1
By homogeneity, the latter inequality is equivalent to || f /2, (f)»" [lp) <1
which by the unit ball property is equivalent to

(@)
[ (A
o o))

p(x)

But since Ep(,)(ff T Ep(,)(f)*l, this is clear. The other inequality and
the case 9,.y(f) > 1 are similar.
Consider now p™ = oo and Ep(_)(f) > 0. In this case the upper inequality

becomes || f||,(.) < max {Ep(‘)(f)l/f, 1}. If Epm(f) 1, then || f][p) < 1, s0
the inequality holds. If @p(‘)(f) > 1, then we need to show that

Q

Since @, (f)~" < 1, we conclude that

_ —p(=@) 0, if p(z) = oo,
o) (f) 77 < {_ T
Qp(.)(f) ) if p(z) < oo
Hence
p(a) p(x)
[ (Y gy [P,
2 Op() ()17 Qp(-)(f)
The proof of the lower inequality is analogous. O
Lemma 3.2.6. Let p € P(R™) and s > 0 be such that sp~ > 1. Then
WPl = LI
Proof. This follows from @4, (t) = ¢, (t°) and
||f||¢ ():(mf{)\>0 Qsp()f/)‘ 1})€
—inf (0> 05 g0 (A < = IfFl, . O

Let us begin with those properties of LP(*) which can be derived directly by
applying the results of Chap. 2. From Theorem 2.3.13 we immediately derive:

Theorem 3.2.7. If p € P(A, ), then LPC) (A, i) is a Banach space.

Next we collect the continuity and lower semicontinuity results of Chap. 2.
Recall that EP()(A, 1) denotes the set of finite elements of LP()(A, ), see
Definition 2.3.11. From Lemma 2.3.16 we deduce.
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Lemma 3.2.8. Let p € P(A, ) and fr, f,g € L°(A, u).

(a) If fx — [ p-almost everywhere, then o, (f) < liminfg oo 0py(fr)-
(b) If | fx] /" |f] u-almost everywhere, then o, (f) = limg oo 0p() (fx)-
(¢) If f — f w-almost everywhere, |fi| < |g| p-almost everywhere and

g € EPO) | then fr, — f in LPO),

In analogy with the properties for the integral, the claims of the previous
lemma will be called Fatou’s lemma (for the modular), monotone convergence
and dominated convergence, respectively. From Theorem 2.2.8 we obtain.

Theorem 3.2.9. If p € P(A, ), then the modular is weakly (sequentially)
lower semicontinuous, i.e. 0p(y(f) < iminfy oo 0py(fx) if fr — [ weakly
in LPO)(A, ).

Since strong convergence implies weak convergence, the conclusion of the
previous theorem holds also if fr — f in LP()(A, u). From Lemmas 2.3.14
and 2.3.15 we deduce.

Lemma 3.2.10. Let p € P(A, p) and let fi, € LPC) (A, ).

(a) If fr is a Cauchy sequence, then there exists a subsequence of fi which
converges p-almost everywhere to a measurable function f.
(b) If u(A) < oo and | full,.) — 0, then fr — 0 in measure.

Theorem 2.3.17 implies that Lp(‘)(A7 W) is circular, solid, satisfies Fatou’s
lemma (for the norm) and has the Fatou property, i.e.

o 1fllpcy = I[1F1]], forall f € LPO(A, p).

o If f e LPO (A p), g € LO(A,pu) and 0 < |g| < |f| p-almost everywhere,
then g € LPO(A, 1) and [lgll,cy < [1FI]yc)-

o If fr — f p-almost everywhere, then ||f||p(_) < liminfr_ o ||fk||p(.).

o If |fr| /| f] p-almost everywhere with f€LP()(A, 1) and sup, I fill .y <o0.
Then f € LP)(A, i) and [ fkllpiy /" N1l respectively.

In Definition 2.7.7 we introduced the notion of a Banach function space.
In addition to being circular, solid and having the Fatou property, a Banach
function space X has the property that all characteristic functions of p-finite
sets are elements of X and its associate space X’. In particular, all simple
functions should be contained in X and X’. See Sect. 2.7 for the definition of
the associate space X'.

Lemma 3.2.11. Let p € P(A, ). Then the set of simple functions S(A, )
is contained in LPC) (A, ) and

min {1, u(B)} < lxel,, < max {1 u(E)},

for every measurable set EE C A.
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Proof. Let E C A be measurable with u(E) < co. Then

— XE _ 1 -
2 (i) = E/ (s {1, p(B) 17

1
< sty

Hence, by the unit ball property ||xgll,., < max{1,u(E)}. Since simple
functions are finite linear combinations of characteristic functions, we get

S(A, ) € LPO) (A, ). Now, let A > 1, then
_ AXE AP(@)
min (L u(B)}) ) Goin (1, w(B) 7
B

A
PO S —; S S
/ min {Lu(E)} 7
E

Hence, [[Axell; o > min {1, u(E)} for every A > 1 (by the unit ball prop-
erty), which proves ||XEH%(4) > min{1, u(E)}. O

The following lemma is an improved version of Lemma 3.2.11, which is
especially useful if & — L is small.

Lemma 3.2.12. Let s € P(A, ). Then

1

5 min {u(A)7F, u(4)F } < ||

1 1
LeO) (A, S 2 Max {M(A) L u(A)s= }
for every measurable set A with pu(A) > 0. If vp = @p, then we can omit the
factors % and 2.

Proof. The case ¢,y = @p.) follows from Lemma 3.2.5. The case p,.) = (.
then follows by (3.2.2).

O

Let us apply the results of Sect. 2.7 to the spaces LP().

Theorem 3.2.13. Let p € P(A, ). Then @,y is proper and LPO(A, )
)

is a Banach function space. Its associate space satisfies (Lp ( )
LY OV (A, 1) and

||9||p/(.) < ||9||(Lp(->)/ <2 ||9||p/(.) if Pp() = Pp()s

1 . _
5”9”@(.) ||g||(Lp( Ny X <2 ||g||p () if Op() = @p()

for every g € LY(A, ).
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Proof. If follows from Lemma 3.2.11 that simple functions are contained in
LPO) and L"), Thus ©p(y is proper by Corollary 2.7.9 and therefore L) is
a Banach function space, see also Sect.2.7. We can apply Theorem 2.7.4 to
@p( to get (LPO(A, p)) = LP'O)(A, p) and

19l ip.. e < N9l zoory < 2lgll, -

which is the first estimate of the claim if ) = @p(.), since (Pp))* = Gpr(.).-
From Lemma 3.1.3 we deduce

Hg||(¢p(_))* < ||g||¢p,(.) <2 ||g||(¢p(_))*a

which in combination with the previous estimate proves the second estimate
of the claim. 0

Similar to Corollary 2.7.5 we derive from Theorem 3.2.13 the following
norm conjugate formula of LP().

Corollary 3.2.14 (Norm conjugate formula). Let p € P(A, u). Then

1
Mlo<  sw [ ifllgldn <20l
geLP' () ||9||p/(.)<1

for all f € L°(A, ). The factor % can be omitted if o,y = Pp(.)-

The supremum is unchanged if we replace the condition g € Lp/(‘)(A,,u)
by g € S(A, ) or even g € S.(2) when p € P(Q), where S.(Q2) is the set of
simple functions with compact support in 2.

Proof. The proof of the formula is exactly the same as in Corollary 2.7.5 if
we additionally use the estimates of Theorem 3.2.13. That the supremum
does not change for g € S(A, ) follows by Lemma 2.7.2. The case g € S.(Q2)
requires a simple straightforward modification of Lemma 2.7.2. a

Since the norm conjugate formula can also be used for f € L% (just
measurable), it can be used to verify if a function belongs to Lp0),

A critical property which holds for classical and variable exponent
Lebesgue spaces, is Holder’s inequality, which we prove next. As usual, we
start with Young’s inequality.
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Lemma 3.2.15 (Young’s inequality). Let p,q, s € [1, 00| with

1 1 1
=4
S p q
Then for all a,b >0
ps(ab) < @p(a) + ‘Pq(b)y (3.2.16)
_ s _ s
@s(ab) < 1_990;0(‘1) + awq(b), (3.2.17)

where we use the convention % = 2 =1 for s = p = q = co. Moreover, if
1< s < oo then for alla >0

Pp(a) = sup (@s(ab) — 4 (D). (3.2.18)

Proof. Assume first that s = oo. Then necessarily p = ¢ = oo. There is
nothing to show for a,b € [0,1], since in this case po(ab) = 0. If a > 1 or
b > 1, then ¢,(a) = 00 or ¢q(b) = oo, respectively. Thus the claim holds in
this case also.

Assume then that 1 < s < co. In order to prove (3.2.16) for ¢ it suffices to
prove (3.2.18). If s = 1, then p = ¢’ and ¢, = (¢,)* by Lemma 3.1.3. Thus,

Pp(a) = ($4)*(a) = sup (ab — @4(b)) = sup (@1 (ab) — @4(b))
b>0 b>0

for all a,b > 0. If 1 < s < 00, then

Lot
p/s  q/s

)

so by Lemma 3.1.3 (@p/s)* = g/ Using the case s = 1 we deduce

~ 1 ~ S 1 S1.S ~ S ~ ~
(pp(a) = _@p/s(a ) = —sup (a b® — Qaq/s(b )) = sup (@S(ab) - ‘Pq(b))
S S >0 b>0

for all a,b > 0.
It remains to prove (3.2.17), since this inequality is stronger than (3.2.16)
for ¢ = @. If s = 00, then s = p = ¢ = 0o and (3.2.17) follows from (3.2.16),

SINCe Poo = Poo- S0 in the following let 1 < s < 0o. Now s < p and s < g and
we obtain using the previous case that

Pslab) < s3s(ab) < s(Fp(a) + Fy(b)) = gszp(a) + gmm < @pla) + Bq(b)
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for all a,b > 0. It remains to prove (3.2.16) with ¢ = @ for 1 < s < co. Now
s < p and s < ¢ and we obtain using the previous case that

@s(ab) < 53, (ab) < (¢p<a)+¢q<b>):§¢p<a)+§¢q<b>

for all a,b > 0. O

Remark 3.2.19. Note that (3.2.16) holds for both ¢ and @, but it is sharp
only for ¢ as is shown by (3.2.18) and this example: if s =1 and p = ¢ = 2,
then supys (#1(ab) — @2(b)) = 1a* # a® = @3(a) for a > 0.

Lemma 3.2.20 (Ho6lder’s inequality). Let p,q,s € P(A, u) be such that

for p-almost every y € A. Then

() (f9) < 0p) () + 0401 (9), (3.2.21)
ol <2 |f|\p<>||g||q(), (32.22)
oo < () + )Wl oy, 229

for all f € LPO(A, ) and g € LI (A, 1), where in the case s = p = q = o0
we use the convention g = g =1.

In particular, fg € L*O(A,p). If additionally f € EPO(Apu) or
g € BE1O(A, ), then fg € E*O(A,p).

Proof. Let f € LP0) and g € L90). Since f and g are measurable, also fg is
measurable. Then (3.2.21) follows from (3.2.16) by integration over y € A.

The following argument applies to both ¢,y and .. If ||f||p(,) < 1and
l9llyy < 1, then gp()(f) < 1 and g4¢y(g) < 1 by the unit ball property.
Using (3.2.21) we estimate

0:02(3£9) < 30:0(79) < 5 (00 (1) + 240 (9)) < 1.

This implies |[fg[|.) < 2 by the unit ball property. The scaling argument
proves (3.2.22).
Now let HfH@p(.)

Op((f) <1 and g, (9) < 1. Using (3.2.17) integrated over y € A we get

0s(y(ab) < (;)Jr?p(.)(f) + <§)+§q<<)(9) < (;)Jr + (2)+.

< 1 and ||g||¢q<_) < 1, then by the unit ball property
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This implies || fg]l, = < ess bup + esssup £ 5 by the unit ball property. The

Ps(y
scaling argument proves (3.2. 23)

Assume now that additionally f € EP(), ie. 2p(y(Af) < oo for every
A > 0. Let v > 0 be such that g4.(g9/7) < oo. Then for every A >0

0r(y(Af9) < 0p() (M) + 0q()(9/7) < 0

Since A > 0 was arbitrary, this proves fg € E"(). The case g € E40) follows
by symmetry. a

The case s = 1 in Lemma 3.2.20 is of special interest:

/IfIIgldu () + 2w (@),

/ A1l dis < 201 0o 9l
A

1 1
Jistaus (14 2 = Vil ol
A

for all f € LPO(A, ) and g € LP' O (A, ).

3.3 Embeddings

It is well known from the theory of classical Lebesgue spaces that LP(A) is a
subspace of LI(A) with p,q € [1,00] if and only if p > ¢ and |A| < co. This
suggests that a similar condition characterizes the embedding LP()(A) —
LiC)(A) for p,q € P(A). Naturally, this question is closely related with the
generalized Holder inequality. We do not consider the case with different
measures on the two sides of the embedding, for some result on this see [40].

We use the results of Sect. 2.8 to characterize the embeddings of variable
exponent Lebesgue spaces. Recall that the norm of the embedding LP() (4) —
L) (A) is the smallest constant K > 0 for which 1£llyy < K fllpey-

Theorem 3.3.1. Let p,q € P(A,u). Define the exponent r € P(A, ) by
1
'r(y) max{m p(y) , 0} forally € A.

(a) Ifq p p-almost everywhere and 1 € L™)(A, p), then LPO (A, pu) —
()(A, p) with norm at most 2||1]

LT (A)
(b) If the measure p is atom-less and LPC) (A, p) — LI (A, p) with norm
K >0, then q < p p-almost everywhere and ||1||U(.)(A) <4K.
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Proof. We begin with the proof of (a). Since ¢ < p almost everywhere and

% + % = %, we can apply Holder’s inequality, Lemma 3.2.20, to get

1 llgcy < 20 1 Ny -

Let us now prove (b). We begin with the case ¢,y = @p). Assume that
LPO)(A) — LIC)(A). Then by Theorem 2.8.1 there exists h € L'(A, u) with
h > 0 and ||h||; < 1 such that

Pa(y) (/) < Bp(y) (1) + h(y) (3.3.2)

for almost all y € A and all ¢ > 0. The limit ¢ — oo implies that ¢ < p almost
everywhere. If ¢(y) < oo, then (3.2.18) and (3.3.2) imply that

Gr(y)(1/K) = sup (Pa(y) t/K) — Pp(y) (1))

= h(y)-
If the set E := {g= o0} has measure zero, then we can integrate this
inequality over y € A and get 9,(y(1/K) < [|h], < 1,801 € L"(Q) and

11, < K.

If w(E) > 0, then it follows from (3.3.2) with ¢t = 1 that o (1/K) < h(y)
for almost all y € E. Since h is a.e. finite on E and p(E) > 0, this implies
K > 1. Since r = oo on the set E, we get

Pr(y)(1/K) = oo (1/K) = 0 < h(y)

for almost every y € E. So (3.3.3) also holds on the set E. Thus we can
proceed exactly as in the previous case to conclude ||1[[, ., < K.
The case @) = @y(.) follows from this using (3.2.2). O

If 1(A) < oo, then by Lemma 3.2.11 and/or Lemma 3.2.12 the condition
1 € L") (A) of the last theorem is always satisfied. Hence,

Corollary 3.3.4. Let p,q € P(A, ) and let the measure u be atom-less with
w(A) < co. Then LPO (A, pu) — LIV (A, u) if and only if ¢ < p p-almost
everywhere in A. The embedding constant is less or equal to 2(14 p(A)) and

1_1 1_1

2max {p(4)G=H" G0

However, the condition u(A) < oo is not needed for |[1f|, ) < oo. See
Proposition 4.1.8 for examples with A = R", which are closely related to the
following embedding result.
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Lemma 3.3.5. Let p € P(R™) and poo € [1,0]. Define s € P(R™) by
1 1
s(x) ‘M P ‘
Then 1 € L*)(R™) if and only if
Lrax{p()pect(RP) s LPO)(R™) s LM {P() P} (RP),
Proof. If the embeddings hold, then Theorem 3.3.1 implies that 1 € L),

Assume now that 1 € L*()(R"). Let v € (0,1) such that Os()(7) < 0.
Define 71,72 € P(R™) by

1 , 1 1) 1 1
@ o {O’E N p<x>} " max {p(z),pc}  p(x)’

1 . 1 11 1 1
@) mm{o’m b } T p@)  max{p(), poc}

for all z € R™. Then s < r1 and s < ry almost everywhere. Thus it follows
from the definition that o, (.)(7) < 04()(7) < o0 and 0,,(.)(7) < 05y (7) < 00
for v € (0,1). In particular, 1 € L) and 1 € L"), This and Theorem 3.3.1
prove the embeddings. a

The situation changes if the measure is not atom-less. In particular, the
variable exponent Lebesque sequence space lp(')(Z") counting measure repre-
sents this kind of situation. It is well known that for p, ¢ € [1, o] the classical
Lebesgue sequence space IP(Z™) is a subset of [9(Z™) if and only if p < g.
This condition generalizes to the cases of variable exponents.

Lemma 3.3.6. Let p,q € P(Z") with p < q on Z". Then PO)(Z") —
ZQ(')(ZH) and ||f||lq(-)(zn) <2 Hlep«)(Zn)-

Proof. Let @,y = @py and let f € PO(Z") with 1flmor@ny < 1.
Then by the unit ball property we have g,.)(f) < 1. Since 0,,(f) =
> wezn Ppk) (1F(K)]), this implies @, (| f(k)[) < 1 for all k € N and therefore
|f(k)| <1 forall k€ N. Since ¢ < p, we get

T (1) = D Ga (IF ) < 37 Gpn (IF )] = Ty (f) < 1.

kezn kezm

Therefore || f[/;a¢)(z») < 1. The claim follows by the scaling argument. The
case pp(.) = Pp(.) follows with the help of (3.2.2). O

We can combine Theorem 3.3.1 and Lemma 3.3.6 in a more general result
for sequence spaces.
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Theorem 3.3.7. Let p,q,r € P(Z") with 1 = max {O,% — %} and
1 €1"O)(Z™). Then IPC)(ZM) — 190)(Z™).

Proof. Define s € P(Z™) by s := max{p,q}. Then s > p, s > ¢ and %
1 — 1 Thus by Lemma 3.3.6 and Theorem 3.3.1 it follows that PO (Z7) —

q
15O)(Zm) — 190 (Zm). 0

We next characterize the embeddings of the sum and the intersection of
variable exponent Lebesgue spaces. Let us introduce the usual notation. For
two normed spaces X and Y (which are both embedded into a Hausdorff topo-
logical vector spaces Z) we equip the intersection XNY :={f: fe X, f e Y}
and the sum X +Y :={g+ h: g € X, h € Y} with the norms

11|y := max {[|fllx, 1 Flly }

= inf h .
sy = ,_, ot (gl + lblly)

In the following let 1 < p < ¢ < r < 0o be constants. We need estimates
relating ¢, from above and below in terms of ¢, and ¢,. Since we can find
6 € [0, 1] such that % = %—l— 9. it follows from the estimates in Remark 3.1.5
that

Pq(t) < pp(t) + or(t) (3.3.8)

for all t > 0. Moreover, we have the lower estimate min {@,(¢), &, (t)} < @4(2).
Although this lower estimate is sufficient for our purpose in the case of ¢,
it does not hold with ¢ replaced by . Instead we need the estimates

op(max {t — 1,0}) < ¢q(t), (3.3.9)

@T(min {t, 1}) < q(t)

for all ¢ > 0. We begin with the first part of (3.3.9). It ¢ € [0,1], then

¢p(max {t —1,0}) = 0, so let us assume ¢ > 1. If ¢ = oo, then ¢, (t) = oo, so

let us also assume g < co. As a consequence, also p < co. Define a :=t—1 > 0.

We estimate

_ 1 1 ap_lrg\p_ 1 _

pt)==-(14+a)!==-((1+a)r 2—(—(1) > —aP = @p(t

q( ) q( ) p (( ) ) 7\p p Spp( )

with a similar estimate for @4, which proves the first part of (3.3.9). We turn

to the second part of (3.3.9). If ¢ > 1, then the inequality is clear. For all
t € [0,1] we estimate

~ 1 1 -

with a similar estimate for @,. This concludes the proof of (3.3.9).
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Theorem 3.3.11. Let p,q,r € P(A, u) with p < q < r p-almost everywhere
in A. Then

LPOA ) AL O (A, ) — LOA ) — L'O(A ) + L™ (A, p).

The embedding constants are at most 2. More precisely, for g € Lq(')(A,,u)
the functions go := sgngmax {|g| — 1,0} and ¢1 := sgngmin{|g|,1} satisfy
9= 90+ 91 |gol; lo1] < lgl, ||90||p(.) < 1and H91||7~(.) <L

Proof. Let f € LP) N L™0) with max { || fll,., [Ifll,.,} < 1. Then it follows
by the norm-modular unit ball property that o,.y(f) < 1 and o, )(f) < 1.
From (3.3.8) it follows that o4()(f) < 0p)(f) + or()(f) < 2. This yields
0q()(f/2) < 2040)(f) < 1 using sub-linearity, (2.1.5), so [fll4y < 2 by the
unit ball property. The scaling argument proves that || f|,) < 2| fllzec)qpre-
Now, let g € L1)(Q) with lgllyy < 1 so that gp)(g9) < 1 by the unit
ball property. Define go := sgngmax {|g| — 1,0} and g; := sgngmin {|g|, 1}.
Then g = go + g1 and by (3.3.9) it follows that o,(.)(g0) < 04()(9) < 1 and
0p()(91) < 04()(9) < 1. The unit ball property implies [|goll,., < 1 and
1911,y < 1. In particular, ||g[|zsc)4 ) < 2. The scaling argument proves
191l Loy rrer < 2Mgllgy- a
The following result is needed later in Theorem 3.6.5 in the study of the
convolution operator.
Lemma 3.3.12. Letp € P(R") and poo € [1,00]. Assume that 1 € L*O)(R™),
ny ; 1. 1 1
where s € P(R™) is defined by W@ = \m — 5= |- Then
LPOR™) N LPT(R™) = LP=(R™) N L (R™),

LPO(R™) < LP=(R") + LP (R™).
Proof. Using Lemma, 3.3.5, Theorem 3.3.11 twice, and then Lemma 3.3.5
again we deduce
LPO) A p o pmin{p()pe} A 1p"
< LPe O LP"
oy pmax{p()pec} A 1 p*

< LrOnLr

This proves the first assertion. Analogously, by Lemma 3.3.5 and
Theorem 3.3.11

POy pmin{p()poc} , [P0 4 TP

This proves the second assertion. a
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3.4 Properties for Restricted Exponents

In this section we consider basic properties of variable exponent Lebesgue
spaces that hold only under some additional conditions, namely when p™ < oo
and/or p~ > 1. Recall that p~ and p* denote the essential infimum and
supremum of p, respectively.

The following theorem shows that the condition p™ < oo plays an impor-
tant role for the properties of LP(*). Indeed, it shows that p* < oo is equivalent
to EP() = LP() which is needed for example for the characterization of the
dual space (LP))*. Recall that L5’ (A, 0, 1) is the Musielak-Orlicz class of
the modular defined by ¢,.), see Definition 2.5.1.

Theorem 3.4.1. Let p € P(A, ). Then the following conditions are equiv-
alent:

) EPO(A,p) = ”c (4, ).
) Lo (A p) = LPO(A, p).
(&) BP0t~ O (A,
(d) wp(.y satisfies the Ag-condition with constant or’
) pT < oo.
) 0p(.) satisfies the weak Ag-condition for modulars, i.e. modular conver-
gence and norm convergence are the same.
(8) 0p(.) is a continuous modular.

Proof. (¢) = (d): This follows from 2°(®) < 27" for all y € A.

(d) = (c) and (f): This is a consequence of g, (2% f) < 2kp” 0 (f)-

(¢) = (b) and (a): Follows from E*() ¢ LI < LPO).
(d) = (g): Follows from Lemma 2.4.3.

(a) or (b) or (g) or (f) = (e): We prove the claim by contradiction: so let
pT = oo. We begin with the case pu({p = o0o}) > 0. Let f := X{p=co}, then
0p(y(f) = 0 and gpy(Af) = oo for A > 1. This proves f € LES\ EPC)
and 2f € LPO\ L, which contradicts (a) and (b), respectively. Moreover,
limy_,1+ 0p()(Af) = 00 # 0 = 0p(.y(f), which contradicts (g). If fi := f, then
0p(-)(fx) = 0 — 0 and g,.(2fx) = oo # 0, which contradicts (f).

Assume now that p({p = co}) = 0. Since p* = oo, there exists a sequence
qr € [1,00) with g /" oo and g > k and pairwise disjoint sets Ej with
0 < u(Ey) <ooand Er, C{y: qx < p(y) < qr+1}- Since p is bounded on the
set £, and 0 < p(Ey) < oo, the mapping ¢ — 0,(t xEg,) is continuous for

- =

t > 0 with image [0, 00). Hence there exists ¢, with o, (tx XE,) = W Let
fr = tkxe, then o, \(fr) = kg and op,(.)(fx) — 0 as k — oo. On the other
hand p > g > k on Ej implies for A > 1 using (2.1.5)

)\k
0y Mi) = Mooy (fi) = 25 — oo
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We have found a sequence fi with o,y (fx) — 0 and g,(.)(2fx) — oo, which
contradicts (f). Define

k k >
o= fi=) tixm, 9= fi=2 tixs.
j=1 J=1 : .

Since t, > 0, we have 0 < gr " g. Therefore monotone convergence,
Lemma 3.2.8, implies that for A > 1

oo o0 1
a0 @) =) a0 =D 55 <1,
i=1 =1
o0 o0 )\j—l
op()(Ag) = ZQP( y(Afj) = Z 272 =
j=1 j=1

This proves g € L5y \ EPC) and 2g € LPO) \ L5, which contradicts (a)
and (b), respectively. Moreover, limy_.1+ 0p(.)(Ag) = oo and g,(9) < 1,
which contradicts (g). O

With the aid of the previous result we can extend the unit ball property
(cf. Lemma 2.1.14):

Lemma 3.4.2 (Norm-modular unit ball property). If p € P(Q) is
bounded, then ||f|,.) <1 and oy)(f) <1 are equivalent, as are | f[|,.) <1

and 0y (f) <1, and || f|[,.y =1 and op)(f) = 1.

Remark 3.4.3. Let p € P(A,u) be a bounded exponent. Then ¢,y is
locally integrable, since

[ nn V) dity) < oy e {30 )

E
for every measurable E C A with p(E) < co and every A > 0. However, the
local integrability of ¢,y does not imply that p* < oc. Indeed, let A := R
and let E), C R be pairwise disjoint with |Ex| = exp(exp(—k)). Now, define
p(z) :=k for x € E), and k € N and p(z) =1 for x € R\ U~ Ex. Then for
every A > 0 and every E C R with |F| < oo we have

Bp()(AE) <A [E[+ Y M exp (exp(—k)) < oo.
k=1

Thus @,y is locally integrable but p* = oc.
The boundedness of the exponent also suffices for separability:

Lemma 3.4.4. Letp € P(A, p) be a bounded exponent and let i be separable.
Then LPC)(A, 1) is separable.
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Proof. Since ).y is locally integrable by Remark 3.4.3, we can apply The-

orem 2.5.10 to show that EP() is separable. Since p* < oo, we further have
EP() = LPC) (Theorem 3.4.1). O

We can directly apply this lemma to LP()(Q) with @ € R™ and 1P()(Z"):

Corollary 3.4.5. If p € P(Q) and g € P(Z"™) are bounded exponents, then
LPO(Q) and 190)(Z™) are separable.

Recall that for all g € L'() the mapping Jg is defined as Jy(f) = [ fgdu,
where f € LP() and belongs to (LP())* (cf. (2.7.3), Theorem 3.2.13).

Theorem 3.4.6. Let p € P(A, 1) be a bounded exponent, then V : g +— J,
is an isomorphism from LP ()(A, p) to (LPC) (A, p))*.

Proof. From p™ < oo it follows by Theorem 3.2.13, Remark 3.4.3 and Theo-
rem 3.4.1 that ¢,.) is proper and locally integrable and ErPC) = LP0) . Now
the claim follows by Theorem 2.7.14. a

Reflexivity and uniform convexity require even stronger assumptions on
the exponent. Note that Dinca and Matei [111] studied uniform convexity in
the case p > 2.

Theorem 3.4.7. Let p € P(A,p) with 1 < p~ < pt < oo. Then LPO) (A, )
is reflexive.

Proof. Let 1 < p~ < pt < oo. Then it follows from Remark 3.4.3 that ¢,
and (¢p(.))* are locally integrable. Moreover, by Theorem 3.4.1 it follows that
EPO) = [PO) and EP'C) = LP'C). Thus Corollary 2.7.18 shows that LP() is
reflexive. ad

Remark 3.4.8. The condition 1 < p~ < p™ < oo in Theorem 3.4.7 is
sharp if p is atom-free. This has been proved first by Kovacik and Rékosnik
[258, Corollary 2.7] for LP()(Q), i.e. in the case of the Lebesgue measure.
Indeed, if LPC)(A, i) is reflexive and p is atom free, then by Remark 2.7.16
(b) follows that EP() = L) and EP'() = LP'()_ Thus, Theorem 3.4.1 implies
1<p” <pT < oo.

Theorem 3.4.9. Let p € P(Q) with 1 < p~ < p™ < oo. Then ¢, is a
uniformly conver N-function, op) is a uniformly convex semimodular and

[ll,,.) is @ uniformly convex norm. Hence, LPO)(Q) is uniformly convex.

Proof. Note that ¢, satisfies the Aj-condition since p™ < co. In order to
apply Theorems 2.4.11 and 2.4.14 we have to show that ¢, is uniformly
convex. In principle we have to show this for both ¢,y and @,.), since the
equivalence of norms does not transfer the uniform convexity. However, since
@p(y) and @y, only differ for every y € Q by the multiplicative constant
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Iﬁ7
©p(y- Thus it suffices to consider the case @p.).

Fix € > 0. Let u,v > 0 be such that |u — v| > e max {u, v}. It follows from
Remark 2.4.6 that the mapping ¢ — ¢ is uniformly convex, since p~ > 1.
Thus there exists § = d(e,p~) > 0 such that

P p- p-
(u+v> <(176)u 4+ '
2 2

the uniform convexity of @,y is equivalent to the uniform convexity of

pW)
This and the convexity of ¢t — ¢ »= for y € € imply

r(y)

p(y) P = p(y) p(y)
(u;v) g((1_6)11 —2|—11 ) <(1_6)11 —;—v .

This proves that ¢,.) is uniformly convex. The semimodular g,.) is uni-
formly convex by Theorem 2.4.11 and the norm ||-]| p(-y is uniformly convex
by Theorem 2.4.14. O

It is often the case that results are easier to prove for nice functions and
then by density the results carry over to the general case. It is therefore of
interest to find nice subsets of LP(") which are dense in LP("). If the exponent is
bounded, then by Theorems 2.5.9 and 3.4.1 we immediately get the following
density result.

Corollary 3.4.10. If p € P(Q) with pt < oo, then simple functions are
dense in LP)(Q).

Remark 3.4.11. Since simple function are a subset of L>(Q) N LPC)(Q) it
follows from Corollary 3.4.10 that L>(Q)NLP)(Q) is also dense is LP()(Q) if
pt < oco. This fact was first shown by Kovacik and Rékosnik in [258] for the
case pT < oo. Later Kalyabin [227] has proved that the condition p™ < oo
is necessary and sufficient for the density of L>() N LPC)(Q) in LPC)(Q) if
the variable exponent is finite almost everywhere. We can use this result to
characterize the density of L (Q)NLP()(Q) in LP()(Q) for general p € P(Q):

Let p € P(Q) and Qp := {y € Q: p(y) < co}. Then L=(Q) N LPO)(Q) is
dense in LP()(Q) if and only if ess SUp,eq, P(y) < 0o.

Hence, p might be unbounded when L>(Q)N LP()(Q) is dense in LP() (),
but on the subset 2y, where p is finite, it must be bounded.

For an open set Q C R™ let C5°(€2) denote the set of smooth functions
with compact support in €.

Theorem 3.4.12. If p € P(Q) with pt < oo, then C§°(Q) is dense in
LPO(Q).
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Proof. Since pt < oo, simple functions are dense in LP() () (Corollary 3.4.10).
Since a simple function belongs to LP~ (Q) N LP" (), it can be approximated
by a sequence of C§°(2) functions in the same space, which yields the claim
since LP' () N LP” () — LPO)(Q) by Theorem 3.3.11. O

As a consequence C5°(Q) is dense in LP' ()(Q) if p~ > 1 and therefore the
norm conjugate formula in Corollary 3.2.14 is unchanged if we replace the
condition g € L? ()(Q) by g € C5°(Q).

Corollary 3.4.13 (Norm conjugate formula). Let p € P(Q2) withp~ > 1.
Then

1
slflo< s [isllglds < 2]l
200 PO cog @)l <t P

for all f € L°(QY). The factor % can be omitted if () = Pp(.y-

In Corollary 4.6.6 we prove the norm conjugate formula without the
assumption p~ > 1, however, there we require other regularity of the space.

Sometimes it is necessary to consider the subspace of LP()(Q) consisting
of functions with a vanishing integral. For domains with |©2] < oo we denote
the space of such functions by

p(-) . (- . dr=0VY.
5@ = {re o) Q/f()d o}

(In contrast to the definition of C§°, the index 0 in Lg(') does not indicate
compact support. However, in both cases the only constant within the space
is zero.) In the case that |Q] = oo we set Lg(')(Q) = LPO(Q). We will see
that for a large class of exponents this is sensible. The space of compactly
supported smooth functions with vanishing integral we denote by C§%(€2).

Proposition 3.4.14. Let Q be a domain and let p € P(Q) be a bounded
ezponent. If | < oo or p~ > 1, then C§%(S2) is dense in Lg(‘)(Q).

Proof. Let us first consider the case || < co. Choose ¢ € C§°() satisfy-
ing [,dx =1 For f € Lg(')(Q) Theorem 3.4.12 implies that there exists
a sequence (f) € Cg°(€) such thathk — f in LPO(Q). Since || < oo
we get by Hélder’s inequality [[f — full; < 2|xallyo)llf = felly.). Conse-
quently, we have f, — f in L'(Q) and Jo fedz — Jo fdx = 0. Setting
fo = fu— Y [o fi dz we see that fj, € () and that

)

1 = Fullyoy < 07 = Fally + 19 ‘ [ das
Q

which tends to zero for £ — oo in view of the above.
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Let now 2 satisfy |Q] = co and p~ > 1. Choose an increasing sequence of
bounded domains Q; CC Q with (J72, Q; = Q, |[Q;] > 1 and non-negative
functions 4; € Cg°(€;) which satisfy [, ¢jdz = 1, ¢ < ¢|] "X,
This is possible since one can take a mollification of |Qj|71XQj. From
Y < e |Qj|71XQj and Theorem 3.3.11 it follows that

-1
1051y < el lxes o 4 pot

T (3.4.15)

S cemax{|Q;| 7L QT -0
for j — oo. For f € Lg(')(Q) Theorem 3.4.12 implies that there exists a seq-
uence (fx) C C§°(Q) such that f, — f in LP()(Q) and [ Fkllpy < Ny + 1
We set fi := fk—z/)jk ka fi dz, where jx is an increasing sequence in N, which
will be chosen below. By definition of fi we have fi € C5%(€2). With Holder’s
inequality we estimate

1f = Fellyey < I = fk’”p(‘) + ||wjk||p(<)2HXQk||p’(»)||fk||p(A)
<F = Frllpey + 15l 20xe iy (1 1y +1)-

The first term converges to zero for k — oo. Since || < oo, we have
Xa,, € LP0)(Q) as simple functions are contained in L' () (Q) by Lemma 3.2.11.
According to (3.4.15), we can choose jy, such that [[1hj, ||\ [Ixe.ll ) < 27k,
With this choice also the second term in the previous estimate converges to
zero for k — oco. In particular, we have fi — f in LP()(Q). O

3.5 Limit of Exponents

In this section we collect some continuity results with respect to convergence
of the exponent. In particular, we examine the behavior of the semimodular
0p,.(-)(f) and the norm || f[[, ., if the exponent pj converges pointwise to an
exponent p. Let us mention that some other properties of the norm in the
case pT = oo were studied by Edmunds, Lang and Nekvinda [116].

We begin with the continuity property of ¢, with respect to ¢. If
Gk, q € [1,00] with g — ¢, then it is easily checked that

kli—>m &q:« (t) = &q (t),
0 (3.5.1)

T gy, (1) = gg(t)  if g < oo

for every t > 0.
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Remark 3.5.2. If g5 — ¢ = o0, then limp o @g, () = 0 = @oo(t)
for t€[0,1) and limg oo @g, (t) = 00 = @oo(t) for ¢ > 1. However,
limg— o0 Bg, (1) =1 # 0 = @oo(1). This is the reason, why we had to exclude
the case ¢ = oo for @ in (3.5.1). Nevertheless, we have

Jm g, (M) < @4(t) < lim @, (1)

for all ¢ > 0 and all A € [0,1).

Remark 3.5.3. By Lemma 3.1.11 we have ¢ ' (t) = (qt)%, o, (t) = ta for
1< g <ooand §)(t) = @0 (t) = X(0,00)(t) for all t > 0. If follows easily
that @ ' (t) — @q(t) for all t > 0 and g, — g. For the case ¢, and ¢ = oo,

1
. 1 . 1
we use limg .o ¢7 = exp(limg.c 54) = 1.

We deduce the following lower semicontinuity results for the semimodular
and the norm.

Corollary 3.5.4. If pp,p € P(A,u) with p, — p p-almost everywhere,
then 0, (f) <lminfy—oc 0p, () (f) and [|f]l,¢) < liminfeoo [, ) for all
fe LA, p).

Proof. The estimate g,.y(f) < liminfy . 0,,(.)(f) follows from (3.5.1) and
Fatou’s lemma in L'. In the case ¢,y = @p() and pu({p = oo}) > 0, we also
need @q(t) < limg— oo Pq, (t) from Remark 3.5.2.

Now, let o := liminfy—oo || f[l,,(.)- There is nothing to prove for a = oo,
so let us assume that a < oo. For every A > a we have [|f||, ) < A for large
k and therefore by the unit ball property o,,()(f/A) < 1 for large k. The
first part of the corollary implies gp(.)(f/A) < 1 and hence || f[|,.) < A by the
unit ball property. Since A > « was arbitrary the claim follows. a

Under certain integrability conditions on f, the modular is also continuous
with respect to pointwise convergence of the exponent.

Lemma 3.5.5. Let r,8,pr,p € P(A,u) with r < pr < s and py — p
p-almost everywhere. Let f € L°(A,p) with 0r(y(f)s 05y (f) < oo. Then
im0 0y, () (f) = () (f)-

If additionally p({s = oo}) = 0, then limy—oc 0y, () (f) = 0p) (f)-

Proof. By (3.3.8) we have ¢, ) (f) < @) (f) +@s¢)(f) pointwise, where the
left-hand side converges pointwise by (3.5.1). Thus, the claim follows by the
theorem of dominated convergence. a

Remark 3.5.6. If we drop the condition p({s = oo}) = 0, then it follows by
A€0,1).
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Theorem 3.5.7. Let pi,p € P(A, n) with pp /" p p-almost everywhere and
suppose that j(A) < co. Then for all f € LPC)(A, 1) holds

Jim 71,00 = 1)

Proof. We know from Corollary 3.5.4 that || f]| ( < liminfg oo || f]] S0

it suffices to prove limsup;,_, ., ||f||pk() HfH
We begin with the proof for ¢,y = @p.). The case f = 0 is obvious, so we
can assume || f||,, > 0. Since p(A) < oo, it follows by Lemma 3.2.20 (with

s = pi and ¢ = 1) and the unit ball property that for all A € (0,1)

() <o) -sr<r s
%“@mm>\%>um L a0 <14 u(A) < o0

Therefore, we can apply Lemma 3.5.5 to get

1 A =) <A <A 1
ﬁm%k(mm> O\ ley) S0 MI =

for all A € (0,1). Thus g, (.y\(Af/||fl,y) <1 for large k, which implies that
P (+) p(-)
Fll oy < fllcy/A for large k. Since A € (0,1) was arbitrary, this proves
pi(-) p()

limsupy_ oo [1£1l,, ) < 1l
The proof of the case ¢,

) =
limy o0 By, (A2 f/ I f L)) <@

pr ()

@p(.) is similar if we start our estimates with
() (Af/I1fl.y) using Remark 3.5.6. O

3.6 Convolution*

For two measurable functions f and g, we define the convolution by

fxg(z /fz— wdyz/f@MQ—
in

for every z € R™ provided this formula makes sense. If the functions f and
g are only defined on a subset €2, then we extend them by zero outside of 2
before applying the convolution.

The operation of convolution on classical Lebesgue spaces is described by
Young’s inequality for convolution. It states that

ILF* gll,. < 1171, glly-
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for f € LP(R™) and g € LY(R™) when p,q,r € [1,00] with £ +1 = %—F %. The
case ¢ =1,

I1f# gll, < 171, gl

is of special interest.

Unfortunately these inequalities cannot be generalized to the spaces LP(")
for non-constant p. This is a consequence of the fact that our spaces are not
translation invariant. In fact, with the help of Theorem 3.3.1 we show that
translations are bounded on LP()(Q) if and only if the variable exponent p is
constant, i.e. if we are in the setting of classical Lebesgue spaces.

Proposition 3.6.1. Let p € P(R™) and define the translation operator by
(thf)(y) :== f(y —h). Then 1, maps LPO)(R™) to LPC)(R™) for every h € R™
if and only if p is constant.

Proof. Suppose first that 7, is bounded on LP()(R™) for every h € R™. Since
70 fll,y = [l ), this implies that LPO(R") — L7-+»P()(R™). From
Theorem 3.3.1 (b) we deduce that p > 7,p almost everywhere. Replacing h
by —h we see that p > 7,p > p almost everywhere. Since h is arbitrary, p has
to be constant. The opposite implication is immediate. a

If p € P(R™) is a non-constant exponent, then we can construct a sin-
gle function f € LPO)(R™) with 7, f ¢ LP()(R™) by a standard procedure.
Namely, let h € R" \ {0} be such that 7, is not bounded from LP()(R™)
to LPO)(R™). Choose f; € LPO(R™) with f; > 0, ||fj||p(') < 277 and

I fil,cy > 20 and set fi= 33, £ Then [[fll,, < Sy 1l < 1
and || f,) > lim 7 f5l, ., = oo.

Remark 3.6.2. The previous proposition also holds if we replace R™ by
some open, non-empty set @ C R™. Arguing as in the proof of Proposi-
tion 3.6.1 we deduce that p > 7,p > p on the set (2 — h) N Q. Since h is
arbitrary this implies again that p is constant on all of €.

Theorem 3.6.3. Let Q be bounded and p,r € P(R™) with 1 < p~ <p'T < o0
and 1 <r~ < rT < oco. Then the convolution x : (f,g) — f* g is bounded as
a mapping from LPC)(Q) x LY (R™) to L™)(Q) if and only if p~ > rt.

Proof. “<”: Since p~ > rt, Corollary 3.3.4 implies LP()(Q) — L Q) —
L™0)(€). By Young’s convolution inequality, % : L™ (Q) x LY(R™) — L™ ().
Combining these, we obtain the claim.

“=": We proceed by contradiction and assume p~ < rT. So there exists
h € R™ such that p > 7_pr does not hold almost everywhere on 2 N (Q — h).
Hence, it follows from Theorem 3.3.1 (b) and (74 fll,, = IfIl;_,,.) that

7, does not map LPO)(Q) continuously to L"()(Q). By Proposition 3.6.1
and Remark 3.6.2 there exists f € LP()(Q) and h € R™ \ {0} such that
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mf ¢ L"O(Q). For v € CEMR"), v > 0 and [dr = 1 define 1.
by ¥ (y) := e ")((y — h)/e), and note that f*. — 7, f in LL _(R™). By
assumption on the convolution || f * el|,..) < [|fllp)[[¥]1 < ¢. Since L7O(Q)
is reflexive, there exists a subsequence converging weakly in LT(')(Q) to a
function g € L™)(Q) as ¢ — 0. Since L™(Q) — L1 (Q), we have g = 7, f.

In particular the subsequence converges weakly in L™()(Q) to 7, f. This con-
tradicts 7, f & L")(Q). O

This theorem has the following undesired consequence:

Corollary 3.6.4. Let p € P(R"?) with 1 < p~ < pT < co. Then
1f % gllpy < ellfllpllglly

for some ¢ > 0 and all f € LP)(R™) and all g € L*(R™) if and only if p is
constant.

Proof. If the inequality holds, then by Theorem 3.6.3 we have pg > pd for
all bounded, open subsets 2 C R™. Thus p~ > p* and p has to be constant.
If on the other hand p is constant, then the inequality is a consequence of
Young’s inequality for convolution, which was stated in the beginning of the
section. a

Let f € LPO)(R™). Then the preceding corollary shows that for f * g
to belong to LP()(R") it is in general not enough to assume g € L'(R™).
However, we can solve this problem by assuming more regularity for g. This
will be useful for instance when dealing with the Bessel potential in Sect. 12.4.

Theorem 3.6.5. Let p,q € P(R™) and let po, oo € [1,00] satisfy p~ <
Pec < oo < g, Assume that 1 € L*C)(R™), where s € P(R™) is defined by
g(r) |(L 1 | Let ro,r1 € [1,00] be defined by

1 1 1 1 1 1
— =14 — and <~ —=1-——+ —.
To Poo  Goo 81 P~ q"

Let x denote the convolution operator. Then the bilinear mapping
« 1 LPO(R™) x (L™(R™) N L™ (R™)) — LIO(R™) N LI (R™)
s bounded.

Proof. Note that p~ < poo < goo < ¢ ensures that ro,7; € [1,00] are well
defined and 79 < 71. Define 74,73 € [1, 00] by

1 1 1 1 1 1
—=1—-—+— —=1—-— 4+ —.
2 P oo r3 Poo q+
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Young’s inequality for convolution for constant exponents implies the bound-
edness of the following bilinear mappings

- +
x P x L™ — L1 |
x 1P x L™ — L9,
n
x 1 LPe x L™ — L9,

% 1 LPo x LT0 — L9,
Therefore,

« tLP x (L NL™) — L~ N LI
% 1P x (LN L") — L% N LI .

From ro < min {ry,r3} < max{ry,r3} < r; and Theorem 3.3.11 we deduce
LnNL™—L"?nL" and L™NL™ — L™NL"™.
Combining these embeddings with our previous result implies that
% t(LP" 4+ LP=) x (LN L") — LI N LI .

By Lemma 3.3.12, LP() — [P 4 L[P< and LI~ N L1 — L[I0) A L7,
Combining this with the previous formula concludes the proof. a






Chapter 4
The Maximal Operator

In the previous chapters we studied the spaces LP() with general variable
exponent p. We have seen that many results hold for fairly wild exponents,
including discontinuous ones, in this general setting. We studied complete-
ness, separability, reflexivity, and uniform convexity. However, these are only
basic properties of LP(). For the study of partial differential equations it
is necessary to develop more advanced tools for the LP() spaces: we are
interested in mollification, the Riesz potential, singular integrals, and the
Hardy—Littlewood maximal operator. For general variable exponents p it is
not possible to transfer these tools to LP()| as our counterexample in Sect. 4.7
shows. It turns out that a certain regularity has to be assumed on p: the so-
called log-Hélder continuity of p. We will see that this regularity is in some
sense optimal and cannot be improved.

In Corollary 3.6.4 we saw that the inequality || f = gll,., < c[[fll,llgllx
does not hold for non-constant p € P(2). This seems like a strong drawback
for the theory of LP()-spaces, since the version for constant exponents is used
in many applications. For example the technique of mollification or approxi-
mate identities relies on this fact and a failure of this technique would have
drastic consequences. But Corollary 3.6.4 only states that we have no control
of the convolution of an LP() function (p non-constant) with an arbitrary L'
function. The proof relied on the fact that we could approximate the transla-
tion operator by the convolution with a sequence of L' functions, i.e. we used
a shifted version of an approximate identity. So we used functions 1. which
concentrated in the limit € — 0 in some point h, i.e. . — ¢, in the sense
of distributions, where §j, is the J-distribution at h. The technique of molli-
fication or approximate identities is however restricted to the case 1. — dg
for ¢ — 0. Since f * dp = f, this does not contradict the discontinuity of
translations. Indeed, we will see below that for certain variable exponents p
we have fx 1. — f in LP0) for € — 0 if 1), is an approximate identity.

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 99
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-4,
(© Springer-Verlag Berlin Heidelberg 2011
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4.1 Logarithmic Holder Continuity

In this section we introduce the most important condition on the exponent
in the study of variable exponent spaces, the log-Holder continuity condition.

Definition 4.1.1. We say that a function a: Q — R is locally log-Hdélder
continuous on § if there exists ¢; > 0 such that

a
) = WIS e 1

for all z,y € Q2. We say that « satisfies the log-Hoélder decay condition if there
exist oo € R and a constant ¢ > 0 such that

C2
) = 0l S ot e

for all z € Q. We say that « is globally log-Holder continuous in § if it is
locally log-Holder continuous and satisfies the log-Holder decay condition.
The constants c¢; and co are called the local log-Holder constant and the log-
Hoélder decay constant, respectively. The maximum max {c1, ca} is just called
the log-Hoélder constant of a.

The local log-Holder condition was first used in the variable exponent
context by Zhikov [392]. Various authors have used different names for this
condition, e.g. weak Lipschitz, Dini-Lipschitz, and 0-Holder. However, we
think these terms are ambiguous and prefer the name log-Hoélder. Before
appearing in the variable exponent context, the same condition was used
with variable order Holder spaces [177,229,332]. It is unclear to what extent
these studies were known to researchers of variable exponent spaces, however.

If « is globally log-Holder continuous on an unbounded domain, e.g. R™,
then the constant a, in Definition 4.1.1 is unique. Note that any globally
log-Holder continuous function is bounded.

Remark 4.1.2. We define the chordal metric d : R® x R” — R by
[z —y 1

= and d(z,0) = ——
V14 221+ Jy[? ( ) V14 |z]?

for z,y € R". The motivation for the term “global log-Holder continuity”
comes from the fact that a: R — R is globally log-Hélder continuous if and
only if

d(z,y)

< log(e +1/d(z,y))

for all 2,y € R™. Since d(z,y) < |z — y| and |z| < 1/d(x,0), it is clear that
(4.1.3) implies log-Holder continuity. The other implication follows from the
inequality

|a(z) = a(y)] (4.1.3)
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1 1 2 1
<2|+|$|| +2 1+|x|2<c(1+\x\4+—),
-y

d(z,y) |z —y[?

which in turn follows since /1 + |y|2 < 24/1 + |z]2 + 2|z — y|. The details
are left to the reader.

Definition 4.1.4. We define the following class of variable exponents

Plos(Q) = {peP): zl) is globally log-Holder continuous}.

By ciog(p) or ciog we denote the log-Holder constant of %. If © is unbounded,

then we define po, by pL = lim |y~ 0o ﬁ. As usual we use the convention
1

= :=0.

o0

Note that although % is bounded, the variable exponent p itself can be
unbounded. We would also like to remark that the definition of po, “commutes
with duality”, i.e. p € P°2(Q) if and only if p’ € P'°8(2) and

(Poe) = (P)oo-

Hence we do not have to distinguish between (poo)’ and (p’)so, and write p/_
for short.

Remark 4.1.5. If p € P(2) with p* < oo, then p € P°8(Q) if and only if
p is globally log-Hé6lder continuous. This is due to the fact that p — % is a

1 1].

bilipschitz mapping from [p~,p*] to [p—+, o

The following lemma provides a characterization of local log-Holder con-
tinuity. Recall the notation aj for the supremum and infimum of « over a
set A.

Lemma 4.1.6. Let a« : R™ — R be continuous and bounded, i.e.
—o0 < a” < at < oo. The following conditions are equivalent:

a) « s locally log-Hdlder continuous.

b) For all balls B we have \B\O‘EFO‘E <ec.

¢) For all balls B and all x € B we have |B|*2 ™ < c.

d) For all balls B and all z € B we have \B\O‘(I)*O‘E <ec.

o~ T

Instead of balls it is also possible to use cubes.

Proof. (a) = (b): Since a — o is non-positive, the claim is clear for balls
of radius greater than %. If B is a ball with radius less than this, we use the
local log-Holder condition:

) 1 c11og(1/|B|) cinlog(1/|B|)
—atllog — < <
lap — ap|log |B| ~ log(e +1/diam(B)) ~  log(c/|B|)
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(b) = (a): Fix z,y € R™ and choose a ball B, with radius r such that
z,y € B, and J%l <r < |z —y|. Since |B,| < (2r)",

—la@)—a] ap-a}

1
< |Br| " < cln~

(2|.’L‘ _ y‘)*\a(w)*a(y” < (2r)—|a(m)—a(y)| < |By|

y|_|0‘(%)_o‘(y)| < ¢ for some ¢ > 1.
log ¢
[log [z —yl]*
This takes care of the claim when |z — y| < %; on the other hand, there the

claim is obvious when |z — y| > %, since « is bounded by assumption.

The equivalence of (b), (c¢) and (d) is clear by the continuity of a. O

Since |a™ —a~| < oo, this proves |z —
We take the logarithm of this inequality to deduce |a(z) — a(y)| <

Many results below are stated for variable exponents p which are defined
on the whole space R™. However, sometimes initially the variable exponent
is only given on a subset O C R", i.e. ¢ € P'°8(€). The following result
ensures that such a variable exponent ¢ can always be extended to R™ without
changing the fundamental properties.

Proposition 4.1.7. If p € P'°8(Q), then it has an extension q € P°8(R")
with clog(q) = cog(p), ¢~ = p~, and ¢* = p*. If Q is unbounded, then
additionally oo = Poo-

Proof. Let ¢; > 0 and ps = 1 be such that

1 1 C1

Cc1
p@ )| S Togle T 1/7z —u)

log(e + [a])”

and  [p(x) = poo| <

for all points x,y € Q. Since t — 1/log(e + 1/t) is a modulus of continuity,
we can use the extension of McShane-type [289] to extend 1—17 to R™ with the
same modulus of continuity and lower and upper bound. More precisely, we
define a € C(R™) by

—— = sup

1 c1
aly)  eq (p(Z) ~log(e+1/]z— yl))

for y € R™. In particular, a is locally log-Holder continuous with local log-
Holder constant less or equal to ¢1, and a(y) = 1/p(y) for all y € Q.

In order to ensure that our extension satisfies also the log-Holder decay
condition and has the same lower and upper bound as p we define g by
truncation

1 . { { 1 1 co 1} L co 1}
—— i =min{max{ ——, — - ——— — & — 4
q(y) a(y) pe  logle+1z]) pf J P log(e+|2])" pg
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for all y € R™. Since z — is globally log-Hélder continuous with con-

C2
log(e+|z)
stant co, we see the log-Holder constant of % does not exceed max{cy,ca} =

le) = a(y) = le) for all

y € Q. Therefore ¢ is the variable exponent we are looking for. a

Clog(p). The decay condition of Il] ensures that

Proposition 4.1.7 was first proved by Diening and Ruzicka [103] under
the additional assumption that ¢ is constant outside a large ball. For a gen-
eral variable exponent ¢ € P'°8(Q) the result was first proved by Cruz-Uribe,
Fiorenza, Martell and Pérez [83, Lemma 4.3] by means of the Whitney decom-
position. The proof that we included is simpler and originates from Diening
and Hésto [96, Proposition 3.7].

Let p € P(R") and 1 := |% - i| We saw in Lemma 3.3.5 that the
condition 1 € L*) is important for embeddings; we now show that this
condition follows from log-Hélder continuity. The condition turns out also to
be important for the boundedness of maximal operators.

Proposition 4.1.8. Let p,q € P8(R") with ps = Goo. If s € P(R") is
given by % = \é - ;|, then 1 € L*O)(R™) and for every m > 0 there exists
v € (0,1) only depending on ciog(p) and n such that

Psp)(V) < (e +[yh™™
for all y € R™. Moreover,
LmaX{P(')7Q(')}(Rn) N Lq(')(R") N Lmin{P(')wq(')}(Rn)

Proof. We begin with the estimate for ¢, (7). If s(y) = oo, then oo (y) = 0.
So let us assume s(y) < oo. Since p € P°8(R"), we have

‘ 1 _L‘< Clog(P)
p(y)  Pool  log(e+ |y])

for all y € R™. Let 7 := exp(—m clog(p)). Since s(y) < 00, s (7) = v*¥),
and so we estimate

_ —M Clog (P .
Ps(y)(7) < exp (ﬁ) <exp (—mlogle+ |y|)) = (e +[y[)~™.
p(y) P

This proves the estimate for @y, (7). Since @,y < @p(.), the conclusion
holds also for @p,.y. If m > n, then ¢ () < (e + |-])™™ € L'(R™); hence
1 € LsO)(R™).

Define s1, s2 € P°8(R") by i = max{% - %,O} and i = max{% - %,O}.
If we use the already shown claims with p replaced by max{p(-),¢(-)} and
min {p(-), ¢(-)}, then we get 1 € L**()(R™) N L*2()(R™), respectively. The
embeddings now follow directly from Theorem 3.3.1. a
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Combining the previous proposition with Lemma 3.3.12 we see that
LPOR™Y) N LP (R™) = [P~ (R™) N LP (R™)
when p € P8, From Theorem 3.3.7 we get an interesting corollary, see
[313,319].

Corollary 4.1.9. If p,q € P(Z™) satisfy the log-Hélder decay condition and
Poo = (oo, then PO (Z) =2 190) (7).

4.2 Point-Wise Estimates

Recall that 4,0;,1 is the left-continuous inverse as defined in Definition 3.1.8.
Q

Lemma 4.2.1. Let p € P°8(R"). Then there exists 3 € (0,1) which only
depends on ciog(p) such that

-1 -1 -1

<

(o) (5%5 (QI) <xel

for all A € [0,1], any cube (or ball) Q C R™ and any z € Q.

Proof. If A = 0, then the claim follows from @;_1 (0) = 0 and @p;)(0) = 0. So
Q

let us assume in the following that A > 0. If p;, = oo, then, by continuity of %,
p(z) = oo for all x € R™ and @m(%@’l(MQ\_l)) = Poo (1) = 0. Assume now

oo

that p, < oo and p(z) < oo. By Lemma 4.1.6 there exists 8 € (0,1) such
that

1 1

8QI" e

rQ < 1.

Now, multiply this by |Q|7ﬁ and raise the result to the power of p(z) to
prove the claim for A =1 and ¢,y = @,,(.)- The case 0 < A < 1 follows from
this and

p(z)

_ — -1 b = _— -1 -1
Pr(a) <5¢p$(AIQ\ )) =272 G (ﬂ%g(lQl )) <A@l
It remains to consider the case p(z) = co and Py < 00. Since i is continuous
and p, < oo we can choose a sequence () from @ which tend to 2’ with
p(rx) < oo for all k € N and p(z’) = oo. Then by Remark 3.5.2 @y, (t) =
@p(z) (1) < liMg oo Pp(a,,)(t) for all £ > 0. Hence, this case can be reduced to

the previous case. This proves the claim for ¢,.) = @,(.). By Lemmas 3.1.6
and 3.1.12,
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Q
This proves the claim for ¢,y = @p.) with § replaced by /2. O

We now derive a generalized version of Jensen’s inequality for ¢, .). For
constant ¢ € [1,00], f € L9(Q) and a cube @ C R™ we have by Jensen’s
inequality

wq( f If(y)ldy) < fealf)ay.
Q Q

However, this inequality only holds if the exponent is constant. The following
lemma shows that it is possible to generalize the constant exponent case
to the setting of variable exponents p € P°8(R"). The price to pay is a
multiplicative constant on the left-hand side and an extra additive term on
the right-hand side, which is independent of f as long as f is from the unit
ball of LP() + L,

Lemma 4.2.2. Let p € P(R") and let % be locally log-Hélder continuous.
Define q € P8(R™ x R™) by

TEoke max{zﬁ - zﬁo}

Then for any v € (0,1) there exists 5 € (0, 1) only depending on vy and ciog(p)
such that

Pp(a) <5][|f(y)|dy> < ][%(y)(|f(y)|)dy+][¢q(m,y)(7) X{o<|f(y)|<1} 4y
Q

Q Q

for every cube (or ball) Q C R™, x € Q, and f € LPO)(R™) + L®(R™) with
||f||LP(')(]Rn)+Loc(]Rn) < 1.

Proof. We prove the claim for ¢,.) = @p). The case ¢,) = Pp(.) then
follows easily by Lemma 3.1.6.

By convexity of @, it suffices to prove the claim separately for ||f||p(‘) <1
and || f|l, < 1. Let @ C R™ be a cube and z € Q.

If py = oo, then p(y) = oo for all y € Q and the claim is just Jensen’s
inequality for the convex function ¢, with an extra positive term on the
right-hand side. So we assume in the following pg < co.

Let 8 > 0 be as in Lemma 4.2.1. We can assume that § < . We split f
into three parts
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f1() == fY) Xqyeq: 1f)|>13>
f2(y) = f(¥) X{yeq: 17w)I<tpm)<p(x)}
F3(y) = F(¥) Xyeq: 17 (w)1<1.pm)>p()}-

Then f = fl +f2 +f3 and |fj| < ‘f|7 S0 @p()(f]) < @p()(f) <1, ] =123
By convexity of @)

T>< ][If dy) Zsom)( ][If] Idy>—%(ll+12+13)

So it suffices to consider the functions f1, f2, and f3 independently. We start
with fi. The convexity of gbpé and Jensen’s inequality imply that

hé%@Gﬁxf%Jh@WQ)
Q

where we have used that ¢,,) and 4,5;_1 are non-decreasing. Since |f1(y)| > 1
Q

or [fi(y)l = 0 and pg < ply), we have o, ([/1(y)]) < @pew) (I£1(W)]) by
Lemma 3.1.6 and thus

h<%m@%Xf%@WM”@D-
Q

If |l <1, then fi =0 and Iy = 0. If on the other hand [[f]|,., <1, then
Op(y(f) < 1 and fQ @p(y) ([ f1(y)]) dy < 1. So by Lemma 4.2.1 it follows with

A= fQ @p(y)(‘f(y”) dy that

hgf%@wmm@<f%@wwm@

Q Q

Jensen’s inequality implies that

Bz < G (917200}
Q
Since S| f2(y)| < [f2(y)| < 1 and @p(q)(t) < @p(y)(t) for all ¢ € [0,1] when
p(y) < p(x) (see Lemma 3.1.6), we find that

][ Boiy) (BIF2(y)]) dy ][@p(y>(|f2(y)l)dy< ][@p(y)(lf(y)l)dy

Q Q Q
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Finally, for I3 we get with Jensen’s inequality

I3 < ][%m (BIF W) X eq: 0<|£w)I<1.p()>p(x)} Y-
Q

Now, Young’s inequality (Lemma 3.2.15) and 3 < « give that

B |f(y)l ~
I < ][ (s%(y) (67 + Paaa) (V) | X{weQ: 0<|£(w)I<1,p(v)>p(x)} WY

Q
< ][¢p<y>(|f(y)|)dy+ ][%u,w (V) X{0<1 £ @)I<1,p(3) >p(2)} Y-
Q Q
This proves the lemma. a

In the case where the limit pi = lim|;| 0o zﬁ exists, it is useful to split
the second integral in the previous estimate into two parts by means of the
following lemma:

Lemma 4.2.3. Let p € P2(R"). Let q be as in Lemma 4.2.2 and define

s € P(R™) by ﬁ = |ﬁ - t| Then

- ~ 1 - 1
Bata) (1) < () (t7) + Py (£2)
for every t € [0,1].

Proof. Let t € [0,1]. For all z,y € R™

1 1 1 1 1 1
0< = max-< 0, — < + = .
p S(x) S(y) qz,y

Using (3.3.10) and the convexity of a +— @1,4(t) (Lemma 3.1.4) we estimate

1 ~ ~
) () + 5P (t) = Ps(a) (t%) + Ds(y) (t%). ]

- - 1_
Py(zy)(t) < Pg,, (1) < 5P

x
2

The following theorem plays a central role in later proofs of strong and
weak type estimates, as well as estimates of convolutions.
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Theorem 4.2.4 (Key estimate). Let p € P°8(R"™). Then for every m > 0
there exists 5 € (0,1) only depending on m and ciog(p) such that

Po(z) (ﬂ C]f |f ()] dy) 7

F ern1dn 5 ( f e+ 1+ e 4D xocismicnds)

<l

Q
F w1y + 5 F (e )™ + (e + o)™ xtociriindy
Q Q

for every cube (or ball) Q C R", all z € Q, and all f € LPO)(R™) 4+ L®(R™)
thh HfHLP(‘)(R")+LOC(]Rn) < 1

Note that if p* < oo then in the previous lemmas and theorem we can take
the constant 3 out from ¢,.). For example, in the later case of the previous
theorem we obtain

w10l ay )
Q

C][%(w( dy+C][ ((e+|z))™™ + (e + ly)) ™) xqo<|£ () 1<1} Y,
Q Q

where the constant ¢ depends only on m, ciog(p) and p™.

Proof of Theorem /.2.4. Define q := -£. As an immediate consequence of
Lemma 4.2.2, Lemma 4.2.3 and Proposition 4.1.8 with exponent ¢, we obtain

Pt (ﬁ][ o dy> < F ean (1£ ) dy
Q Q

+ C][ ((e+ 1z~ + (e + [y ™™) xqo<Ifw)<1} Y
Q

for suitable 8 € (0,1). Raising both sides to the power of p~ and using
Jensen’s inequality on the first integral on the right-hand side yields the first
inequality. By Jensen’s inequality, p~ can be taken into the second integral
and absorbed into m’ := mp~, which gives the second inequality. O

If we then integrate the estimate in Theorem 4.2.4 over a cube (or ball) @,
then we get the following result.
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Corollary 4.2.5. Let p € P'°8(R"). Then for every m > 0 there exists
B € (0,1) only depending on m and ciog(p) such that

[ e (ﬂ Firw dy) o< [ (F@Ddy+ [+ 1) do.
Q Q Q Q

[ owe (ﬁ i) dy) o< [ (F@Ddy+ 1y € Q50 < 17w < 1)
Q Q Q

for every cube (or ball) @ C R™ and all f € LPO(R™) + L>®(R"™) with
||f||LP<‘)(R”)+L°C(Rn) < 1.

For later use we also record the following modification of Lemma 4.2.1.
Note that Pg from Lemma 4.2.1 is replaced in Lemma 4.2.7 by pg, the
harmonic mean:

Definition 4.2.6. Let p € P(R™). For measurable E C R™ with |E| € (0, o)
we define the harmonic mean pg € [1, 00| by

1 1
Lofy,
PE p(y)
E
We derive further properties of the harmonic mean pqg in Sect. 4.5.

Lemma 4.2.7. Letp € P'°8(R"). Then for any m > 0 there exists 3 € (0, 1),
which only depends on the local log-Hdolder continuity constant of %, such that

_ 1 9 -
Pp(x) (/890;(;(|Q| 1)) < Q| ! + E(e +z))"mP 4+ §<][(e—|— ly)~™ dy) ,
Q

for any cube (or ball) Q@ C R™ and any x € Q.

Proof. We prove the claim for ¢,.) = @p(.). The case ¢,y = pp.) follows
easily with the help of Lemmas 3.1.6 and 3.1.12.
Define f := XQ@;(SOQ\%). Since @;8) is the left-continuous inverse, we

_ _ __ = -1 _
find that @) (f) = XQPp() (@ (1R ) < x@ QI Hence 3,(,(f) < 1
and || f|l p(y S 1 by the unit ball property. The convexity of the mapping
q — ¢1/4 and Jensen’s inequality imply that

G Q) < F oy Q1) dy.
Q

By Theorem 4.2.4 there exists § > 0 such that
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Pp(x) (ﬂ][ |f(y)] dy) < ][¢p(y)(|f(y)|)dy + %(eJr jz]) e

Q Q )
+§(£[<e+y|>mdy>p .

Since Ep(‘)(f) < 1, the first term on the right-hand side is less than or equal
to |Q| ™!, which completes the proof. O

Remark 4.2.8. The decay condition can be slightly weakened. Assume that
p is locally log-Hélder continuous and satisfies 1 € L), where s is given by

. ’ 1 1 }
p(x)  pool

Then Lemma 4.2.2 holds, since it only requires the local log-Hélder conti-
nuity of %. Moreover, Theorem 4.2.4 remains true. We only have to replace
(e |z])~™ in the proof by ¢4(4)(y) with v > 0 such that gy.)(vy) < oo. Also,
all results that are solely based on the theorem hold under this weaker condi-
tion on p. The condition 1 € L*(") has been studied by Nekvinda [314,316] in
the context of the Hardy-Littlewood maximal operator. Note that 1 € L5()
is equivalent to the existence of v > 0 with

1
25()(7) = /’Y‘ﬁfﬁl dr < oo.
Rn

4.3 The Boundedness of the Maximal Operator

In order to derive more sophisticated results for the spaces LP()(R"), we
have to investigate the Hardy-Littlewood maximal operator M on LP()(R™).
This operator is a powerful tool and we will see that many properties will
follow from the boundedness of M. The most central property of the maximal
operator is that it is a bounded operator from L? to LY when ¢ € (1,00]. In
this section we prove the variable exponent generalization of this.

Let us start with some notation. Recall that our cubes are always with
sides parallel to the axis.

Definition 4.3.1. For a function f € L°(R") and an open, bounded set
U C R™ (usually a cube or a ball) we define

Myf = f )| dy = |—;| / W) dy. (43.2)
U U
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The (non-centered) mazimal function Mf of f is defined by

Mf(x) = ng Mqf = Sup][lf )| dy

for all z € R™, where the supremum is taken over all cubes (or balls) @ C R™

which contain x. The operator M : f — Mf is called the Hardy-Littlewood

mazimal operator or just mazimal operator. Furthermore, for f € L (R™),
€ [1,00), and an open, bounded set U C R™ we define

Moo f = (Mo (7)) (][If |dy)7

M, f = (M(|f[*)*

=

Remark 4.3.3. In Definition 4.3.1 it is possible to use balls instead of cubes.
Also, we could take the supremum only over those cubes (or balls) which are
centered around x, rather than the ones containing x. Up to constants all
of these versions are equivalent, e.g. ¢ Mpaisf < Meubesf < coMpansf with
c1, co only depending on the dimension n.

Let us recall some classical results for the maximal operator M, see for
example Stein [360]. For f € L] (R™) the function Mf: R" — [0, oc] is lower
semicontinuous and satisfies | f| < Mf almost everywhere. For any 1 < ¢ < oo
and f € LY(R™) the function Mf is almost everywhere finite. Moreover, for
1 < ¢ < oo the mapping f — Mf is bounded from LI(R™) to L9(R™). The
constant blows up as ¢ \, 1. Indeed, M is not bounded from L!(R") to
LY(R™). Actually, Mf ¢ L*(R") for every non-zero f € L'(R"). In the L'
case we have the weaker result

H)‘X{Mf>)\}||L1(]Rn) < CHfHLl(Rn)? (434)

for f € LY(R") and A > 0, where ¢ depends only on n. Here, X{Mf>x} denotes
the characteristic function of the set {y € R™: Mf(y) > A}. This set is open,
since Mf is lower semicontinuous. If inequality (4.3.4) holds for every A > 0,
then we say that M is of weak type 1.

The weak Lebesgue space w-L? with ¢ € [1, 0o] is defined by the quasinorm

1flh-a := sup Mg pi>al,-
A>0

The quasinorm satisfies the triangle inequality |[|f+gll, ;« <
2(/ fllw.r.a+N19llwra), while the other norm properties remain true. Obviously,
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“M is of weak type 17 if and only if M maps L'(R") to w-L*(R™). We have
LY(R™) — w-L'(R™), since X xq|gj>x} < |f| for all f € L'(R™). Another easy
embedding follows:

Lemma 4.3.5. Let p € P(R") with p~ > 1. Then w-L*(R") N L= (R") —
LPO(R™).

Proof. We assume that p~ < oo, since the claim is trivial otherwise. Let
f € w-LY(R™) N L>°(R") with max { | flly_1®n): Il < 1. Then

1
/%@v| /mpm—/ﬁ-WW>ﬂw
0

R

1
<l [t < . .
0

Next we have a version of Theorem 4.2.4 with maximal functions instead
of integral averages.

Lemma 4.3.6. Let p € P°8(R™). Then for any m > 0 there exists 3 € (0,1)
only depending on m and ciog(p) such that

o) (BMF(y)) < M (p((f)) (W) + h(y),
for all f € LPO(R™) 4+ L>=(R™) with 1l o) ®n)1Lo@ny < 1 and ally € R,
where h(y) := M((e + H)fm)(y)

Proof. Let m > 0, then from Theorem 4.2.4 it follows that there exists 8 > 0
such that

) (5;}[ If(y)] dy>

< o@D+ 5e+1a) ™+ 5 Fle+ lyh ™ dy
Q

Q

DN | =

for f € LPC)(R™) + L>=(R™) with £l Lo Ry 4 Lo mny < 1 and all z € Q. We
take the supremum over all cubes (or balls) @ C R™ with « € @ and use that
©p(.) is non-decreasing and left-continuous:

2ot (BMF (@) < M2y (D) @) + 50 + 1) ™™ + 5M (e + )™ (@)
< M () (1) (@) + M (e + |)7™) @) 0
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If p is bounded and we are working in a bounded domain, then the following
simplified version of the previous lemma is often useful:

(Mf ()™ < eM(|fPY) + . (4.3.7)

This inequality holds under the same assumptions as in the lemma.
We are now ready to prove the main theorem of this section.

Theorem 4.3.8. Let p € P°8(R") with p~ > 1. Then there exists K > 0
only depending on the dimension n and ciog(p) such that

IMFlLey < K o) 11l

for all f € LPO)(R™).

Proof. Let ¢ := 2, so that ¢ € P'°8(R") with ¢~ = 1. Let f € LPO)(R™)
with || f[l,,.) <1 and note that || f|l o) gn)4 e @n) < 1 by Theorem 3.3.11.
This and Lemma 4.3.6 imply that

M (40 (f)) () + %h(ax) (4.3.9)

DN | =

Py (5 Mf(2)) < %%(aa)(ﬁMf(%“)) <

with h(z) :== M ((e+ |-|)~™)(z), where we choose m > n. Furthermore, from
Lemma 3.1.6 it follows that

o) () < Poe) (1) = (P 1)” < (pu(o) (20))7

for all £ > 0 and all x € R™. Combining the results above, we find that

@p(w)(ng(x)> (soq z)( Mf(x )))p

3M (50 (1) + 51(0))

<

MI)—A/\

< SM (g0 ()" + %h(ﬂf)pi

Integration over R™ yields

000y (MF) < 1M (o (FDIEZ + BRI

Since (e +||)~™ € LY(R") for m > n, and M is of weak type 1, we conclude
that M ((e+ ||)~ ) € w-L'(R"). Hence h? is integrable by Lemma 4.3.5.
Moreover, || f||,.) < 1 implies [[@q0)(f) ||p, < 1. So the classical result on the

boundedness of M on L? (R™) implies that || M (¢, (f))|l,- < c(p™)’, with
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boundedness constant depending only on n. Thus Qp(.)(ng) <lelp)P ,
and by Lemma 3.2.5 || Mf||,) < K (p~)’ for || f|l,) < . The proof is com-
pleted by the scaling argument. ]

The proof of Theorem 4.3.8 goes back to many authors. The first version
goes back to Diening [91], who proved the result for bounded exponents that
are constant outside a large ball. This condition has been later relaxed by
Cruz-Uribe, Fiorenza, Martell and Pérez [83, Lemma 4.3] to the log-Hélder
decay condition and by Nekvinda [314] to the integral condition 1 € L) as
in Remark 4.2.8. The boundedness of the exponent was then removed in [95]
and [81]. The proof in this book is closest to the one in [95].

Remark 4.3.10. As in Remark 4.2.8 it is possible to replace the decay con-
dition on % in Lemma 4.3.6 and Theorem 4.3.8 by the weaker condition

sC) with L . |1 _ 1
le L*Y with 7 = |p(r) o |-

Using a standard argument we obtain a local version of the previous result.
Note that the decay condition is vacuously true if the domain is bounded, so
in this case the local log-Ho6lder condition is sufficient for boundedness.

Corollary 4.3.11. Let p € P°8(Q) with p~ > 1. Then there exists K > 0
only depending on ciog(p) and the dimension n such that

IMF || Loy < K (7)1l ocr o

for all f € LPO)(Q).

Proof. By Proposition 4.1.7 we extend the exponent to the whole space R™
with the same infimum and log-Holder constant. A function f € LP()(Q) can
be extended to R™ by zero outside §2. Denote these extensions by p and f,
respectively. Then

IMF o) < ”MfHLﬁ(-)(R") <K (p_)/Hf”Lﬁ(-)(]R") =K @) [Iflzee) )
by Theorem 4.3.8. 0O

If one assumes a weaker modulus of continuity than log-Holder, then it is
still possible to obtain the boundedness of the maximal operator, but the tar-
get space is larger than LP()(R™). Such results have been studied by Mizuta,
Shimomura and their colleagues, see, e.g., [298].

The boundedness of the maximal operator on metric measure spaces has
been investigated e.g. in [203,252] in the variable exponent context. The
discrete setting has been studied in [315]. Such results are not considered here.
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4.4 Weak-Type Estimates and Averaging Operators

We saw in Sect. 4.3 that the maximal operator is of strong type when p is
log-Hélder continuous with p~ > 1. In order to get around the latter restric-
tion we consider in this section weak-type estimates and averaging operators.
Averaging operators have been studied by Edmunds and Nekvinda in [119],
but here we undertake a much broader investigation of their properties.

Recall that a sublinear operator on a real vector space X is an operator
T which satisfies

T(f+g9) <Tf+Tg and T(tf)=tTf

for all f,g € X and all scalars ¢t > 0.

Definition 4.4.1. Let ¢ € ®(R") and let T' be a sublinear operator which
maps L?(R™) into the space of measurable functions on R™. Then we say
that T is of weak type o if there exists K1 > 0 such that

AT | ey < B e ny

for all f € L¥(R™) and all A > 0. We say that T is of strong type ¢ if there
exists K9 > 0 such that

N7 F 1 o oy < K2l 1] o ey

for any f € L¥(R™). If p € P(R"), then instead of weak type ¢, .y and strong
type @p(.) we write weak type p(-) and strong type p(-), respectively.

For a operator T and A > 0 we obviously have X x¢j7¢>x} < |Tf|. There-
fore, if T' is of strong type p(-), then it is also of weak type p(+). For instance,
in classical Lebesgue spaces, M is of strong type ¢ for any ¢ € (1, 00] and of
weak type ¢ for any ¢ € [1, o0].

In this section we study weak and strong type results for M in the context
of LPO)(R™) with p € P°8(R™). We first introduce the notation of averaging
operators Tg and then deduce from their properties that M is of weak type

p(-).

Definition 4.4.2. A family Q of measurable sets U C R" is called locally
N-finite, where N € N, if

ZXUéN

UeQ

almost everywhere in R™. We simply say that Q is locally finite if it is
N-locally finite for some N € N.
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Note that a family Q of open, bounded sets @ C R™ is locally 1-finite if
and only if the sets Q) € Q are pairwise disjoint.

Deﬁnition 4.4.3. For a family Q of open, bounded sets U C R™ we define
o: LL (R") — LY%(R") and T5,0: Li . (R") — LY(R") with s € [1,00) by

loc
Tof:=> xuvMuf=> xuv ][|f )| dy,

UveQ UveQ
Toof =Y xuMauf = ZXU<f|f |dy>
UueQ UveQ

The operators Tg and T o are called averaging operator and s-averaging
operator, respectively.

Note that Tg = T1,0. The functions T f and Ts of are well defined
in LY(R™), since Mgf > 0, but might be infinite at many points or even
everywhere. However, if Q is locally finite and f € L} (R") and g € L{ (R™),
then T f € L. (R™) and T og € L{ (R™). By Jensen’s inequality we have
Tof <Ts,0 for s > 1.

Definition 4.4.4. Let ¢ € ®(R™). Then for any ¢ > 0 the mapping
x +— @(z,1) is non-negative and measurable. Now, for a cube (or ball) Q C R”
and ¢ > 0 we define

Mop(t) == ][ga(x,t) dzx.

Q

For a measurable function f on R™ we define a function ¢(f) on R™ by
o(f) = w(, |f()]), ie. for all z € R™ we set

() (@) = @@, | f(2)])-

By Lemma 2.3.10, the function ¢(f) is measurable. If xo € L¥, then Mg
is a ®-function. This is certainly the case if ¢ is locally integrable. Also note
that in the sense of (4.3.2) we could write Mgp(t) = Mg(p(-,t)). Instead
of [¢(x,|f(x)|)dz we can now write more compactly [ ¢(f)dz. Note that
whenever we have a generalized ®-function ¢ and a measurable function f,
then ¢(f) depends on z via f and . For example, by ¢,.)(f) we denote the
mapping x — @p(m)(|f(x)‘)

With this notation we can write an analogue of Corollary 4.2.5:

(Mqep)) (BMqf) < Mo (epy(f)) + Mg((e+1-1)"™) (4.4.5)

with the notation and assumptions of that lemma.
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Definition 4.4.6. By A we denote the set of all generalized ®-functions ¢
on R™ which have the property that the averaging operators Tg are bounded
from L¥(R™) to L¥(R™) uniformly for all locally 1-finite families Q of cubes
in R™. The smallest constant K for which

1Tof]l, < KIS,

for all locally 1-finite families of cubes Q in R™ and all f € L?(R"™), will be
called the A-constant of p. If ¢ € A, then we say that ¢ is of class A. In
the case @), p € P(R"), we denote ¢,y € A simply by p € A and call the
A-constant of ¢,y also the A-constant of p.

By Ajoc we denote the set of all generalized ®-functions ¢ on R™ which
have the property that the averaging operators Tq) over single cubes @ are
uniformly bounded from L¥(R") to L?(R"™), i.e. supg HT{Q}fH(p < Ko fll,
for all f € L¥(R"™), where the supremum is taken over all cubes @ C R™.
The smallest constant Ko will be called the Ajoc-constant of ¢. If ¢ € Ajoc,
then we say that ¢ is of class Aloc. In the case .y, p € P(R"), we denote
Pp(-) € Aloc Slmply by pEe Aloc.

In Theorem 4.4.8 we will show that each exponent p € P8 satisfies p € A.

Lemma 4.4.7. Let p € P°8(R"). Ifp € A and s > 1, then sp € A. If M is
bounded on LPC)(R™), then it is bounded on L*PC)(R™).

Proof. Using Lemma 3.2.6, (Tof)* < (Ts.of)® = To(|f]°) and p € A we

estimate
ITafl%, = 1Taf) ., <ITallfy,, <cllfilly,, =clfl. -

The claim for M follows similarly from (M f)* < M(|f]?). O

If o € Ajpc or ¢ € A, then necessarily xg € L¥ for all cubes @ C R™.
Obviously, A C Aj,e. So naturally the question arises if the reverse holds
or not. Is it really necessary to consider locally 1-finite families of cubes
rather than just single cubes? At least for classical weighted Lebesgue spaces
LY(R™ wdz) as well as weighted Orlicz spaces there is no difference in using
families or single cubes. However, we will see in Theorem 5.3.4 that it is in
fact not possible to use only single cubes in the general case.

The properties class Ay, and class A will be studied in great detail in
Sects. 4.5 and 5.2. We will see in Sects. 5.2 and 5.7 that there is a strong con-
nection between class A and the boundedness of the maximal operator M.
At this point we only mention that classes A and Aj,. are natural generaliza-
tions of the Muckenhoupt classes of weighted Lebesgue spaces (with constant
exponents). Using Corollary 4.2.5 we now derive an analogue of the maximal
theorem for the averaging operators To. Note that the assumption p~ > 1 is
not needed in this context.
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Theorem 4.4.8. If p € P°8(R"), then p € A with A-constant depending
only on ciog(p) and n. Moreover,

||TQf||p() cN ||f||

for every locally N-finite family Q of cubes (or balls) and all f € LPO)(R™).
The constant ¢ depends only on ciog(p).

Proof. Let f € LPO)(R™) with [£1l,¢.) < 1andlet Q be a locally N-finite fam-
ily of cubes (or balls). Then by the unit ball property o,(.y(f) < 1. Let m > n
be such that [, (e + |y])”™dy < 1. Choose 8 € (0,1) as in Corollary 4.2.5.
Then

Qp()( ﬁTQf) QE:Q/LPp(z) BxqMqf)dx
€2Q

% (/@p(y)(f(ymdyq-/(e—&- ly)™™ dy)
Q

QeQ Q

3([enotndes [(esleh i)

R™ R™

< %(Qpc)(f) +1) <L

N

N

where we have used that Q is locally N-finite. This implies || Tofl|,.) < %
t

A scaling argument yields the [|Tgf[,.) < %”f”w' The case N = 1 with
cubes implies p € A. ad

Remark 4.4.9. As in Remark 4.2.8 it is possible to replace the decay con-
dition on % in Corollary 4 2.5, (4.4.5) and Theorem 4.4.8 by the weaker

iti 5() = L
condition 1 € L*"") with S(I) : |p(z ol

For any locally 1-finite family of cubes Q in R™ and f € Lloc( ™) the
inequality [Tof| < Mf holds almost everywhere. Therefore, |Tof||, <
|| Mf]] , and we conclude that ¢ € A whenever M is of strong type . Thus
the class A is weaker than the boundedness of M. This fact was rather sim-
ple. More interesting is the following theorem, which shows that a weaker
version of the converse statement is true.

Theorem 4.4.10. If ¢ € A, then M is of weak type p and the constant
depends only on the A-constant of ¢ and the dimension n.

Proof. In the proof we need the centered maximal operator, M enterf (),
where the supremum is taken over all cubes with center x. This is indicated
by the notation @,. Note that

Mcenterf < Mf < 2nMcenterf (4~4-11)
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for every f € Li (R™). Therefore, it suffices to prove the theorem with M
replaced by Mcenter-

Fix f € L¥O(R") with [|f]|l, < 1 and A > 0. Let Qx := {Meenterf > A}
Then Q) is open, since Mcenter 18 lower semicontinuous. Let K be a compact
subset of ). For every z € K there exists a cube @), with center x such
that Mg, f > A. From the family {Q.} ., we can select by the Besicovitch
covering theorem, Theorem 1.4.6, locally 1-finite families O, ..., Q¢,, which
together cover K. The natural number &, depends only on the dimension n.
Then almost everywhere

£n
Axk < Z > Axe < Z > ][ Ddyxe =Y To,.f.
m=1Q€Qm m=1Q€eQm ¢ m=1

This and ¢ € A imply

Z To,.f

where ¢y is the A-constant of ¢. Now, let K;CC Qy with K; " Q). By the
previous inequality and monotone convergence, Theorem 2.3.17, we conclude
that

&n
A x|, < < ITe. f]l, < &neolifl,
m=1

)

IMxanll, = Jim [[Axi,l, < &ncoll - O

Theorems 4.4.8 and 4.4.10 have the following immediate consequence.

Corollary 4.4.12. Let p € P°8(R"). Then M is of weak type p(-) with
constant depending on p only via ciog(p).

We have seen that the uniform continuity of Tg from L¥ to L% for all
locally 1-finite families of cubes Q in R™ implies that M is of weak-type ¢.
The following lemma is a weaker version of the converse direction.

Lemma 4.4.13. Let ¢ € ®(R™). If M is of weak type p, then ¢ € Ajpe.

Proof. Let f € L?(R™) and let @ C R™ be a cube. If A\ := Mg f > 0, then

1Ty fll, = lIxe Mafll, < 2lxpursxnAll, <cllfll,,

where we have used that M is of weak type . a

The condition ¢ € Ajo. can also be characterized in terms of the norms of
characteristic functions, see Theorem 4.5.7.
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We have seen in Corollary 4.4.12 that M is weak type p(-) if p € P8(R").
In particular, we have the norm estimate ||/\X{Mf>>\}||p(_) < K| I,y for all

f € LPO)(R™). However, often it is better not to work with the norm but
rather the modular g,.), since it behaves more like an integral. For example

the Sobolev embedding W'?() < LP"() in Sect.8.3 is based on weak type
estimates for the modular g,.).

Proposition 4.4.14. Let p € P°8(R"). Then for any m > 0 there exists
B € (0,1) depending only on the dimension n, m and ciog(p) such that

op() (BAX{ap>}) < 0p(o (f) + / (e +|z))~™ dx

{Mf>4-"X}

for all f € LPO)(R™) 4+ L>®°(R™) with [Flpoc) @ny+poo ey < 1 and all X > 0.

Proof. We prove the claim for the centered maximal operator. The other
case follows from point-wise equivalence (4.4.11) of the centered and the
non-centered maximal operator.

Fix f € LPO)(R") with [fll,) <1and A > 0. Then {Mf > A} is open,
since M is lower semicontinuous. Let K be an arbitrary compact subset
of {Mf > A\}. For every x € K there exists a cube @, with center z such
that Mg, f > A Note that Q, C {Mf >2""A} by (4.4.11). From the
family {Q.: = € K} we can select by the Besicovitch covering theorem, The-
orem 1.4.6, a locally &,-finite family O, which covers K. The natural number
&, only depends on the dimension n. Let m > 0. By Corollary 4.2.5 there
exists 0 > 0 such that

[ ewnGMaridy < [ y(F@ydy+ [ e+ 1) dy

Q Q Q
for all Q € Q. Now, the convexity of the modular (2.1.5) and Mg f > A for
Q € Q imply that

NI <N TS / oty (BMof) dy
QEQQ

With the previous estimate we get

oo < Y / )y + (e |y|>mdy)
Q

QeQ

< o) (f) + / e+ [y) ™™ dy,
{Mf>2-nx}
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where we used that Q is locally N-finite. Let K;CC {Mf > A} with K; ~
{Mf > A}. Then monotone convergence (Lemma 3.2.8) implies that

0r) (N BAX (irsay) < 000 (f) + / (e + [y])~™ dy. .
(Mf>2-7)\}

In Theorem 4.4.8 we have seen that p € P8(R") gives control over
averaging operators over locally finite families of cubes in the sense that
1> geo xXoMqfll,.y < cllfl,)- In this situation we distribute the averages
of |f| exactly on the same cubes, where the average is calculated. However,
sometimes it is useful to take the average on one locally finite family and
transfer it another locally finite family that is similar in some sense. This is
the purpose of the following theorem. It is a stronger version of Theorem 4.4.8
and will be used for example for the extension of variable exponent Sobolev
functions in Sect. 8.5.

Theorem 4.4.15. Let p € P°8(R") and A\ > 1. Let Q be a locally N-finite
family of cubes (or balls) such that to every Q € Q, there is associated a cube
Q* with Q C AQ*. Further assume that ZQEQXQ* < N. Then

<cA'N | f]]
p()

> xoMq-f

QeQ

p(-)

for all f € LPO)(R™), where ¢ only depends on ciog(p) and n.

Proof. Let f € LPO)(R™) with ||f||,, < 1. Then by the unit ball property

0p()(f) < 1. Let m > n be such that [, (e+]y|)~™ dy < 1. Choose 3 € (0,1)
as in Theorem 4.2.4. Let @ € Q. Then by assumption Q C A\Q*. We apply
Theorem 4.2.4 to the cube A\@Q* and the function fxg- and integrate over
x € Q. This gives

/sﬁp(x) <ﬂ ][ XQ* f|dy> dr < Q)| ][ Pp(y) (X~
Q

AQ* AQ*

) dy

1 1
43 [l lah o+ 3101 £ xo- (e Iy du.

Q AQ*

where we have used {0 < |xq~ f| < 1} C Q*. Since A > 1, it follows that
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/%(y) (BA " x@Mq- f) dy
Q

1 . 1 o
< [y + 3 [+ laly ™ dot 5 [ )™ d,
Q* Q Q*

Then the convexity of the modular implies that

B 1 —n
Qp(.)<2N/\n > XQMQ*f) <3y > /%(y) (BA"xoMq- f) dy
QeEQ Q

QeEQ
1 1 .
<500+ [l
R”L
<1,

where we also used that Q is locally N-finite and ZQeQXQ* < N. This
implies that |3 5o XQMQ*pr(.) < % A scaling argument completes

the proof. O

Remark 4.4.16. If P'°5(R") with p~ > 1, then by Theorem 4.3.8 the
maximal operator M is bounded from LP()(R™) to LPC)(R™). In this case The-
orem 4.4.15 is a simple consequence of the estimate xqoMqo«f < A" xoMf
and the boundedness of M. However, we cannot use this argument in the
general case P°8(R™) with p~ > 1.

Using the choice f := EQGQXQ*tQ in Theorem 4.4.15 we immediately
get the following result.

Corollary 4.4.17. Let p € P'°8(R") and A > 1. Let Q be a locally N -finite
family of cubes (or balls) such that to every Q € Q, there is associated a cube
Q" such that Q C AQ*. Further assume that ZQeQ Xg+« < N. Then

<cA\"N
p(+)

> Xotq

QeQ

Y xe-to

QeQ

p(+)

for all families {tq} € R<, where ¢ only depends on cioq(p) and n.

4.5 Norms of Characteristic Functions

1
In classical Lebesgue spaces [|x&(|, = |E|*. We would like to generalize this
to the case of a variable exponent p € P(R™). For general p it is not clear
how to replace % in the formula by something in terms of p. However, it turns
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out that if p € Ao, then ||XQ||p(.) A |Q|% for any cube @, where pg is the
harmonic mean from Definition 4.2.6. .

Before we come to the proof of ||XQ||,,(A) ~ |Q|?e for cubes @ we need a
few auxiliary results. First we note that the calculation

1 1 1 1 1
o =5 f = = e

This implies that (pg) = (p')g for every measurable E C R"™ with
|E| € (0,00). Thus we do not have to distinguish between (pg)’ and (p')g
and just write p’; for short.

Lemma 4.5.1. Let p € P(R"™) and let E C R™ be measurable with
|E| € (0,00). Then

forallt >0

Proof. The mappings % — Pq(y,t) and L — @q’l(y, t) are convex for all
y € R” and £ > 0 due to Lemmas 3.1.4 and 3.1.13. Thus, Jensen’s inequality
implies the middle parts of the inequalities. The remaining inequalities follow
with the help of Lemmas 3.1.6 and 3.1.12. O

Lemma 4.5.2. Let p € P(R"™) and let E C R"™ be measurable with
|E| € (0,00). Then for allt >0

t < ][ p(w (t )dx][%;}aj)(t) dx.
E E
Proof. 1t suffices to prove the case ¢ > 0. By Lemma 3.1.11,

_ t
() > =T

for all t > 0 and all x € E. Therefore

1 1 t
tYde >t dx ,
][‘Pp(ac)( ) X ][ -1 (t fE @p (w) )dCC

o B P/ ()
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where we have used in the last step Jensen’s inequality for z — 1/z. This
proves the lemma. |

We can now calculate [[xqll,., for cubes Q.

Lemma 4.5.3. Let p € Ao and let A be the Ayc-constant of p. Then

|Q|][ ey (1ar) 4o ][%7(2) (r7) dz < 2lIxll, () ][wg(i)(@) dz < 2A

Q Q
(4.5.4)
and

tereh <@ f ot () do < 2xall, ) < 44g;2(Q)  (45.5)

for all cubes Q C R™. Moreover,

1 N

L1017 <llxll,, <441Q/%, (45.6)
where we use the usual convention A= = A0 = 1 for all 0 < X < oo if

pPQ = .
Proof. Let @ C R™ be a cube. Define f := xq cp;(%)(l/|Q|) and g =

XQ 4,0;,%.)(1/|Q|) and note that g,)(f) < 1 and gy ()(g) < 1 by (3.1.9).
Thus, ||f||p() < 1and |g] () S1 by the unit ball property.

The first inequality in (4.5.4) follows directly from Lemma 4.5.2. The
second one follows from Hélder’s inequality (Lemma 3.2.20):

Q) f ooy () do = [ 9z < 2ol ol < 2naly
Q

The third inequality can be derived as follows

HXQllp(.) ][‘P;(}z)(ﬁ) dx = HXQ||p(.)MQf = HT{Q}f”p(-) < AHf”P() <4
Q

Since fQ w;év) (%I) dx > 0, we obtain

2K
Q1 f et (r) e < 2lxaly, < s
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from the second and third inequalities of (4.5.4). By Lemmas 4.5.1, 3.1.11
and 3.1.12 we estimate the left-hand side:

1 1
lQ\f Pyt (1a7) 4o Ileo W@ 25Ty 2 6 ra (1QD)-

QI

Combining these two inequalities yields the first inequality in (4.5.5). Simi-
larly we derive

K 2A

— < — < 24¢,2(1Q)),
Foorty () de = g (dyyde =0

which gives the second inequality in (4.5.5). If ¢,) = @y, then (4.5.5)
directly implies

1 1 1
L1017 < lxall,,,, <441Q/%

which is stronger than (4.5.6). This and (3.2.2) imply the result in the
case Pp(.) = Pp(-)- 0
Note that Lemma 4.5.3 remains valid if we use balls rather than cubes

with a possible change of constants. This is due to the fact that every cube
is contained in a ball of similar size and vice versa.

Theorem 4.5.7. Let p € P(R™). Then the following are equivalent:

(a) pE »Aloc

(b) p' € Aoc-

(©) Ixall,e Ixell,, = QI uniformiy for all cubes Q C R,
(

1 = ]
Q) Ixallyy = QIS and Ixqll(, ~ QI wniformiy for all cubes Q € R
The statement remains true if we replace cubes by balls.

Proof. (a) < (b): For allw non-negative f,g € L. _(R") we have
ng{Q}fda: = ffT{Q}g dz. Thus by the norm conjugate formula (Corol-
lary 3.2.14) T(g; is bounded on LPO) if and only if it is bounded on
LY ).

(¢) = (a): Using Holder’s inequality (Lemma 3.2.20) we get

1Tt f 1L,y = Ixe Mafll,y = Ixell,ol@™ /XQ(y)If(y)I dy

R™

< ||XQ||p(.) 2 |Q|71 ||XQ||p/(.) ||f||p()

for all f € LP0). Now, Ixell,.y Ixall,y ) = |Q| yields the boundedness of
Tiqy-
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(a) = (c): We estimate with the norm conjugate formula of LP() (Corol-
lary 3.2.14)

Ixallylxallye) < 2xal,e, sw [ xogds
HQHP(.)<1

=2 swp [Q|lxe Myl
|\9Hp(-)<1

<24 sup |Q|||g||p(<)
llgll, )<t

= 24|Q|

uniformly for all cubes Q C R™, where A is the Ajoc-constant of p.

(a) + (b) = (d): This follows from Lemma 4.5.3 and % =1- 1%.

(d) = (c): This is obvious. O

Remark 4.5.8. If ¢ is a proper generalized ¢-function on R™, then the norm
conjugate formula is valid for L#(R") and L¥" (R") (Corollary 2.7.5). In such
a situation the equivalence of (a), (b) and (c) in the previous theorem remains
valid. More precisely, if ¢ € A with Ajc-constant A, then [[xqll, l[xqll,. <
A|Q)| for all cubes Q.

In Theorem 4.5.7 and Remark 4.5.8 it is also possible to use balls instead
of cubes. By Theorem 4.4.8, p € A C Ay if p € P°8(R™). Combining this
with the previous theorem yields:

1
Corollary 4.5.9. Let p € P°8(R"). Then ”XQHp(~) ~ |Q|Pe for every cube
(or ball) Q@ C R™. More concretely,

Ixol N ‘Q|ﬁ if Q| < 2™ and x € Q,
YO ers g1

for every cube (or ball) Q@ C R™. The implicit constants only depend on ciog(p).

Proof. The first claim follows from the previous theorem. It remains only

1 1
to prove that |Q|?e = |Q|ﬁ for small cubes and |Q|*@ = |Q\i for
large cubes. The former claim follows directly from Lemma 4.1.6 since
Po SPQ < pg. The latter follows if we prove that

1 1
|— - —|1glol<c
PQ Poo

for all cubes with |@| > 1. By the triangle inequality and the decay condition
we have
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C2
< Flat 5l f v
PQ P J log(e + |z[)

Denote R = diam @). Note that the integrand increases if we move from a
arbitrary cube to a cube of the same size centered at the origin. For simplicity
we then move to a ball and change to scaled spherical coordinates (with
r = Rs, s €[0,1]):

1

Ry vy 2
10g(e—|— |x| log( e—|—Rs

B(0,R) 0

sm—i%’;m < ¢ uniformly in s € [0,1] and R > 0, we see that the

integral on the right-hand side is bounded by cm. Since % < ¢,

the claim follows. a

Since

4.6 Mollification and Convolution

In this section we again start with the key estimate for norms of averages,
Theorem 4.2.4. Now we move in the direction of mollifications. Convolutions
were first considered in this context by Samko [340], although the sufficiency
of the log-Hoélder condition was established by Diening [91].

Lemma 4.6.1. Let p € A. Then

Hf X9 <Al

Hlfl

Q) 1Ql

p(+) p(-)

for all f € LPC)(R™) and all cubes (or balls) Q C R™ with center at 0. Here
A is the A-constant of p.

Proof. Let Q C R™ be a cube with center at 0 and f € LP()(R"). For k € Z"
let Qr := £(Q)k + Q, be the translation of @ by the vector £(Q)k. Then the
cubes {Q}, are disjoint and cover R™ (up to a null set). Moreover, we can
split the set {3Q4}, into 3" locally 1-finite families Q;, j = 1,...,3". For
every k € Z™ and every x € Q) we have

)| d " M. T

where we have used that @) has center at zero. Therefore,
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37’1,
XQ XQ n n
feXe <H|f|*— <3 S|ITo fl| . < 3 AlflL.
‘ Q] ) Q| () p p(-) ()
where A is the A-constant of p. a

With this lemma we can prove convolution estimates for bell shaped
functions.

Definition 4.6.2. A function v € L'(R") with ¢ > 0 is called bell shaped

if it is radially decreasing and radially symmetric. The function ¥(z) :=
sup | f(y)| is called the least bell shaped majorant of f.

y€B(0,]z|)

Recall that we defined

ve() = 0 (),

en " \e
for e > 0.

Lemma 4.6.3 (Mollification). Let p € A or p € P(R"), and let
W € LY(R™). Assume that the least bell shaped majorant ¥ of v is integrable.
Then

1 ellpy < KA f ]y

for all f € LPO)(R™), where K is the A-constant of p and ¢ depends only
on n. Moreover, |f x| < 2| V||, Mf for all f € L} _(R™).

loc

Proof. By Theorem 4.4.8 we always have p € A. We may assume without loss
of generality that f,4 > 0. Since ¥(x) < ¥(z), we may further assume that
1 is already bell shaped. Any bell shaped function 1 can be approximated
from above by functions of type

oo
X By,
h:= Qg 5
kZ=1 | Br|

where ay, € [0, 00), By are balls with center at zero and

o0
HhHLl(R") = Zak <2 H¢||L1(Rn)'
k=1

Let he(z) :== e ™h(x/e). Then 0 < ¢ < he and

[eS)
- XeBy,
hE— E akm.
k=1
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Using Lemma 4.6.1 we estimate

> X
17 ey < [1F % hell ) = Eﬂﬂ*@ﬂiiﬂu
k=1 p(-)
< Zak If] *ETB;Q "

k=1

< a3 K| £l
k=1

S 23" K9l f1lp¢.y-

Analogously, for f € L] (R™) we estimate pointwise

0 XeB, [e’e)
2 0el < 011 () <X atf 2wl 0

k=1

Using the previous lemma we can in fact get better control of f * . when
€ is small as we show in the following results.

Theorem 4.6.4 (Mollification). Let p € A and ¢ € L'(R"). Assume that
the least bell shaped majorant W of v is integrable and fRn Y(x)dx = 1. Then

f*v. — f ae ase — 0 for f € LPO)(R™). If additionally pt < oo, then
f e — f in LPO(R™).

Proof. Let f € LP) with [ £1l,) < 1. By Theorem 3.3.11 we can split f into
f = fo+ fi with fo € L' and f; € L*. From [359, Theorem 2, p. 62] we
deduce f; x ¥ — f; almost everywhere, j = 0,1. This proves f x 9. — f
almost everywhere.

It remains to prove || f * ¢ — f|| ) — Ofore — 0if p* < oc. Let 6 > 0 be

arbitrary. Then by density of simple functions in LP()(R™), Corollary 3.4.10,
we can find a simple function g with [|f — gl|,,.., < d. This implies that

ILf o he = fllpoy < g * e = gl H I = 9) * ¥ = (f = 9y =2 () + (L).

Since g is a simple function, we have g € LY(R™) N L?" (R™). Thus the clas-
sical theorem on mollification, see [359] again, implies that g * ¢ — g in
LY(R™) N " (R™). Thus g * ¢ — g in LP()(R™) by Theorem 3.3.11. This
proves (I) — 0 for ¢ — 0. On the other hand, Lemma 4.6.3 implies that

(D) = 1(f = 9) 0= = (F = Dllyy < ellf = gl < 6
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This implies
limsup | £+ e — ) < 0.
5‘—)

Since ¢ > 0 was arbitrary, this yields || f % 9. — pr(,) — 0ase — 0. a

The previous theorem allows us to use the usual proof based on convolution
to prove the density of C§°(Q) in LP() () is the usual fashion. Since this result
is weaker than Theorem 3.4.12, the proof, which is an easy modification of
the standard proof, is omitted.

Corollary 4.6.5. If p € A with p™ < oo, then C$°(Q) is dense in L) ().

The density of C§°(2) in LP()(Q) was used in Corollary 3.4.13 to improve
the norm conjugate formula to test functions from C§°(2). This was done
under the restriction p~ > 1, which ensured the density of C§°(€2) in LY O(1).
The mollification estimates allow us to replace the assumption p~ > 1 with
p € A at the cost of extra constants in the formula.

Corollary 4.6.6 (Norm conjugate formula). Let Q C R™ be open and
p €A orpe Ps(Q). Then

cllfll,y < sup /fgdu<2f.
[ v secie e a1 ) |f]1g] [ v

for all f € L°(Q), where ¢ only depends on the A-constant of p.

Proof. The upper estimate follows by Holder’s inequality. For f € LP()
let |||f|ll denote the supremum in the formula. Due to the norm conjugate
formula, Corollary 3.2.14, it suffices to prove

/Ifllgl da < c|l[fll gl
Q

for all simple functions g € S with compact support. Let 1. denote a stan-
dard mollifier family on R". Let g; := g * ¢y/; for j € N; then g; — ¢
almost everywhere and ||gj||p,(_) < c|lgll, .y by Lemma 4.6.3. Since g has
compact support and spt,,; C B(0,1/5), there exists 'CCQ and jo such
that sptg; C € for all j > jo. As g is bounded, the function xor|lg||.,
is an integrable majorant of |g;|. Since LP()(Q) — L) (by Corol-
lary 3.3.4), | flxe ||l is an L' majorant of | f||g;|. Therefore, by dominated
convergence, [, |fllg;|dz — [ |f]lg|dx and hence

/|f||9|d$ = li]m/Ingjldw < 1G5l < eIy - O
Q Q
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4.7 Necessary Conditions for Boundedness®

Since the maximal operator is a central tool in later chapters, it is obviously
of interest to obtain its boundedness under optimal assumptions.

We have seen in Theorem 4.4.10 that the maximal operator M is of weak
type p(-) if p € P18(R"). So the natural question arises if it is also of
strong type p(-). Theorem 4.3.8 gives an affirmative answer to this ques-
tion if p € P18(R™) and p~ > 1. Thus the question arises if the latter
condition can be weakened. The theory of classical Lebesgue spaces, i.e. with
constant exponent, shows that the boundedness of M cannot be expected for
all p € P2(R"). In particular M is not bounded from L!(R") to L'(R™).
Indeed, M is bounded from L%(R™) to LY(R™) if and only if 1 < ¢ < oo. It is
natural to conjecture that the boundedness of M from LP()(R™) to LP()(R™)
would also require p to be bigger than 1. But in the context of variable expo-
nents this could either mean p > 1 almost everywhere or p~ > 1, where the
second condition is obviously the stronger one. The next theorem shows that
indeed the boundedness of M requires p~ > 1.

Theorem 4.7.1. Let p € P(R") be such that M is bounded from LPC)(R™)
to LPO(R™). Then p~ > 1.

Proof. 1t suffices to prove the claim for ¢,.) = @,.). The proof will rely
on the following fact: although M is bounded from L?(R™) to LZ(R™) for all
q € (1, 0], the constant blows up as ¢ — 1. We show that p~ = 1 also implies
a blow up of the boundedness constant of M.

Assume for a contradiction that p~ = 1 and that M: LP()(Q) < LPO)(Q)
is bounded with constant K > 1.

Fix ¢ € (0,1). Since p~ = 1, the set {% > ﬁ} has positive measure
and therefore some point zy has measure density 1, i.e.

fen{s > wia)
1m
Q—{z0} Q|

:1’

where the limit is taken over all cubes containing zg. Therefore there exists
a cube Qo C Q with 29 € Qo and £(Qo) < 1 such that -~ = fQo oy W =
1/(1+¢), ie. pg, < 14 €. Here £(Qo) denotes the srde length of Qp. Let
m € N be large and split Qg into N := 2™" disjoint cubes @1,...,Qn of
side length £(Q;) = 27" ¢(Qo). By renumbering we assume without loss of
generality that

Po. = 1<J<NpQ]

In particular pg, < pg, < 1+¢ < 2. Define f € L{ (Qo) b



132 4 The Maximal Operator

fi=1K72 Q7P xg,.

Then Lemma 4.5.3 and the fact that the A-constant of p is smaller than
the boundedness constant of M imply || f||,, = iK_2\Q1|_1/pQ1 Ix@u ey <
K. Especially, we have f € LP()(R™) and M,y < K| fllp) < 1. We
arrive at a contradiction by showing that o,.)(3 Mf ) 15 large if € > O is small
enough and m € N is large enough, for fixed ﬁ € (0,1).

Let x; denote the center of ); for j = 1,...,N. Then for j = 2,..., N,
and for all y € @); one easily checks that

BMf(y) = cBE2Qu|" VP Jay — o] 7",

=:Ks

where ¢ depends only on the dimension n. Therefore, by Lemma 4.5.1,

Pp(y) (5 Mf(y Z /“ﬁp(y) (K2 |z — 331|_n) dy
Qo\Q1 =2 Q,

> 1Q)1 @po, (%Kz |z — xl\_")
j=2

Since pg, = pq,, we have tPe = @, (t) < Pra, (t) 4+ 1. Hence,

/ Gy (B Mf(y Z Q] ( 1Ko [zj —aq|7")P - 1)

Qo\Q1

—1Qol + > 1Qs] (3K |aj — x| 7")"

j=2
> —-14c / (Kg |y—x1‘—")PQ1 dy.
Qo\Q1

We can essentially calculate the integral in the previous estimate:

£(Qo)/2
/ |y _ Il‘_nPQl dy ~ / ,rnflfan1 d?"
Qo\Q1 £(Q1)
1

~ (pQ—_l)n(|Ql|1—PQ1 _ (‘QO|/2n)1—le).
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We use this and the expression of K5 in our previous estimate and conclude
that

1+/@p(y) (BMf(y)) dy

Qo
—2pqQ |Q1|pQ1_1 1-po, _ n\1—pg

>cBK I—Q — (1Q1] 1= (1Qol/2") 1)

1

72 1

:ﬂK PQ (172_n(m—1)(pQ1—1))’

b, — 1

where we used that |Q1]/|Qo| = 27" in the last step. Now we choose m so
large that 27 (m=D(Pe1=1) < 1/2 and recall that 1 < pg, < 1+¢ < 2. Then

1+ /@p(y) (BMf(y))dy > cBK e
Qo

As ¢ — 0 this contradicts |[Mf]|,.y < 1, which means that the assumption
p~ =1 was wrong, as was to be shown. a

Remark 4.7.2. The proof of Theorem 4.7.1 shows that even a stronger,
localized result holds: let Q C R™ be an open, non-empty set. For f € LP()(Q)
and z € 2 define

Mqf(x) = sup Mqof,
Q: z€Q,2QCN

where the supremum is taken over all cubes (or balls) with 2Q C Q. If M, is
bounded from LP()(Q) to LP()(Q), then p;, > 1.

We have seen that log-Hdélder continuity implies p € A and the bound-
edness of the maximal operator M for p~ > 1. Since these are fundamental
tools for many results, it is natural to ask if log-Holder continuity is optimal
or if it can be weakened. The answer to this question is quite subtle, since
log-Holder continuity is in some sense optimal and in another sense not. We
will see later in Sect.5.1 that there exists a variable exponent p € P(R"™)
with is neither continuous at zero nor at infinity but still M is bounded from
LPO)(R™) to LPC)(R™). Therefore, log-Hélder continuity is only sufficient and
not necessary for the boundedness of M.

However, in some sense log-Holder continuity is optimal. We show that if
the local log-Holder continuity is replaced by a weaker uniform modulus of
continuity or if the decay log-Hélder condition is replaced by a weaker decay
condition, then the this new condition is not sufficient in the sense that there
exists a variable exponent with this modulus of continuity such that M is
not bounded from LP()(R™) to LPC)(R™).
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Furthermore, we show in Lemma 4.7.3 that the crucial pointwise estimate
in Theorem 4.2.4 and Lemma 4.3.6 can only hold if the variable exponent
is local log-Holder continuous. So the locally log-Holder continuity is neces-
sary for this kind of pointwise estimate. It follows from Remark 4.3.10 that
the log-Holder decay condition is not necessary for the pointwise estimate
in Lemma 4.3.6 but can be replaced by the weaker integral condition of
Nekvinda, see Remark 4.2.8.

Lemma 4.7.3. Let p € P(R") with 1 < p~ < pT < oo, 8 > 0 and
h € L>®(R"™) such that

Pp() (ﬁ][lf(y)ldy) ][Wy (If()]) dy + h(x),
Q

oo <ﬁ f |g<y>|dy) £ ewnllotu)) dy -+ hia)
Q

for all f € LPO(R™) with [fllyy <1, allgeLP "O(R™) with gllry <1, all
cubes Q C R™, and all z € Q. Then 2 > 1s locally log-Holder contmuous.

Q

Q

Proof. 1t suffices to prove the case ¢,.) = @,). Let z1,22 € R"™ with
|x1 — 2] < 1. Let Q be a cube containing z1 and x5 with |x1 — xo|" &~ |Q] and

Q| < 1. Let f := Lxq (e + 1/|Q)77. Then g,((f) < [Ql(e + 1/]Q]) <
50 || fll,y < 1. Note that

Zf e (F < (64 752

So the first inequality in the assumptions implies that

p(z1)

1\ 7w 1 1 1
Tl X T h ~ Tl b)
(ﬂg[(“ ) dy) <3(e+ i) e <o+ i)

where ¢ depends on [|A| . As a consequence

1 ﬁyrﬁnd _
;[ (‘”@) y < elb)

Note that the mapping s — (e + |Q|)® is convex, so by Jensen’s inequality

1 \fesw oD W
e+@ gc.
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This implies that

][L_ LI
| RNTEN Y Togle t )

If we repeat the calculations with p’ and x2, then we obtain
1 1 c
—— = ——dy ———8—.
Zf p(z2)  p(y) log(e + 157)

Adding the last two inequalities leads to

1 1

c
< < :
p(x1) plxe)  loge + ﬁ) log(e + m)

Switching z1 and xo then gives

1 1

‘p(m) p(z1)

< T .
log(e + —‘wl_ml)

The following lemma shows that p € Aj,. implies an estimate on the mean
oscillation of ]lj which is very similar to the log-Holder continuity condition
(both the local and the decay condition). See Theorem 4.5.7 for equivalent
conditions for ¢ € Ajec.

Proposition 4.7.4. Let p € Ajoc. Then
11w
p(y)  p(z)
Q Q

for all cubes Q@ C R™, where the constant depends on the Ajoc-constant of p
and n.

c

dydz <
log(e + |Q| + 1&57)

(4.7.5)

Proof. For a cube Q define f := xq \Q|71/p and ¢ == xq |Q|71/pl. Then
op()(f) < 1 and gy (y(g) < 1, which implies || f|,.) <1 and [|g]|,,) < 1. So
with Hélder’s inequality and the boundedness of Tyq;, we get

QMg (f)Me(g) = |Q|][MQ(f)MQ(g) d < 2Ty fll,, 1Tyl ) < e
Q
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By definition of f and g this implies that

1@ dydz <.
Q Q

By symmetry in y and z we get

ff@%—ﬁﬁ@@‘ﬁdydmc'
QQ

From this we conclude that

1 l 5ty — iy
][][(e—HQH—@) dydz < c,
Q Q

The mapping s — (e + |Q| + 1/|Q])® is convex, so by Jensen’s inequality
1 fo fo Izt —wi | dvdz
) <e

(e+@|+|§

Taking the logarithm, we obtain the claim. a

Remark 4.7.6. If p € P'°8(R"), then we know by Theorem 4.4.8 that
p € A and by Lemma 4.4.12 that M is of weak-type p(-). If p~ > 1, then
by Theorem 4.7.1 also the maximal operator is bounded from LP()(R") to
LPO)(R™). All of these properties are stronger than the assumption p € Ajoc
of Proposition 4.7.4, see Lemma 4.4.13.

With Proposition 4.7.4 we can show now that neither the local log-Hélder
continuity condition nor the log-Holder decay condition can be replaced by
weaker versions in terms of modulus of continuity and a decay condition.

Let us begin with the local log-Holder condition. Let wo be a modulus of
continuity that is weaker than the one for local log-Hélder continuity, denoted
by w, in the sense that lim;_,gwa(t)/w(t) = oo. Further, let n € C§°(—1,1)
with xp(0,1/2) < 7 < XB(0,1)- Define ¢ € P(R) by

L o % for y
a(y) | min {§ +n(y)wa(y), 2} for y

Then ¢ is continuous with modulus of continuity ws, % <q¢ <qgt <2 and
q(y) = 2 for all |y| > 1. But ¢ fails to satisfy (4.7.5) uniformly for all cubes
Q@ C R™. To see this, consider the cubes Q; = (—t,t) for ¢t € (0,1/2). Then
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][][’(L_ ’dydz 2/0/tufz(y)dydz>cw2(t/2).

—t )2

Due to the assumptions on wy the inequality (4.7.5) cannot be uniform with
respect to ¢t € (0,1/2). This example goes back to Pick and Ruzicka [323],
who used it to prove the unboundedness of the maximal operator for such an
exponent.

Let us now turn to the optimality of the decay condition. Let v5: [0, 00) —
(0,00) be a non-increasing function with lim;_, o (12(t) log(e + t)) = co and
lim; o %2(t) = 0. Since we are only interested in the decay condition, we can
assume without loss of generality that 2 is smooth and that 2(0) < 1/4.
Define s € P(R) by

L : % for y <0,
s(w) |3+ 1 —n)ea(t) for y > 0.

Then s is smooth, % <s™ < st <2 and s(l—t) — % decays as 1o(t) for t — oo.
But s fails to satisfy (4.7.5) uniformly for all cubes @ C R™. To see this,
consider the cubes Q; = (—t,t) for ¢ — oo. Then

0 t
% dydz > ct_z_/tl/wg(y) dydz > ca(t).

Due to the assumptions on 19 the inequality (4.7.5) cannot be uniform with
respect to t — oo. This example goes back to Cruz-Uribe, Fiorenza, Martell,
and Pérez [83], who used it to prove the unboundedness of the maximal
operator for such an exponent.

Remark 4.7.7. Let p € Ajoc. Then it follows from Proposition 4.7.4 that
% € BMOygg(et1/t)- Here BMO,, 1) (R™) consists of all functions h € Li (R™)

such that
][][m Dldyd= < cw(|B)F)

for all balls B C R", where w is some modulus of continuity. For a modulus
of continuity w, let C%“®)(R") denote the space of continuous functions on
R™ with uniform modulus of continuity w. It is easy to see that C*«(®)(R") is
a subspace of BMO,, ;) (R™). It is a well known result of Campanato [65] that
CO*"(R") = BMOy« (R") for a € (0, 1]. The relation between C*«*)(R") and
BMO,, ) (R") for arbitrary modulus of continuity has been studied intensively

loc
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by Spanne [358]. He showed that the spaces C%“(®)(R™) and BMO,, ) (R™)
coincide if and only if

1

/it)dt<oo.
t

0

Since

1

/ dt = 00,
tloge+
0

this shows that the spaces C*°8(R™) and BMOj ) 1og(et1/4)(R™) disagree.
Thus, Proposition 4.7.4 does not imply that log-Holder continuity is nec-
essary for p € Ajoc. Indeed, we will see in Sect. 5.1 that there exists a variable
exponent p with 1—1) € BMO1/10g(e+1/¢)(R™) and % ¢ C'°8(R™) such that M is
bounded from LP()(R™) to LP()(R™), which in particular implies p € Ajoc.

4.8 Preimage of the Maximal Operator*

In Theorem 4.3.8 we saw that the maximal operator is bounded on LP()(R™)
when p € P8(R") with p~ > 1. In Theorem 4.7.1 we further saw that the
condition p~ > 1 is necessary for the boundedness. Since M : L' <4 L!,
the latter result is not so surprising. One may ask, however, what space M
maps onto LPC)(R™)? This question was answered in [95] and as extensions
we mention [207,279]. Earlier papers on the maximal operator in the case
p~ = 1 include [165,215].
The relevant classical results [359, Sect. 1] are that

Mf € LPif and only if f € L? (p > 1) and Mf € L' if and only if f € Llog L.

The latter result is, of course, restricted to bounded domains: if Mf € L(R™),
then f =0.

How, then, can we characterize the space M ~'[LP()]? On an intuitive level
we need some kind of modified scale of spaces LP0) where p = 1 corresponds to
Llog L, not L', if we want to characterize functions f for which Mf € LP() It
is possible to construct such a space within the framework of Orlicz—Musielak
spaces.

We need a function which behaves like a logarithm when p = 1 and fades
away when p > 1. Since the embedding constant of M: LP? — LP is p/, the
function

min {p’, log(e + |t|)}7
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would be a natural choice. Unfortunately, it does not yield a convex modular.
The following variant fixes this problem:

log(e + [t]), for |t| < e’ —e
’(/)p(t) = ’ e? o'
2" — p’s for [t = e —e.

Note that ¢ — P4, (t) is convex on [0, c0) and that

-¢p( ) < min {p/,log(e + [t]) } < p(t),

So 1, is equivalent up to a constant to the natural choice of the modular.
The norm || f||r(1y, .,z IS given by the generalized ®-function

(p(xv t) = ‘t|p(m)wp(x) (t)

Note that || f[l ey, = [[fllee) if p~ > 1, but the constant of propor-

tionality blows up as p~ — 1.
We are now ready to state the main theorem of this section:

Theorem 4.8.1. Let B C R™ be a ball and let p € P'°%(B). Then

1w, 218y = IMF L oo s

Here we will prove the sufficiency of the conditions. The essential new
result needed for the proof is the following proposition. The trick in its proof
is to use a reverse triangle inequality to recombine terms that were originally
split using the triangle inequality. This is possible since our exponent tends
to 1 in the critical parts of the domain.

Proposition 4.8.2. Let Q C R™ be bounded and let p € PY8(Q) with
1 < p= < pt < 2. Then there exists a constant ¢ depending only on p,
Q and the dimension n such that

| MF| Lo Q) S I £1l Lo 0y [L1(2)

for every f € LPU) e, [L)(9).

Proof. By a scaling argument, it suffices to consider such non-negative
functions f that

[ 1@ do <1
Q

Then we must show that | Mf||;») < ¢, which is equivalent to o7, (Mf) < ¢
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We split f into small and large parts as follows:
fs = fX{fgep'(-)_e} and f; = fX{f>eP'(-)_e}-
Note that g,.)(Mf) < cop)(Mfs) + cop)(Mfr). By (4.3.7) we have
Mf(z)P™®) < e M[fPO)(x) + ¢

for z € Q. Then the embedding Llog L — L' implies that
/Mfs(x)p( /f )P log (e + fs(y)PW )dy + 19|
Q
<cpt /f P log (e + fo(y)) dy + |2

¢ / F@PO %0 (F) dy + 19 < ¢
Q

This takes care of f

Next we treat f;. Let us define r, ;== 1+ 1/i for ¢ > 1 and Q; =
{ri < p < ri—1} so that J;2, % = {p > 1}. The sequences (1){2, and
()32, satisfy the criterion of Corollary 4.1.9 so we conclude that [* 22 (7).
We fix K > 0 so that

in < K whenever fol <L (4.8.3)
i=1

i=1

where L will be specified later.

Define f; := fi xq, and p; := max{r;, p} for i > 2. Since f; =0 in {p = 1},
we see that D=, fi = fi. By the subadditivity of the maximal operator, the
triangle inequality and the embedding L?()(Q) < LP()(Q) (Corollary 3.3.4),
we conclude that

IMfillpey < D IMFillpey < 200+ 192D > I1MFillp -
1=2 =2

Next, Theorem 4.3.8 and the norm-modular inequality, Lemma 3.2.5, imply
that

oo oo 1
”Mfl”p(-) sc Z -1) ||fz||Lm< Q) <c Z QLm-)(Qi)(fi)”*l
=2

=2

y (4.8.3) the right-hand side is bounded by K provided we show that
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o0

Z(Ti - 1)_”719Lm(~>(91)(fi) < L. (4'8'4)

=2

But for this we just need to estimate as follows:

>t 0 ey () <Y [ 17 i e

1=2 1= QQ

CZ/ Vi (a)P®) dx

= QQ
< CoLrryp, i) (f) S 6

where we have used n'/" < ¢ in the first inequality. We collect the implicit
absolute constants from these estimates and define L by them. Thus (4.8.4)
holds, and so (4.8.3) concludes the proof. O

To prove the main theorem of the section we use the following lemma,
whose proof can be found in [95].

Lemma 4.8.5. Let p € P8(Q) with 1 < p~ < pT < oo in a ball @ C R™. If
Mf € LPO(Q), then f € LPUOy, ) [L]().

Proof of Theorem 4.8.1. Lemma 4.8.5 states that if Mf € LP()(B) for a ball
B, then f € Lp(')wp(.) [L](B). We proceed to show how the reverse implication
can be pieced together from the previous results.

By a scaling argument, it suffices to consider such non-negative functions

f that
[ F@r i (s do <
B

which is equivalent to

Then we must show that || Mf| .00 < ¢
{p <a}, Bf ={p>a} and

or»() By (BMf)<c, B€(0,1). Denote B, =
do = min{dist(B;/B, B5/3) dist(B; 5, B}

The uniform continuity of the exponent implies that do > 0. Denote by D

the set of points « € B for which Mf(x fB (@) y) dy with some r > dp.

We note that
QLPM(B)(ﬂ Mf) < QLp(~)(B;/3\D)(Mf)+QLp(~)(B;/3\D) (B Mf)+QLp<«>(D) (B Mf).

For x € D we have Mf(x) < cdy"||f|l1 and so op»c)(p)(8 Mf) < e For

the other two terms only points where p < 2 or p > 4/3 affect the max-

imal function. Thus Theorem 4.3.8 implies that 0Le() (BE,\D) (BMf) < ¢
5/3

and Proposition 4.8.2 implies that 0o (B- \D)(Mf) < ¢, which completes
5/3
the proof. ad






Chapter 5
The Generalized Muckenhoupt
Condition*

The boundedness of the maximal operator M is closely linked to very impor-
tant properties of the spaces LP(). Indeed, we will see in Chaps. 6 and 8 that
the boundedness of M is needed for the Sobolev embeddings W1»P() — [P (),
boundedness singular integrals on LP() and Korn’s inequality. Moreover, the
extrapolation result in Sect. 7.2 shows that most of the results for weighted
Lebesgue spaces can be generalized to the setting of Lebesgue spaces with
variable exponents as long as the maximal operator M is bounded.

It is the aim of this chapter to provide a full characterization of the bound-
edness of M which is closely related to the concept of Muckenhoupt classes.
It is clear from the estimate To f < Mf for locally 1-finite families of cubes
that the boundedness of M on LP() implies p € A. In Theorem 5.7.2 we prove
the reverse statement: if p € P(R™) with 1 < p~ < p' < oo and p € A, then
M is bounded on LP(). The condition p~ > 1 is necessary for the bounded-
ness of M by Theorem 4.7.1. However, we need the condition p™ < oo, since
we use duality arguments and p™ < oo is equivalent to (p’)~ > 1. We also
present partial results for the case of generalized ®-functions. These results
are extensions of [93].

5.1 Non Sufficiency of log-Holder Continuity*

We saw in Theorem 4.3.8 that p € P°5(R") with p~ > 1 is sufficient for
the boundedness of M on LP()(R™). We have seen in Sect.4.7 that the con-
dition p~ > 1 is necessary for the boundedness of M. As a consequence of
Proposition 4.7.4 it was shown in Sect. 4.7 that neither the local log-Holder
continuity condition nor the log-Hélder decay condition can be replaced by
weaker moduli of continuity. However, the log-Holder continuity is not nec-
essary for the boundedness of M, although the stronger pointwise estimate
does imply the local log-Hoélder continuity (Lemma 4.7.3).
One of the problems is summarized in Remark 4.7.7, namely that

CO,l/(log(e+1/t) (Rn) ; BMOl/(log(e+l/t) (Rn)

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 143
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8_5,
(© Springer-Verlag Berlin Heidelberg 2011
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In this context is has been observed by Nekvinda that the counterexample
of Pick and Ruzicka showing “almost optimality” (Sect.4.7) relies strongly
on the non-symmetry of the exponent: p is constant in (—oo)-direction and
decays slightly slower than log(e + |z|) at +00. Nekvinda (private communi-
cation) found symmetric, continuous exponents p(x) = p(|z|), which decay
slower at oo than log(e + |z|) but still guarantee the boundedness of M
on LPO)(R™). Based on this observation and his own study on sufficient
conditions it has been conjectured by Diening [93] that there exist even expo-
nents p, which are discontinuous and have no limit at infinity, but for which
M is bounded on LP()(R™). Such an example was constructed by Lerner [267]
in a very clever way. He showed that the boundedness of M in LPC)(R™) is
closely related to the class of pointwise multipliers for BMO. In this section
we present this result. We follow [267] rather closely, although some proofs
have been simplified at the expense of worse constants.

The result is related to the well-known function space BMO consisting of
functions of bounded mean oscillation. More precisely, we set

M} f = Mo(f ][If faldx

for a cube @ and define a norm on a subset of L, .(R™) by
| fllemo = sup M f.
QCR™

The space BMO consists of those functions with || f||smo < oo.

Let Q1 C Q2 C R™ be two cubes. Let j be the smallest integer for which
e’t1Q; D Qo. Then n(j — 1) < log(|Q2|/|Q1]) < n(j + 1). Thus we conclude
that

j—1
(Far = (Haal < forar = (Daal + D [{Herriq = (Neral
k=0

j—1
< Mg, (If = (Fasl +ZMkQ1 1f = (Fersig])

j—1

" Mq, (If = (£)@.l) +e" > Mesig, (If = (Her+iol)

k=0
<e"jllfllBmo

2o ) i

Let us denote by Qo the unit cube centered at zero. Let Q C R" be some
cube, and let Q be the smallest cube containing ¢ and @Qy. Applying the
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previous inequality, we find that

Q| 5
(e~ {Nal e~ (Nl au—(gl< e(L+iog (F-+1og Q) llmso.

In addition, we can estimate the size of Q by diamQ < |cen(Q)| + 3
diam Q + %, where cen(Q) denotes the center of Q). Hence we conclude that

() = (Faol <clog e+ |cen(@)| +1QI+1QI7") I flBvo.  (5.1.1)
—L(Q)

We need the following result of Coifman and Rochberg [77].

Proposition 5.1.2. Let Mf < oo almost everywhere on R™. Then
log(Mf) € BMO(R"™), and |[log(Mf)|| gpro < Yn, where v, only depends on n.

We need one more observation before the main lemma of the section. For

f € LPO)(R™) with [£1l,) <1 we have f € LP200(2Q) and hence

/log(1+Mf($)) dr < C/ L+ M f ()" dz + ¢|Qo| sup M f (z) < ¢,

Qo Qo
(5.1.3)

where M f(z) = sup g <; Mo f and M f(x) = sup|gs1 Mo f. Now we get
to the lemma:

Lemma 5.1.4. Let p andr be measurable functions, with 1 < p~ < pt < oco.
Let f € LPO)(R™) with 1fll,) <1 and set f = f+xq,, where Qo is the
unit cube centered at 0. Then

||~ log Mf]| Bxo < np (170 + sgpL(Q) Mgr)

Proof. We start by observing that fxs>1} € L'(R") and hence
Mf < Mxg, + 1+ M(fxqp=13) < oo ae.

Set ¢ := log(MJ). It follows by Proposition 5.1.2 that ||¢|smo < 7n. Since
¥ < log(l + Mf), (5.1.3) implies that 1g, < c¢. Thus (5.1.1) gives

Vol < g — Yol + [Vq,| < cL(Q)yn + ¢ < c L(Q).
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We now estimate the oscillation of ¢ and use this inequality:
M}y (r) < 2;211%][ lrp — | dz
Q

< 2][ | — royolde
Q

<2 Ir(w - bo)| do + 2ol Myr
Q

< 2||7l|ssl¥llBMO + € L(Q) M.
The claim follows from this when we take the supremum over ) and use
1¥]lBMO < Yn- O

The proof of Lerner’s theorem is based on Muckenhoupt weights. Recall
the definition of the As norm:

1
lw]la, == sup][wdx][ —dx,
Q w

Q Q

where the supremum is taken over all cubes @ in R™. The next lemma com-
bined with our knowledge from the previous result allows us to conclude that

in some cases Mf"(®) is an A, weight.

Lemma 5.1.5. There exists a constant ¢, for which ||v| pmo < ¢n implies
that ||e¥|| 4, < 4.

Proof. The John—Nirenberg inequality [223] implies that there exists a con-
stant &, such that

{6 — (W)l > A}| < 21Q|e” &ToTmo.

For [|9|lBmo < ﬁ we then obtain

oo oo

/e\wfwm\ dr = |Q‘+/|{el¢(')*<w>c¢| > )\}| d\ < |Q|+2 |Q|/)\73d/\ =2|Q|.
Q 1 1

Therefore the claim follows for ¢, = Tln by the inequality
le¥]la, = sup Mq(e¥)Mg(e ") = sup Mq(e¥™¥)2)Mq(el¥)2?)
QCR™ QCR™

2
QCRm
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Theorem 5.1.6. There exists a small constant p, > 0 depending only on the
dimension n such that M : LPC)(R"™) — LPC)(R™) is bounded when p = 2 —r,
r > 0 is measurable and ||r|| + supg L(Q) Mér < fp-

Proof. Let py, := min{c,/c,3/2,1/2}, where ¢, and ¢, 3/, are the con-
stants from Lemmas 5.1.5 and 5.1.4, respectively. Suppose r and p are as
in the statement of the theorem and f € LP()(R™) has norm at most one.
Then Lemma 5.1.4 implies that ||rlong||BMo < ¢p,. Hence it follows from

Lemma 5.1.5 that exp(rlog Mf) = (Mf)"() is an Ay weight; the definition of

A, directly implies that also Mf~"() is an A weight. Therefore, the weighted
L? boundedness of the maximal operator [305] yields

[ ar < i a = [ger v o

Rn Rn R~

<e / (@) [MF(2)| 7 da

Rn

Since Mf > f a.e. and r > 0, we obtain |M f(z)|~"®) < |f(z)|~"®) and
hence

/ M (2)P@ de < ¢ / F@)P®) de < e|Qo| + / @)@ dr < c.
R Rn R

Thus Mf € LPC)(R™), as claimed. O

Remark 5.1.7. The condition » > 0 in Theorem 5.1.6 is not needed. If

p = 2+ s with [|s]|, + supg L(Q)Mgs < fin, then ¢ := 22(_2Jf) satisfies

the assumptions of Theorem 5.1.6, which implies the boundedness of M on

L) (R™). So Lemma 4.4.7 proves the boundedness of M on LPO)(R™).
Kapanadze and Kopaliani showed that it is possible in bounded domains

to require the smallness condition in terms of p, only for small cubes [228].

Example 5.1.8. Lerner [267] showed that

p(z) :==2 — a(1 + sin(loglog(e + |z| + 1/|z])))

satisfies the requirement of Theorem 5.1.6 if ¢ > 0 is small enough. This is

an example of an exponent p € A which is discontinuous at zero and infinity.
In particular, the log-Holder continuity of % is not needed for p € A.

Remark 5.1.9. Based on these results Lerner raised the question of whether
the smallness condition on p, in Theorem 5.1.6 is really needed: is p,, < 0o
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already sufficient for the boundedness of M. He showed that the smallness
of 7 in Theorem 5.1.6 expressed by u, should be understood relatively to
the 2 used in the construction p = 2 — r. Instead of the smallness of r it is
also possible to take p = pg — r with pg sufficiently large. Alternatively, we
could take p = A\(1+r) with A € (1, 00) large. This gives rise to several ques-
tions:

(a) Is it possible to remove the smallness assumption on p, in Theorem 5.1.67

(b) Let p € P(R™) with1 < p~ < p* < oo and a > 0 such that M is bounded
on L*P()(R™). Does this implies the boundedness of M on LP()(R™)?

(c) Let p e P(R™) with1 < p~ < p™ < oo and A > 1 such that M is bounded
on L) (R™). Does this implies the boundedness of M on LP()(R™)?

However, it has been shown by Lerner [268] and Kopaliani [256] that all
of these questions have a negative answer. We present slightly modified
examples:

Let 0(t) := min{max{0,¢+ 3},1}, so that 6 is Lipschitz with con-
stant 1, 6(t) = 0 for t < —1 and § = 1 for ¢t > 3. Let p(z) :=
2 + 6 0(sin(wloglog(1/|x]))) on (—1,1). Note that p = 2 when the sine is

less than f% and p = 8 when the sine is greater than % It follows as in [267]
that [|r[| . +supg L(Q)Mgr < 00, where 1 :=2 —p.

For k € N define a; := exp(—exp(2k + 2)), by, := exp(—exp(2k + 2)),
e = exp(—exp(2k + 1)), dj, := exp(— exp(2k — 1)), and note that p(z) = 8
on (ak,br) and p(x) = 2 on (cg,dr). Also, a simple calculation shows
that 8ar < 4by < 2¢p < di for all k& € N. Let Qr := (0,dg); then

1/pg, = %ikd;]fh > % and therefore pg, < 4. Thus, for every A > 1,

b
! " e s kd_%d > A B(b — ap)d? > Sa-8a!
Qi) oA IR ARG 2% G

k ag

which tends to co as k — 0o. As a consequence there exists no constant A > 1
such that [[xq,l,.) < AlQ|"/Pex . However, by Theorem 4.5.7 this would be
a consequence of p € Aj,¢, so it follows that p € Aj.. This means that the
answer to question (a) is in the negative.

Moreover, there exists py € (1,00) and Ag > 1 such that (po+p)/ Ao satisfies
the condition of Theorem 5.1.6 so that (po + p)/ o € A. By Lemma 4.4.7 we
obtain pg + p € A. Since p € A, this shows that (b) does not hold.

We show that (c¢) does not hold by contradiction, so assume that (c) holds.
Define ¢ € P(R") by ¢q := %;1()\1]9)’ for large A\; > 1. Then ¢ =2+ /\?—;f—l
satisfies the assumptions of Remark 5.1.7 and therefore ¢ € A. Now, (c)
implies (A1p)’ € A, Lemma 5.2.2 below implies \;p € A, and (c) implies
p € A. This is the desired contradiction.
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5.2 Class A¥*

In this section we study class A in greater detail. Recall, that ¢ € A if the
averaging operators Tg are bounded from L?(R™) to L?(R™) uniformly for
all locally 1-finite families Q@ of cubes in R"™, where

Tof = xqMqf = ZXQ][\f )| dy

QEeQ QeQ

for f € L] .(R™). See Definitions 4.4.3 and 4.4.6 for more details.
The averaging operators have the interesting property that they are
selfdual with respect to non-negative functions, i.e.

/ Tofgdr =Y 1QIMafMag = / f Togdx (5.2.1)

R‘!L Qe Q Rn

for all f € L¥(R"), g € L¥ (R") with f,g > 0 and every locally 1-finite
family Q of cubes. As a consequence class A behaves well with respect to
duality.

Lemma 5.2.2. Let ¢ € O(R™) be proper. Then ¢ € A if and only if ¢* € A.
Moreover, the A-constants of ¢ and ¢* are comparable up to a factor of 4.

Proof. Let ¢ € A. Then by (5.2.1) and the norm conjugate formula and
Holder’s inequality,

ITollpor opor <2 sup  sup / Tog|f|dx
llgll,« <1 IfIl,<1

=2 sup sup /|g|TQfdz <4ATollpe_pe-
£l <2 lgll,- <1

The reverse estimate follows by replacing ¢ with ¢* since (p*)* = . O

Let us point out that the concept of class A is a generalization of the Muck-
enhoupt classes. Recall that for 1 < ¢ < 0o a weight w is in the Muckenhoupt
class Aq if and only if

][w(x) da (][w(x)llq dx)ql <C (5.2.3)

Q Q

uniformly for all cubes Q C R™. This condition is equivalent to the following;:

1Tt M o ary = IX@MQ fll Lo azy S C Nl o an) (5.2.4)
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uniformly for all cubes @ C R™ and f € LY(wdz). Indeed, if (5.2.4) holds,

then the choice f := Wi implies (5.2.3). On the other hand if (5.2.3) holds,
then by Holder’s inequality

Ixa Mol puua) = 11 /fd:v (/wdx)é
g (frman)" (o) ™ (o)
|Q| /\f|qwdx Q/w dx Q/wdx

< cnfnLq(wdm).

Hence, (5.2.4) is equivalent to w € A,. Let us translate this into the language
of Musielak—Orlicz spaces. Define ¢(x,t) := t%w(x). Then w € A, if and only
if ¢ € Ajoc. For more information on A, weights we refer to [174].

The difference between ¢ € Ay and ¢ € A is that the uniform bounded-
ness of the averaging operators is only required for single cubes rather than
locally 1-finite families of cubes. But in the context of L?(w dx) there is no
difference. Indeed, let Q be a locally 1-finite family of cubes and let w € A4,
with 1 < ¢ < oo. Then the boundedness of the operators Tyqy imply

q

> xeMof

QeQ

Li(wdx) QeQ

< Z c ||XQ inQ(wdz)

QeQ

C”f”Lq wdz)*

Hence, for p(z,t) = t9w(z) the three conditions w € A, ¢ € Ajoc and p € A
are equivalent. It is therefore reasonable to say that class A and A are
generalizations of the Muckenhoupt classes. In particular, if M is bounded on
L (R™), then ¢ € A and therefore w € A,. Surprisingly, the reverse holds:
if we Ay with 1 < g < oo, then M is bounded on L(wdz). This is the
fundamental result of Muckenhoupt, see for example [305]. The aim of this
chapter is, to provide a similar result for the spaces L#(R™) and LP()(R™).
So far, we have shown (cf. Theorem 4.4.10 and Lemma 4.4.13) that

M is strong type ¢ = ¢ €A = M is weak type ¢ = ¢ € Ajoe.
Note that the first and the last implication is strict, as can be seen by the

example p = 1 and Theorem 5.3.4 below.
As an extension of Definition 4.4.4 we introduce the following notation.
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Definition 5.2.5. Let ¢ € ®(R™) and s € [l,00). Then we define
Msop : R—[0,00] by

s

Mo qp(t) == ( 1 (¢(x,1))" dz (5.2.6)
(fuora)

for all ¢ > 0 and every cube (open set) @@ C R™. We also write Mgy instead
of My o (see Definition 4.4.4).

Lemma 5.2.7. If ¢ € ®(R"™) be proper, then t — Mop(t) is a ®-function
for every cube (open set) Q.

Proof. Tt follows from Mqe(t) = |Q|™" [y¢(x,t)dz = |Q| ' 0p(txq) and
Lemma 2.3.10 that Mgy is a semimodular on R. Since ¢ is proper and
|Q| < oo, we have xg € L¥. This implies that Rps,, = R, so by Lemma 2.3.2
follows that Mgy is a ®-function. O

In the following we denote by Vi the set of all locally 1-finite families
of cubes in R™. If Q@ € Y, then u(Q) := |Q| defines a natural, atomic
measure on Q. Analogously to Definition 2.3.9 we define ®(Q) to be the set
of generalized ®-functions on the measure space (Q, u).

Let eg denote the function on O that is one at () and zero elsewhere. Since
@ is at most countable, every function on Q is p-measurable, i.e.

LO(Q) = LO(Q,,LL) = {Z tgeg : tg € R} =R
QeQ
If 1 € ®(Q), then the semimodular induced by ¥ on L°(Q) is given by
o( X tace) = ¥ Qlu@uta)
QeQ QeQ

We denote the corresponding Musielak—Orlicz space by [¥(Q). Recall that
the norm

Z tqeq

QeQ

:= inf {)\> 0: Z 1Q¥(Q, [to/A]) < 1}.

1¥(Q) Qe

makes [¥(Q) a Banach space (Theorem 2.3.13).

Let ¢ € ®(R™). Then it follows from Lemma 5.2.7 that Mgy € ®(Q). Since
p* € O(R"), also Mgp* := Mg(p*) € ®(Q). Therefore, the conjugate func-
tions (Mge)* and (Mge*)* are also from ®(Q). Of particular interest for us
is the function (Mge*)*. In contrast to Mg the function (Mge*)* involves



152 5 The Generalized Muckenhoupt Condition*

two conjugations: Pass to the conjugate function ¢* (defined on R"™), take
the mean average Mg (now defined on Q), and pass again to the conjugate
function (defined on Q). If p(x,t) is independent of = (translation invariant
case), then (Mgp*)* = (¢*)* = ¢ = Mgep. This is not the case if ¢(z,t) is
x-dependent. So in a sense, we can use the difference of Mgy and (Mgp*)*
to measure the failure of translation invariance of the space. The func-
tion (Mge*)* might look awkward at first glance, but the following lemma
provides a concrete characterization of the “abstract” function (Mge*)*.

Lemma 5.2.8. Let ¢ € ®(R™) be proper. Then

(Mop') ()= inf _ Mo(e(- f)

— feLo”iﬁQf Mo(e( 1)) < (Mop)(t)

for every t = 0 and all cubes (or open sets) Q.

Proof. Let us denote the four terms in the claim by (I), (II), (III) and (IV).
Obviously, (II) < (III). The choice f = xqt implies (III) < (IV).
estimate using Young’s inequality

(Mqe*)*(Mqf) = sup (uMqf — (Mqe*)(u))

u=0

(
= sup (Mg(u f) — (Mqy™)(u))
(

u>0

< sup (Mg (#( f)) + (Moe™) (u) — (Map™)(u))

u>0

= MQ (‘p(" f))

proving (I) < (II). We define ¢(t) := (II1I). It follows easily from the
convexity of ¢ that 1 is convex. This and the already proven estimate
(Mge™)*(t) < ¢(t) < (Mgep)(t) for all t > 0 ensures that ¢ is a ®-function.
For the conjugate of ¢ we calculate

V() = sup (ut - reoth Mool M)

= sup sup (ut — Mg (90(‘7 f)))
t>0 fELO: Mg f=t

feLo
%J;:g(/ufdx/sa(,f)dx)
Q Q
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for u > 0. By Theorem 2.7.4 we have (0,)*(Juyo) = 0o+ (uXqQ), SO
U (u) = (Mae™)(u)

for all w > 0. This proves ¥(t) = (Mgy*)*(t) since (¢*)* = ¢ and so
(IT1) = (I). O

Remark 5.2.9. If ¢ is a generalized N-function, then the infima in Lemma
5.2.8 are attained. Indeed, for t > 0 let u; := ((Mng*)*)/(t) and fi(z) =
(¢*)(z, ut) for x € Q. Then by Remark 2.6.9 (Mq*)* () = t us—(Moy™)(ur)
and u¢ fi(z) = p(z, fi(x)) + ¢*(z,us) for x € Q. As a consequence Mg fr =
Mq((¢*) (ur)) = (Mge*)'(ur) = t, where we have used that (Mge*)' is the
right-continuous inverse of ((Mgy*)*)’. So f is admissible in the infima in
Lemma 5.2.8 and

(Mqe™)*(t) = tue — (Mqe™)(u)
= Mq(feue) — (Mqe™)(ur)
= Mq(e(, fo) + (Mae™)(ue) — (Mae™)(ue)
Thus the infima are attained by the function f;.

We have the following relation between Mgy and (Mge*)*.
Lemma 5.2.10. Let ¢ € ®(R™) be proper. Then

(Mgqe™)*(t) 7
(Mgp)™(t) < (Mqe®)(t).

for all t = 0 and all cubes (or open sets) Q.

<
<

Proof. The first estimate follows from Lemma 5.2.8 with f := xgt. The
second one follows from the first, if we replace ¢ by ¢* and use p** = ¢ and
(Mqyp™)™ = Mgp™. 0

We have seen in Theorem 3.2.13 that L¥(R™) is a Banach function space
if ¢ € ®(R™) is proper. We will see in the following that ¢ inherits this
property to Mge.

Lemma 5.2.11. Let ¢ € ®(R™) be proper and Q € Y. Then Mgy € ®(Q)
is proper. In particular, 1M2%(Q) is a Banach function space.
Moreover, if ¢ is a generalized N-function, then so is Mqgep.

Proof. Due to Corollary 2.7.9 we have to show that the simple functions S
are contained in 1Me?(Q) and 1(Me¥)"(Q). We begin with S C IMe?(Q).
It suffices to show that characteristic functions of measurable sets with
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finite measures are contained in [Me¥. Let Y C Q with u(U) < oo and
let ¢ > 0. We have to show > 5 eq € Mav(Q). Let A := Ugen @ C R™
Then |A| = p(Q) < oo. Since ¢ is proper we have x4 € L?(R™). Thus
oMoe(t Xoeu Q) = 2ogeo|QIMap(t) = 0,(t xa) < oo for some ¢ > 0. It
follows that "o, eq € 1M9?(Q). This proves S C 1M2¥(Q). Since * is
also proper it similarly follows that S C IMe¥¢"(Q). Now, (Moy)* < Moep*
(Lemma 5.2.10) implies S C 1(Me®)"(Q).

Now assume that ¢ is a generalized N-function. It remains to show that
limy o 2228 = 0 and lim,—.cc 2220 = o0, Fix Q € ™. Since Mgy is
proper, there exists A > 0 with (Mgp)(A) < oco. Now lithOM =0
for all + € @ and the theorem of dominated convergence with majo-
rant M € L'(Q) implies that lim; .o MQTM = 0. On the other hand
limy_, 00 ﬂ‘f—’tl = oo for all z € @ and the theorem of monotone convergence

Maoe(t)
t

implies that lim; = 00. O

As a consequence of Lemma 5.2.11 also Mge™*, (Mge)* and (Mge*)* are
proper if ¢ € ®(R™) is proper.
Corollary 5.2.12. Let p € ®(R"), Q € V" and s > 1. If ¢° is proper, then

Proof. If follows from Lemma 5.2.11 that Mgy, Mo(¢®) € ®(Q). Since
o(x,-) is convex and f — M, gf is convex, so is M g¢. The left-continuity
of Mg(¢®) implies the left-continuity of My gp. Moreover, lim; .o (M op)
(t) = 0 and limy— o (Ms,q¢))(t) = oo follow from the corresponding limits of
Mg (¢®). Thus, M, qp € O(X™). O

The following lemma is a generalization of Lemma 5.2.8.
Lemma 5.2.13. Let ¢ € ®(R™) be proper and Q € Y. Then

9<Mw*)*< Z thQ> = inf 2,(f)

Oco fELY: Mg f=tqg

The infimum is taken over all f € L° which satisfy Mg f = tq for all Q € Q.

and

ZtQ eqQ

QeQ

—  mf |, (5.2.14)
((Mge™)™ fEL”: Mg f=tq

Proof. The first estimate follows when we apply Lemma 5.2.8 in each cube
@. In particular, for all f € L¥,

Q(MW*)*< Z Mqf 6@) < 04(f)-

QeQ
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This and the unit ball property proves the case “<” of (5.2.14). Let us
prove equality. If the left-hand side of (5.2.14) is zero, then the right-hand
side is zero since f = 0. Therefore, we can assume by a scaling argument
that the left-hand side of (5.2.14) is equal to 1 and we have the show that
the right-hand side is smaller or equal to 1. The unit ball property implies
O(Moe)- (D_geo Mqeq) < 1. Thus for every A > 1 we conclude using (2.1.5)

that o(arqe) (X geo tTQeQ) < 3 < 1. So by the first estimate of the lemma
there exists g € L° with Mggy = to /X such that o,(gx) < 1. This proves
||g>\||<p < 1 by the unit ball property. The function fy := Ag) satisfies
Mqfx = tq and [|fill, < A. Since A > 1 was arbitrary, it follows that
the right-hand side of (5.2.14) is bounded by 1. O

We are now able to characterize class A in terms of the generalized
®-functions Mgy and (Mgp*)*.

Theorem 5.2.15. Let ¢ € ®(R™) be proper. Then ¢ is of class A if and
only if the embeddings

l(MQsO*)*(Q) SN ZMW(Q)
are uniformly bounded for all Q € Vi'. Moreover, for every Q € Y7
ITallpe—re = ||Id||l<MQv>*>*(g)c_,lMQv’(Q)'
In particular, the A-constant of ¢ equals

ooy 1m0 (@) iiee (g)-

Proof. For all f € L¥,

e 30 Mofeq) = 3 1QI(Map) (Mof) = o (To))

QeQ QeQ

and as a consequence of the unit ball property

l

Assume first that [(Me¢)"(Q) «— [Me¥(Q) and with embedding con-
stant A. Then by Lemma 5.2.13

> Mqfeq
QeQ

’ B T (5.2.16)
l

<A

Mae

1Tafll, = > Mgfeq

QeQ

> Mgfeq

QeQ

<Alfl,

(Mg e*)*

for all f e L¥.
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Assume now, that ¢ € A with A-constant A,. Then for all f € L®, which
satisfy Mg f = tq for all Q € Q, it holds that

Z tQeq

QeQ

> Mgfeq

QeQ

= [17afll, < A2l fll,,

lI\/IQ(p lI\/IQ(p

where we used (5.2.16) in the second step. Taking the infimum over all such f
proves that

Z tgeq < Ay Z tgeg ,
QeQ M e QeQ (Mg e*)*
where we used Lemma 5.2.13. O

Let us introduce the following useful notation about embeddings.

Definition 5.2.17. By X™ we denote the set of all open cubes in R™. Let
@, X" x Ry — Ry be generalized ®-functions on Yi'. Then we say that
¥ is dominated by ¢ and write 1 < ¢ if the embeddings

19Q)(Q) — [¥(@(Q)

are uniformly bounded with respect to Q € Vi'. We write ¢y = ¢ if ¢p < ¢
and p X .

If v < k and Kk X ¢, then 1» <X . With the new notation we can rewrite
Theorem 5.2.15 as follows:

Theorem 5.2.18. Let o € ®(R™) be proper. Then ¢ is of class A if and
only if Mqe = (Mqp*)*.

Remark 5.2.19. Let ¢ and i be generalized ®-functions on JJ* such that
for every Q@ € YJ* the functions (Q,t) — ¢(Q,t) and (Q,t) — ¥(Q,t) as
elements of ®(Q) are proper. Then ¢ < 9 is equivalent to ¢¥* < ¢*. Indeed,
if 19(@(Q) — 1¥(@(Q), then (1@ (Q)) — (¥ (Q)) and therefore
(19"(@)(Q)) — (1¥"(@)(Q)) using Theorem 2.7.4. This implies 1* < p*.

Remark 5.2.20. Let ¢ € ®(R™) be proper. Then (Mgp*)* < Mgy holds by
Lemma 5.2.10 for every cube Q. Thus, Mgy < (Mge™*)* from Theorem 5.2.18
is equivalent to Mgy = (Mge™)*.

Remark 5.2.21. Let ¢ € ®(R") be proper. We have seen in Lemma 5.2.2
that ¢ € A if and only if ¢* € A. This “stability under conjugation” also
follows from Theorem 5.2.18, since Mge = (Mgy*)* is by conjugation (see
Remark 5.2.19) equivalent to Mge* < (Mgoy)* = (Mg(¢*)*)*.
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5.3 Class A for Variable Exponent Lebesgue Spaces*

In the case of variable exponent Lebesgue spaces Lp(')(R”) we can provide
another characterization of class A, which avoids the use of (Mq¢py.))*. This
characterization is based on the following refined version of Lemma 5.2.10:

Lemma 5.3.1. Let p € P(R™). Then
(MQ@y())" (1) < po (1) < (Mopp())(1) (5.3.2)

for all t > 0 and all cubes (or open sets) Q. Recall that pl JCQ e dx for
every cube Q.

Proof. The second inequality is just Lemma 4.5.1. If we apply this inequality
0 (Pp())" = Gpr(), then Gy (t) < (MqPy.))(t) all t > 0. So by conjugation
(Mo@s)*(6) < By, )* (1) = G (1. 0

The use of p,, enables us to avoid (Mqge*)*, as can be seen in (c) of the
following theorem.

Theorem 5.3.3. Let p € P(R™). Then the following statements are equiva-
lent:

(a) pe A.
(b) Mawp() = (MQSD;(.))*'
(C) MQ(,DP(.) = Ppg and MQ(pp/(A) < Ppl, -

Proof. It suffices to prove the theorem for .y = (.. The equivalence of (a)
and (b) is just the statement of Theorem 5.2.18. If (b) holds, then Mngp( ) =
Opo = (MQcp ) by Lemma 5.3.1. If (c) holds, then also Mgp,) = @p,
and Mqp, () = cpr by Lemma 5.3.1. Conjugation of the second equivalence
and @, ) = @;(‘) gives (MQG;(‘))* 2 $p,- Combining the results we get
(Mqep )" = Ppg = Mo@y(.)- O
We now see that the uniform boundedness of the averaging Ty ) over single
cubes @ is not enough to ensure the boundedness of the averaging operators
To uniformly with respect to locally 1-finite families of cubes. Especially,
the uniform boundedness of Tyq; on LPO)(R) with respect to single cubes
cannot imply boundedness of M on LP()(R). This is reflected in the following
counterexample. We refer to Definition 7.3.2 below for the definition of G.

Theorem 5.3.4. There exists an exponent p € P(R) which is uniformly
Lipschitz continuous and satisfies % <p~ < pt <3 such that p € Ape \ A.

Proof. Let N € C5°(B(0,1/2)) with |9, < &, n # 0, [n(z)dz = 0, and

n(z) = —¢ for all z € B(O 1/4). Let x; := exp(104?) for j € N. Define
p € PR ) p(lx) =14 Z; 177( x;). Then p is uniformly Lipschitz

continuous and Satisﬁes 5<p < pT < 3.
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First, we show that p ¢ A. Let Q; := B(z;,2) and Q := {Q; : j € N}. For
(ax) € I3(N) define a function G({ax}) by G({ax})(z) := Z;’il ajXB(o, 1/4)
(x —xz;) for x € R. If p € A, then ||TQ( {ar)llpy < KNGHar})ll,
for some K > 0. Now, |G({ax}ll,.) = [{ak}llis@y- On the other hand

To(G({ar}) = Z] 1 |a’]|XB(0 1/4)(5‘j —x; — 1), s0

oo

ITo(Gtaxh) ) > |53 lasbvmosoe = a5 1)

j=1

1
= 8_\/§||{ak}”l2(N)'

p(+)

Therefore, if p € A, we have shown that |[{ax}|2 (v <8V2K {ar}s vy for
all sequences ay. This is impossible and thus p ¢ ./{

Second, we show that M is not of weak type p(-). We proceed again
by contradiction. So let us assume that ”/\X{Mf>>\}||p() < K| fll,.y for all
f€LPO(R). Let (ax) € 1*(N) and define G({ax}) as above, so 1G{ar})ll,y.
[{ar} 5 ). Then for A > 0 define J := {j € N : [a;| > A}. Then as above

M(G({ax})) = Xjes $AXB(0,1/4)(z — ;). This proves that

1
[0l > [ wmosrnte =2 -0 = ()
p(-) JjeJ
1
A2) 7
SV—(]EN%I>)‘ )

Since A > 0 was arbitrary, this proves [[{ar}|, 2y < 8\/§K|\{ak}||l3(N)
where [[{ak}|,,_2 = SuPx>o [[AX{jax|>2}[l,2- This is the desired contradiction.

Third, we show that p € Aj,.. We have to show that for some constant
K5 > 0 and for all cubes @

ITa(F x)l,0) < K2 IF xall,q

We start with small cubes. So let ) be a cube with diamQ < 2. If @) does
not intersect any of the sets B(z;,1), then p(z) = 2 for all € Q, then there
is nothing to show, since Ty is bounded on L?(R). Otherwise, @ intersects
exactly one of the sets B(xzj,1), whose index we call jo. Define ¢ € P(R) by
ﬁ = 2 4+ n(z — zj,), then ¢(z) = p(z) for all € Q. By definition of ¢
we have ¢ € P18(R) with 3 < ¢~ < ¢* < 3. So by Theorem 4.4.8, Tqy is
bounded on L‘Z(‘)(R) with continuity constant independent of jy. Since p = ¢
on @, the operator Ty is also bounded on Lp(')(R). This proves the claim
for small cubes, i.e. diam @ < 2.

Now, let @ be a large cube, i.e. diam(Q) > 2. Then there exists a cube
W with Q C W C 2Q such that every B(z;,1) that intersects W is com-
pletely contained in W. By definition of p and [ n(z)dz = 0, it follows that
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fW ] dr = 5. Since T f < 2Tw f, it suffices to show the bounded-
ness of Ty . Due to Theorem 4.5.7 is suffices to show [[xw||,.) < |W|ﬁ
and [[xw ||, < c[W| e with constants independent of W. Fix k € N such

that exp(k — 1) diam(W) < exp(k). Then by definition of z;, fewer than
Vk+1 of the cubes Q; = B(x;,2) intersect W. So U := WnUj2, Q; satisfies

|U| < 2 (Vk + 1). We estimate

_p(=z) _7 _
/|W| W dx:/|W| dx + / W] L dx

w U WA\U

<UNWITT +1
<2(Vk+1)|exp(k)| T +1
<c

1
This gives [[xw |, < c|W\$ The proof of [[xw /|, < c|W|*w is analo-
gous. This finishes the argument for large cubes. a

Remark 5.3.5. Kopaliani gave in [256] a two-dimensional example of an
exponent p € A\ Ajoc of the form p(z,y) = q(x) with ¢ € P°5(R).

Kopaliani [255] and Lerner [268] showed that if p € Ajee is such that the
support of p — p, has finite Lebesgue measure, then p € A.

5.4 Class As*

In this section we define an analogy of the classical Muckenhoupt class A,
We show that, as in the case of classical Muckenhoupt class A, our new
condition A, implies an improvement of integrability, i.e. we prove that
¢ € Ay implies ¢ € Ao with o(-,t) ~ ¥(-,t*) for some s > 1. This is
the analogue of the reverse Holder’s inequality for (classical) Muckenhoupt
weights.

Definition 5.4.1. By A, we denote the set of all generalized ®-functions
on R™ which have the following property: For every 0 < a < 1 there exists
0 < B < 1 such that if N C R (measurable) and Q € Y satisfy

INNQ| < alQ)| for all Q € Q, (5.4.2)

then

Z tQ XNmQ

QeQ

< B

ZtQ XQ

QeQ

(5.4.3)
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for any sequence {{g},cqo € R€. The smallest constant 3 for a = 1 is called
the As-constant of .

We show below in Lemma 5.4.4 that the class Ao coincides with the
Muckenhoupt class A, of the classical weighted Lebesgue spaces. Let us recall
one of the equivalent characterizations of the Muckenhoupt class Aoo: w € A
if and only if for every € > 0 there exists ¢ > 0 such that w(N) < dw(Q)
for all cubes @ and all N C @ with |N| < €|Q|. (Here we used the notation

w(N) = [yw(z)dz.)

Lemma 5.4.4. Let w be a weight on R™, 1 < ¢ < o0, and ¢(x,t) = tw(x)
for every x € R™ and t > 0. Then ¢ € A if and only if w € Ax.

Proof. Assume that ¢ € A, and let € > 0. Further, let the cube @ and
N C @ be such that |[N| < €|Q|. Since ¢ € A there exists § > 0 (only
depending on €) such that [[xnngll, < Bllxell,- Since NNQ = N, we
obtain that

w(N) = [Ixnllg < 8% lIxelly = 87 w(Q).

The choice d := 7 in the definition of A, shows that w € A,.
Assume now that w € Ao and o > 0. Let Q € Y and N C R" be such
that (5.4.2) is satisfied. Further, let {tg},cq € RC. Since w € An, there

exists 0 > 0 (only depending on «) such that for every cube @ the inequality
INNQ| < a|Q| implies w(N N Q) < dw(Q). Hence,

q

= ltel'w(NNQ) <6 ) ltol'w(@) =6
p QeQ QeQ

q

ZtQXQ

QeQ

Z tQ XNNQ

QeQ

@

So the choice 8 = 5 gives ¢ € A. O

We would like to mention that the original definition of A, from [93],
denoted below by AL, slightly differs from Definition 5.4.1 above: (5.4.2) is
reversed to (5.4.6) and the condition for the ®-function is modified accord-
ingly. However, if ¢ satisfies the As-condition, then both definitions agree.

Definition 5.4.5. By A we denote the set of all generalized ®-functions
on R"™, which have the following property: For every 0 < as < 1 there exists
0 < B2 < 1 such that if P C R™ (measurable) and Q € Y} satisfy

IPNQ|>aol@Q forallQ e Q, (5.4.6)
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then

> 0

=

Z [76) XPmQ

QeQ

ZtQ XQ

QeQ

(5.4.7)

for any sequence {tg},cqo € RC.
The relation between Ay and AL, is the following:

Lemma 5.4.8. Let ¢ € ®(R™).

(a) If ¢ € Ao, then ¢ € AL_. Moreover, B2(az) in Definition 5.4.5 only
depends on [B(a).

(b) If ¢ € A and ¢ satisfies the Ay-condition, then ¢ € As. Moreover,
B(a) in Definition 5.4.1 only depends on (a2(as2) and the As-constant

of .

Proof. (a): Let o’ € (0,1) and let P, Q satisfy (5.4.6). Define N := Jgyco
(Q \ P). Then N and Q satisfy (5.4.2). Let o := o' and let § be the
constant from the definition of A.,. Then

Z tQ XQ Z tQ XPnQ Z tQ XNﬂQ

QeQ o llgeo o llgee
Z toxpng| +0 Z tQ XQ
QeQ %) QeQ ©

This proves (5.4.7) with (s := (1 — ).

(b): Let K be the Ag-constant of . Let € (0,1) and let N, Q satisfy (5.4.2).
Define P := Ugeo(Q \ N). Then P, Q satisfy (5.4.6). Let o/ := a.
Then ¢ € AL, implies the existence of 3’ € (0,1) (only depending
on ') such that (5.4.7) holds. Without loss of generality we can assume
1> -0cota XQ||@ =1.80 0p(>_geco @ X@) = 1 by the unit ball property.
Then (5.4.7) implies that

Z lg XPmQ

QeQ

= Ba.

It follows by Lemma 2.4.2 that there exists O3 € (0,1) (only depending
on [y and K) such that

Q¢< Z tQ XPmQ> = 3.

QeQ

This and 0, (> -gegte x@) = 1 imply that
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Qsa( Z tQXNﬁQ) :Qw< ZtQXQ> —Qw( ZtQXPﬁQ> <1-0s.

QeQ QEQ QeQ

If follows by Lemma 2.4.3 that there exists 84 € (0,1) which only
depends on (3 and K such that

Z tQ XNnQ

QeQ

< Ba.

This proves (5.4.3) with 3 := (4. a
It is important for us that class A, and A are weaker than A.

Lemma 5.4.9. Let ¢ € ®(R"). If p € A, then ¢ € AL . Moreover, B2(a2)
in Definition 5./.5 only depends on the A-constant of .

Proof. Let K be the A-constant of . Let ap, Q@ and P as in (5.4.6). Let
f=73"0co 5@ XPnq with | f[|, < co. Then

P
@z Y sQxQ < ZSQ‘ |8|Q Xo = Y (Mof)xq =Tof.

QeEQ QeEQ QeEQ

Since ¢ is of class A,

15 SQXQ

QEQ

K(> sq XPmQ

QeQ

<Tefll, < K|fll, =

This is (5.4.7) with B2 := a2/K. Thus ¢ is of class A._. 0
In view of Lemma 5.4.8 this has the following direct consequence:

Corollary 5.4.10. Let ¢ € ®(R™) satisfy the Aq-condition. If ¢ € A, then
¢ € As. Moreover, B(a) in Definition 5.4.5 and the As-constant only
depend on the A-constant and the As-constant of .

For the proof of the next lemma it is convenient to work with dyadic cubes.

Definition 5.4.11. We say that the cube Q is dyadic if there exists k =
(k1,...,kq) € Z™ and z € Z such that Q = 27 ((0,1)" —l—E). Let Qg be a
cube and let 7 : R™ — R™ be the affine mapping 7(x) = rz + o, r > 0,
2o € R™ that maps Qo onto the unit cube (0,1)". We say that the cube Q
is Qo-dyadic, if 7(Q) is dyadic. For ¢ > 1 we define the @Q-dyadic mazimal
function MqA’Q by
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A, — .
M, Qf(z) := sup Mg qf.
Q' >z
and Q' is Q-dyadic

In the special case ¢ = 1 we define MA@ f := MlA’Qf. Moreover, the (0,1)™-
dyadic maximal functions will simply be denoted M, qA and M?2.

Note that AM2® has the same properties as the usual dyadic maximal
function. Let © C R™ be an open set. Then @1 C Q is called a maximal
@-dyadic cube of (2 if and only if @)1 is @-dyadic and there exists no @-dyadic
cube Q2 with Q1 G Q2 C Q. If @ = (0,1)" we just speak of a maximal
dyadic cube of 2. Note that every maximal @-dyadic cube @; of the set
{MAQf > A}, with f € LL _(R™) and X > 0, satisfies A < Mg, f < 2" \.

loc

Lemma 5.4.12. Let ¢ € ®(R™) with ¢ € As,. Then there exists § > 0 and
K > 1 which only depend on the A -constant of ¢ such that

f
> ta| 57

QeQ

s
XQ

<K toxel,
© QeQ

for all Q € Y1, all {tq}yeqs to 2 0, and all f € Li (R™) with Mqf # 0,
Qe Q.

Proof. Let Q € VY, {to}geq With to > 0, and f € Ly, with Mof # 0

loc

for all @ € Q. We will fix 6 > 0 and K > 1 later. For all Q € Q we define
fo € LL_(R™) by fo := f xq- Since Q is Q-dyadic, fq is zero outside of @

loc

and Mg f > 0, we obtain
{M>9fq >3 Mof} =Q.
Let
Ef = {z eR" : M*9fo(z) > 220 DR, £,
where k € Ng. Then
EgTtCcEByC--CEQ=Q.
Auxiliary claim: For every maximal Q-dyadic cube V' of ngl
|E§N V| < 3V

Proof of auziliary claim. Let V be a maximal @-dyadic cube of Eg_l and let
W be a maximal @-dyadic cube of E(’fg that intersects V. Since Eg C Eg_l,
W C V sothat W C Eg NV. Since W is maximal @-dyadic in Eg there holds
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(special property of the dyadic maximal function) My fgo > %2("+1)kMQ f.
This implies that

W Mof < 32~k / \fol dr.

Summing over all maximal Q-dyadic cubes W of Eg that intersect V' yields
that

B VMg < §27 0 [l da.

Since V is maximal Q-dyadic in E¥~1, Moy fo < 220HDG=D AL £ where
2V exceptionally denotes the dyadic cube containing V' with twice the side-
length of V. Thus

[ 10l de <2 VI Mav o < 3202 0DV Mo .

Using Mg f # 0 we derive from our estimates
BV <3V,
This proves the auxiliary claim and we continue the original proof. a

Let {VQ’?c . 1} be the collection of maximal @)-dyadic cubes of Ek ! Then
BQ VeI < 5 1Vai'l

Since Eg_l C @ and the family Q is pairwise disjoint, it follows that the
collection {Véﬁl}Ql is pairwise disjoint with respect to @, [. Let

= U £

Qe

Uv’f 1

Then

IGF VST =BG N VET < 5 IVETH-
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Thus it follows from the definition of A., that QF to get

Z ZtQ XkaV£;1 Z ZtQ XVk 1

QeQ 1 QeQ 1

)

©

where 8 € (0,1) is the Ay-constant of ¢.
Since |, Vg;l = Eéﬁl,

Z tQXEk 1

QeQ

Z tQ Xgrnek™

QeQ ®

The definition of G¥ and the monotonicity of Eg imply G* N ngl =
ElNES ' = Ef. Thus,

Z tQ XE,

QeQ

Z tQXEk 1

QeQ

By induction

Z tQ XEE

QeQ

= gF

)

Z tQ Xk,

QeQ

ZtQXQ

QeQ

® ®

From this and the definition of Eg we conclude that
AQ g
S M™%fq .
@ MQf XEg\EQ+
©

S ta(3 20 )y s

5

N

XEE\EEH

tQ’
QeQ M, f

<

< 2D (k+1)5 Z tq Xk

QeQ

Z tQ XQ

Qe

< 2D (k1) gk

©

We fix § > 0 such that € := 2193 < 1 and (n + 1)§ < 1. In particular,
0 > 0 only depends on  and the dimension n. Then

Z tQXQ

QeQ

\

’M f’ R
QeQ
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This implies with the monotonicity of Ef? that

IS Tl

k=0Q€eQ

XEk \EEH!

jje)
Z tQ‘MQf‘

QeQ

)

o0

<Z
QeQ
(oo}
< 225

k=0

XEE\EST

tQ‘M 7

ZtQXQ

QeQ

> toxe

QeQ

1—5

Since By = Q, this is the claim with K = $2-. 0

€

With the help of this lemma we now derive improved properties for ¢ € A,
which correspond to the left-openness of the classical Muckenhoupt classes.
We need the s-averaging operators T o from Definition 4.4.3.

Theorem 5.4.13. Let ¢ € ®(R™) be proper such that ©* satisfy the As-
condition. Then there exists s > 1 which only depends on the As-constant of
©* and the A-constant of ¢, such that Ts o is uniformly bounded on L¥ with
respect to Q € Vi'. Moreover, the boundedness constant of Ts g only depends
on the Ag-constant and the A-constant of ¢ and the A -constant of p*.

Proof. Due to Lemma 5.2.2 and Corollary 5.4.10 it follows from ¢ € A that
¢* € A and ¢* € Ay, where the A-constant and the A.-constant of ¢* are
bounded in terms of the A-constant and the As-constant of ¢*. Let § > 0
and K > 0 be as in Lemma 5.4.12 and define s := 1 + 4.

Let Q € VI and g € L¥(R"). We want to show [Tsogll, < cllgll,-
Without loss of generality we can assume that M, g # 0 for all Q € Q. In
particular, Mgg # 0 for all Q) € Q. We use the norm conjugate formula to
estimate |75 09|l ,, so let h € L#"(R™). Then

<Ts,anh><<ZXQM5,Q97|h|><<ZX SQ‘Z 17| |>

QeQ QeQ .
(3 et g'gi =5} = (7e( 3 xoizggy=r) 1)
= <Qz€:QXQ = 17Tglh>
= <Z xQlgl, ZXQMQh <M ||g|>51>-

QeQ
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(i)

With the help of Lemma 5.4.12 and ¢, ¢* € A it follows that

By Holder’s inequality

(Ts,09,h) < 2llgll,

o*

(Tie9.h) < 2K |lgll, [IThll,- < 2K |lgll,, |

The norm conjugate formula concludes the proof. O

Remark 5.4.14. Let ¢, ¢ be proper, generalized ®-functions on R™ with
P(-,t) = ¢(-,t%) for some s > 1. Then it follows as in Lemma 3.2.6 that

1715 ~ 17

The previous theorem is our first analogue to the left-openness of classical
Muckenhoupt classes. Indeed, if we apply it to the function p(z,t) = t?w(x)
with 1 < ¢ < oo and w € Ay, it would imply that w € A The following
theorem is another version of the left-openness.

q/s:

Theorem 5.4.15. Let p € ®(R™) be proper such that ©* satisfies the Ag-
condition. Suppose that ¥ € ®(R™) is proper and s € (0,1] such that ¥(x,t) ~
o(x,t%) for allx € R™ and t > 0. There exists so € (0,1) which only depends
on the A-constant of ¢ and the Ay-constant of ©*, such that ¢ € A if s > sq.

Proof. Due to Theorem 5.4.13 there exists so € (0,1) such that Ty, o is
uniformly bounded on L¥ with respect to Q € V. Let s € [so, 1] and ¥ (-, t) =
(-, t%). Then Ty, ¢ is also uniformly bounded on L¥. By assumption on % and
Remark 5.4.14 we have || f[|7, = ||[f[*]|,, for every f € L¥. Hence,

ITagll, = | (Ts.allal’*)" ], < | Teolla )] <clllg*[ < cllgl,.

Hence, ¢ € A. O

Remark 5.4.16. Note that Theorem 5.4.15 is the counterpart to Lem-
mas 5.5.9 and 4.4.7. Here, the latter tell us about the easy situation, i.e.
s > 1, while Theorem 5.4.15 considers the difficult part of the left-openness,
ie. 0 <s<1.

In the case of Lebesgue spaces with variable exponent with exponent
p~ > 11it is clear that for every p(x,t) = tP(#) there exists a function ¢ with
Y(x,t) = @(x,t*) and s € (0,1). Just take o (x,t) = t9*) with s € (1/p~,1)
and ¢(xz) := sp(x) for all x. In the general case the existence of such a
¥ with s € (0,1) is not obvious. However, if ¢* satisfy the As-condition,
then the existence of such a function 4 follows from the results from [239,
Lemmas 1.2.2 and 1.2.3].
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If we apply Theorems 5.4.13 and 5.4.15 to the variable exponent Lebesgue
spaces, we immediately get the following result.

Theorem 5.4.17. Let p € P(R") with 1 < p~ < p™ < oo and p € A. Then
there exvists s € (1,p~) such that ¢,.);s € A and the operators Ts o are

uniformly bounded on LPC)(R™) with respect to Q € YP.

5.5 A Sufficient Condition for the Boundedness of M *

Let ¢ be a proper generalized ®-function on R™ such that M is bounded
from L¥(R™) to L¥(R™). Then ¢ € A and it follows from Theorem 5.2.18
that Mgy =< (Mge*)*. Therefore, Mgy =< (Mgy*)* is necessary for the
boundedness of M. In the following we define a new relation < which is
stronger than < and use it to state a sufficient condition for the boundedness
of M.

Definition 5.5.1. Let 0,9 : " x Ry — R be generalized ®-functions on
V7. We say that ¢ is strongly dominated by ¢, ¥ < ¢, if for every A; > 0
there exist As > 0 such that the following holds:

For all families Q; € )7, j € Z, with

Y IRle(@.2%) < 4 (5.5.2)

k=—00 QeQk

there holds

> QI (Q.2%) < As. (5.5.3)

k=—00 QEQy

Remark 5.5.4. Let ¢ be a proper, generalized ®-function on R™ that satis-
fies the As-condition. Then due to the As-condition it is possible to replace
2% in Definition 5.5.1 by o* for any a > 1. Also due to the As-condition it
suffices to verify Definition (5.5.1) for a single choice of A; > 0.

The next lemma shows that strong domination < is stronger than domi-
nation =<, as the name indicates.

Lemma 5.5.5. Let p,¢ : X" x Ry — Ry be generalized ®-functions on
Vi If o < 1), then ¢ = 1.

Proof. Let Ay := 1 and choose Ay > 0 such that (5.5.2) implies (5.5.3). Let
Q € V" and ¢ € 1(Q) with [[¢[|,, o) < 1, so that
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QeQ

For every @@ € Q there exists kg € N such that 2ke tg < 2ke+1 Define
QreViforkeZby Qp:={Q € Q : kg =k}. Then

DD (@25 <D 0(@Qitg) < 1.

k=—00 QEQy QEeQ

Let m € Z such that 27! < Ay < 2™. Then

YooY w2 < > Y w2 <2 A <L

k=—00 QEQy k=—00 QEQy

This gives

D@27 M) < Y D w(@2F ) <1

QeEQ k=—00 QEQk

This proves ||f||lg,(Q) < 2mF < 4A,. Therefore, [9(Q) — [¥(Q) uniformly in
Q € Y7 In other words ¢ < . O

From Theorem 5.2.18 we know that ¢ € A is equivalent to Mgy =
(Mgy™*)*. Since by the previous Lemma Mgy < (Mgy*)* is a stronger
assumption, we can define a more restrictive class than A, namely Agrong.

Definition 5.5.6. By Astrong We denote the set of all generalized ®-functions
¢ on R™ such that Mgy < (Mge*)*.

In the context of Lebesgue spaces with variable exponents there is a
close connection between A and Agirong. Indeed, we show in Theorem 5.7.1
that p € A is equivalent to p € Agsrong as long as p € P(R™) with
1<p” <pF <.

Lemma 5.5.7. Let p € A be proper. For every A > 0 and f € L¥(R"™) there
exists Q1,...,Q¢, € V', where &, only depends on the dimension n, such
that

Mof>2""\ forallQeQ;, j=1,...,6,

and

&n
/ P Xy dr <23 3 11 (Maw) (),

J=1Q€eQ;

where ¢ only depends on the Ay-constant of ¢ and the dimension n.
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Proof. Let f € L¥(R™) and A > 0. According to Theorem 4.4.10, M is of weak
type ¢, since ¢ € A. In particular [p, (2, ) x{amf>r} dz < 0. Due to the
absolute continuity of the integral there exists a compact set KCC {Mf > A}
such that

/(p(a:,/\) Niagrony dz < 2 /ap(x,/\) YK dz. (5.5.8)
]Rn Rn

Since K is compact, it is bounded. For every x € K we have Mf(z) > A, so
by (4.4.11), Mcenter f () > 27"\, Thus, there exists a cube @, with center z
such that Mg, f > 27"\ The collection {Q.}, . ; covers the compact set K.
From the family {Q.},  We can select by the Besicovitch covering theorem,
Theorem 1.4.6, locally 1-finite families Q;, ..., Q¢, , which together cover K.
The natural number &, only depends on the dimension n. We estimate

g’ﬂ g’ﬂ
[eenndr< [o@n Y 3 xodr=3" 3 10l (Map).
o s i=1QeQ, i=1QeQ,
This and (5.5.8) prove the assertion. O

Lemma 5.5.9. Let 1, ¢ be proper, generalized ®-functions on R™ with
(-, t) = (-, t%) for some s > 1. Then

(My)(t) = (Mqe)(t*),
(M@y®)"(t) = ¢ (Mqyp™)"(t)-

If € A, then ¢ € A. If Y € Agirong, then ¢ € Asirong-

(5.5.10)

Proof. The estimate (Mqv)(t) = (Mge)(t®) is an immediate consequence of
P(t) = p(t*). We estimate with Lemma 5.2.8.

(Mop')'(#) = | inf_ Mq(e(-. 1))

> inf . 1/s
cf:A}gmsMcg(w(Jﬂ )

=c inf Mg (w(~,g))

g: Ms,qgg>t

>c f:]\i}gfg%MQ (v(-,9))

= c(Mqy™)"(t).

The claims for ¢ € A and ¢ € Aggrong follow from (5.5.10), Theorem 5.2.18,
and Definition 5.5.1. O
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Corollary 5.5.11. If p € Agtrong and s > 1, then sp € Agrong.

We are now prepared to prove the main result of this section. The tech-
nique is similar to the real interpolation result of Marcinkiewicz (see for
example [360]). However, due to the additional difficulties in the context of
Musielak-Orlicz spaces we have to rely on the class Agrong rather than A.
Note that it would be sufficient to use A if we would stay in the context of
weighted Lebesgue spaces.

Theorem 5.5.12. Let ¢y and ¢ be proper, generalized N-functions on R"™
such that 1o, @, ¥ and ©* satisfy the Ag-condition and o(x,t) = p(z,t%)
for allz € R™ and t > 0 and for some so € (0,1). If 1o € Astrong, then M is
bounded from L¥(R™) to L¥?(R™).

Proof. For s; > 1 define ¢1(-,t) = ¢(-,t°*). Then ; is an N-function
and ¥1(,t) = @(-,t51) = (-, t51/%0). Moreover v;(-,t) ~ (-, %) for
j = 0,1. From (Mgio) < (Mgug)* and (-, t) = tho(-,t1/%0) we deduce
by Lemma 5.5.9 that (Mgy1) < (Mgwi)*. It suffices to show that there
exists A > 0 such that for all f € L¥(R"™)

/cp(x7f)dx<1 = /cp(x7Mf)dx<A
-0 -0
Let f € L¥(R") with [ ¢(z, f)dz < 1. We estimate

(oo}

/SD(HJ,Mf) dl.://@/($7>\)X{Mf>A}ded)\

R™ 0 Rn»

< / Z o2, 2"%) X (arpsarery da.
0 k=—o0
For k € Z > 0 define for, fi,x : R® — R by
Jok = F Xqf|>26+1s
fre = fX{|f\<2k'+1}.

Then

{Mf > 21 € {Mfor > 2"} U{M f1 ), > 28}
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1 [e’e)
[etwnnas<ed Y [ o) g, oo do

ey, D /90($>2k)X{Mf_j,k>zk}df'f>

where we used that ¢ satisfies the Ag-condition. Due to Lemma 5.5.7 there
exist for each k € Z and j = 0,1 families Q1 1,..., 9 k¢,, Where &, only
depends on the dimension d, such that

&n
Mqof > oF for all Q € U Qjikl
=1
g"l

/@( M) Xap sy dz <2) 00 Y QI(Mge)(2F).

Rn =1 QEQ; k1

Hence,

A

n oo

/(fo <SS QI (Mgw) @)

n ) =0 1 k=—o00 QEQ; i,
E o (5.5.13)

1 n

sc Z Y QI (Mquy)(2¥).

1 k=—00 QEQj k1

<.
-~
Il

o

m
o~
Il

We will show that for any j =0,1 and [ =1,...,&,

Yo > QI (Mgup) (M) <« (5.5.14)

k=—00 QEQ; k1

where ¢ does not depend on f, j, and . Once we have proven this, Mg1; <
(My7)* for j = 0,1 and Remark 5.5.4 imply the boundedness of the right-
hand side of (5.5.13). This concludes the proof of the theorem. It remains to
prove (5.5.14).
The definition of f;, and 0 < sp < 1 < s1 imply, for j = 0,1 and &k € Z,
that
0 < [l TP 2RO oy <1, (5.5.15)
where we use the convention that the term in the middle is zero outside the

set {fjx # 0} regardless of whether the factor in front of it is undefined. This,
the convexity of ¢; and ¥;(-,t) = ¢(-,t%) imply
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Si— 1/s; 1—1/s; Si—
¢j(|fj,k|2k(1/ 7 1)) <1/)j(|fj,k| /’)|fj,k| 125 M5 oy
1-1/s; §i—
<ol finl) [ Ful 75 285Dy o gy (5.5.16)

We use Mqfjr > 2%, Lemma 5.2.8, (5.5.16), and the definition of f; to
estimate

}j D> 1QI (M) ™ (2855 =Y Mg f;x)

k=—00 QEQ; k.1

<e XY 1QIMg(wy (i 2805 Y))

szooQGijl
o 3 [ (o) a
k——ooRn
Sse Z / (I f5.0) |fjk|1 Hes gh(1/s-1 X{fj,k?fo}dx
k——oo]Rn
ZC/sﬁ(w,lfl)lfll_l/sj > 2Ry p o0y da.
R™ k=—o0

By definition of f;, and 0 < sg <1 < sy,

o0

S0— S 1/s0—1
Z QR0 Dy g = p p0) = Z 2R (/50=Dy 1 ooriny el V7Y
k=—o00 k=—o0
Z 2k(1/81_1)x{f1,k:f»f?£0} = Z 2k(l/sl_1)X{0<\f|<2k+1} el
k=—o00 k=—o0

where ¢ depends on sg and s;. In combination with the previous estimate
this gives

e [ e < [ ool fl) do
R’VL R’VL
This proves the theorem. a

If we apply Theorem 5.5.12 to the variable exponent Lebesgue spaces, we
immediately get the followmg result.

Corollary 5.5.17. Let p € P(R™) with 1 < p~ < p™ < oco. If there exists
s € (1/p~,1) such that sp € Astrong, then M is bounded from LPC)(R™) to
LPO)(R™).
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If o € ®(R"™) is proper such that M is bounded on L¥#(R"), then obvi-
ously ¢ € A. The following theorem extends this result to the stronger
condition Agtrong-

Theorem 5.5.18. Let ¢ be a proper, generalized N-function on R™ such that
© and ¢* satisfy the Ag-condition. If M is bounded from L¥(R™) to L¥(R™),
then ¢ € Astrong -

Proof. Let Q; € VI, j € Z, be such that

do> 1R (Meer) () < 1.

k=—00 Q€Q;

For every j € Z and Q € Q; we can choose due to Remark .2.9 a function

fq € LY(Q) such that Mq fq = 27 and (Mqy*)*(Mqfq) = Mo(¢(fq))- Set
f= ¢1(~, >y xczw(-,fcz))-
Jm—o0 QeQ;
Then

/ (wfdx—/z > xe e, fo)dx

Rn Rn J=—00 QEQ;
= > D> 1QIMg(e(, fo)
j=—00 QEQ;
= > D QI (Mge*)*(27)
j=—00 QEQ;
<1
The boundedness of M on L¥ implies fRn Mf)dx < c¢. Then

Mqf > Mg (@_1('»XQ<P('an))) = Mqfq="2

every j € Z and Q € Q;. In particular Q@ C {Mf > 27} and consequently
Ugeo, @ C {Mf > 27}, This implies that

Z Z QI (Mge)( )(27) Z / (27+h) ) X{Mf>2iy dT

j=—00 QEQ; j=—o00

<c /cp(x,Mf) dx
R'VL
<ec

This proves the assertion. O
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Remark 5.5.19. Let us consider the case of classical weighted Lebesgue
spaces, i.e. p(z,t) = tPw(z) with 1 < p < co. Then ¢ € A immediately
implies ¢ € Asprong: Indeed, by Theorem 5.2.18 Mgy < (Mgp*)*. For a
cube @ let o, == 1/|xqll,; then it follows from Lemma 5.7.14 that

1000 = (1) 0toetoa)~ (7= )

to,Q
t

~ (t_> (Mqyp™)*(to,q) = (Mqw*)*(t)
0,Q

uniformly in ¢ > 0 and Q. Thus (5.6.14) holds (for the choice ¢(Q,2F) :=
(M) (2F) and 9(Q, 2%) := (Mgp*)*(2¥)) with b := 0. Therefore, Mgy <
(Mgy*)* and ¢ € Agtrong-

As a consequence we can deduce from our theorems the well known left-
openness results for the Muckenhoupt classes 4,: Let w € A, with 1 < p < co
and let p(z,t) ;= t? w(x). Due to the remarks after equation (5.2.4) we know
that ¢ € Aif and only if w € A,, so ¢ € A. Due to Theorem 5.4.15and p > 1
we find ¢ € (1, p) such that 1(z, t) := ¢t w(x) satisfies ©» € A. This proves that
w € Ag and proves the left-openness of the Muckenhoupt class A,. By the
considerations in the beginning of this remark we know that ¥ € A implies
Y € Agtrong. S0 we can use Theorem 5.5.12 to conclude that M is bounded
on LY = LP(wdx). Overall, we have shown that w € A, with p > 1 implies
that M is bounded on LP(w dx).

Remark 5.5.20. Let ¢ be a proper, generalized N-function on R™ such that
¢ and ¢* satisfy the As-condition. We know that ¢ € A and ¢ € Agrong
(see Theorem 5.5.18) are both necessary for the boundedness of the Hardy—
Littlewood maximal operator M from L?(R™) to L?(R™). However, it is
an open problem if ¢ € A or ¢ € Agrong is in general sufficient for
the boundedness of M. Theorems 5.4.13 and 5.4.13 provide the necessary
left-openness result for A. But in Theorem 5.5.12 we need the correspond-
ing left-openness for Agrong. In the case of weighted Lebesgue spaces, i.e.
p(xz,t) = w(z)t?, it is easily seen (Remark 5.5.19) that ¢ € A if and only if
¢ € Astrong. In the case of Lebesgue spaces with variable exponents the sit-
uation is much more difficult. However, in Sect. 5.7 we will see that if p € A
and p~ > 1, then ¢ € Agirong. The proof for this result is elaborate. Due to
these two fundamental examples we conjecture that ¢ € A is sufficient for
the boundedness of M. This of course is topic to further research.

5.6 Characterization of (Strong-)Domination*

In this section we characterize the property of domination and strong dom-
ination in a “pointwise” sense, i.e. for proper generalized ®-functions ¢,
on X" x R> with ¢ < ¢ or ¢ < ¢ we estimate 1(Q, ) in terms of p(Q, ).
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This is similar to the characterization of the embeddings in Theorem 2.8.1.
We need this in Sect. 5.7 in order to show that domination is equivalent to
strong domination in the context of Lebesgue spaces with variable exponents
LPO)(R™) with p~ > 1. We begin with a general lemma.

Lemma 5.6.1. Let X be an arbitrary set. Let' Y be a subset of the power set
of X such that M1 C My € Y implies My € Y. Let 9,9 : X — Ry and
A1 >0 and Ay, A3 > 0 be such that

doew)<A = Y dw) <A Y e +As (562)

weM weM weM

for all M € Y. Then there exists b : X — Ry such that

plw) < % =  tP(w) < max {414_/137 2 Ag} p(w) + b(w) (5.6.3)

forallw e X, and

sup b(w) < As. 5.6.4
s 3 o) < (5:0.0)

Proof. For w € X, 7,0 > 0 define

G(w,7,8) = Vlw) - %‘/’(“’) if p(w) < min {§,7 ' Y (w)},
0 otherwise.

Then G(w,~,d) = 0.
Claim 1: For allw € X

p(w) <0 = Y(w) < vp(w) + G(w,7,9). (5.6.5)

Proof of Claim 1. We prove the claim by contradiction. Assume there exists
w € X with p(w) < ¢ and ¢Y(w) > vo(w) + G(w,v,0). Especially,
Y(w) — 2 o(w) > G(w,7,d). From this and the definition of G(w,~,d) we
deduce p(w) > min{d,v 1(w)}. Since p(w) < 4, this implies p(w) >
7 1p(w). Thus P(w) < yo(w) < vp(w) + G(w,7,d) which contradicts the
assumptions. O

Claim 2: Let 6 := A1 /4, v := max {4 A3/A;, 2 As}. Then

sup Z G(w,70,00) < As.

]VIEYwGM
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Proof of Claim 2. We prove the claim by contradiction, so assume that the
claim does not hold. Then there exists My € Y such that

> G(w,70,80) > As.

w€e My
Therefore there exists My C My and wy € M7 such that

G(w,70,d0) >0 for all w € Mjy,
Z G(w7'707 50) < A?n

weMq\{wo}
> G(w.70,00) > As. (5.6.6)

we M,

Since M1 C My € Y, My € Y. From the positivity of G we deduce that M;
is at most countable and that

G(w,70,80) = ¥(w) — % o(w) for all w € My, (5.6.7)

¢(w) < min {So, 75 (W)} for all w € M.

This implies that

Yo <dot+ Y. 1 Yw)

weM; weMi\{wo}

=06+ >, %' (G(wmo,éo) + ? SO(W)>

weMi\{wo}

_ 1
< 50+701A3+§ EMZ\{ }@(W)-
w 1 wo

Note that this inequality remains true if we replace M7 by an arbitrary finite
subset M C Mj. For all such sets the last term is finite and can be absorbed
by the left-hand side. By exhausting M7 by finite subsets we can pass back
to M;. We get

D pw) <268 +275 " A5 < Ay (5.6.8)
weM;

On the other hand (5.6.7), (5.6.6), and vy > 2 A2 imply that
> v = 2 (Gt + Le)) > At dr Y ol
weM; weM- we M-

Now this and (5.6.8) contradict (5.6.2). This proves Claim 2. O
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We complete the proof by choosing b(Q) := G(Q, 0, o). Then the claim

follows from Claims 1 and 2 in view of the definition of G. O

Suppose there exist b : X — R>, A1 > 0, and Ay, A3 > 0 such that (5.6.3)
and (5.6.4) hold. Then

Yo < o Y uw< max{A‘A—f‘f’,zAQ} S () + Ay

weM weM weM

forall M €Y.
Definition 5.6.9. For b : X" — Ry we define

[Blyp = sup 37 1QINQ) and [Bllyp o = sup H(@)

su
QeI Geo

Theorem 5.6.10. Let p,v be proper, generalized ®-functions on Yi* such
that o, ©*, ¥, V* satisfy the Ag-condition. Then ¢ = 1 if and only if there
exists b : X" — Ry with ”b”yl” 1 < Ay such that

A A
IQlw(Q,t)sf = ¢(Q,t)<4A—12<p(Q,t)+b(Q) (5.6.11)

for all Q@ € X™ and allt > 0.

Proof. Assume first that ¢ < 9. Let X := X™ and Y := Y. Then X and
Y are admissible for Lemma 5.6.1. For u : X" — Ry define ¢y, ¥}, :
X" — Ry by

e (@) = Q¢ (Q,u(Q)), Y (Q) = |Q ¥(Q, u(Q)).

Since ¢ < 1,
D (@) < A = 3 (@) < Az (5.6.12)
QeEQ QeQ

for all @ € Yf'. Thus we can apply Lemma 5.6.1 to X, Y, and @[y, ¥[y-
Hence there exists aj,) : A™ — Ry with [lap,|lyr 1 < Az such that

A 4 A
(@) < Zl = Y (Q) < A_12 01 (Q) + a (Q)

for all @ € &A™
Thus for all Q € X"

Ay 4 Ao

Qle(@,u(@) < 7 = QI (Q, (@) < A—llQI@(Q,U(Q)) +ap (Q)-
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Define b : A" xRy — R by
1 : Ay
Q| inf ap(Q) i [Qe(Q,t) < —,
. u: X" —Ry 4
b(Q7 t) = with u(Q)=t
0 otherwise.
Then for all Q € X™ and all ¢t > 0

A 4A

Qlp@H <7 = U@ < e(@)+Q

and for all @ € V' and all sequences {tQ}QGQ’ tg 2 0, holds
sup Y Q[b(Q, to) < As.
@€2qe0

Finally, we define b : X" — R by

b(Q) :=sup b(Q, t).

>0

Then the claim follows directly from the previous two estimates.
If on the other hand there exists b : X — Ry and A, A2 > 0 such that
llapllyp1 < A2 and (5.6.11) hold, then

A
Yo Rle@t) <7 = Y QIY(Q 1) <242,
QeQ QeQ
The strong As-condition for ¢ and 1 implies that ¢ < . ad

Theorem 5.6.13. Let v, ¢ : X" x Ry — R>. Then ¢ < ¢ if and only if
there exists b : X™ x {2 : k € Z} — Rs such that

A 4 Ay

1Q(Q,2%) < Tl = (Q.2%) < T 0(Q,2%) +5(Q,2%)  (5.6.14)
forallQ € X™ and k € Z, and
Y 1QIb(Q.2F) < A, (5.6.15)

k=—00 QEQy

for all Qr € VI and all sequences {tQ}QGQk with tg > 0.
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Proof. Assume that ¢ < ¢, and let A; and As be the constants from
(5.5.2) and (5.5.3). We want to prove (5.6.14) and (5.6.15). Let X :=
X" x {2F . k € Z} and define 7, : X — &A™ by

(M) :={Q e X" : (k,Q) € M}.
Further let
Y:={MCX : m(M)e Y forall k € Z}.
Then X,Y are admissible for Lemma 5.6.1 and so there exists b : X — R
which satisfies (5.6.14).

If on the other hand (5.6.14) holds, then summation of (5.6.14) over k € Z
and ) € Qy yield that

oo A o0
oY lele@2) < T = Y Y Q@2 <24,
k=—00 QEQy k=—00 QEQk
ie ¥ < . O

5.7 The Case of Lebesgue Spaces with Variable
Exponents*

It is clear that for the boundedness of M on LP()(R™) it is necessary that p
is of class A. We want to show in this section that p € A is also sufficient
for the boundedness of M on LP()(R") as long as 1 < p~ < pt < co. With
the results so far this is not directly possible and there is still a small gap
to close. Let us point out what remains to show: Assume that p € A. Then
due to Theorem 5.4.15 it is possible to choose s € (1/p~, 1) such that ¢ € A
with ¢(z) := sp(x) for all z € R™. If additionally ¢ € Agtrong, then we can
use Theorem 5.5.12 to conclude that M is bounded on LP()(R™). So we have
g € Abut need g € Agtrong. We close this gap by showing that ¢ € A implies
q € Agtrong. The proof of this result relies on the special structure of PO,

Theorem 5.7.1. Let p € P(R™) with 1 < p~ < p*t < 0o. Then p € A if and
only if p € Astrong-

Before we get to the proof of this theorem let us present the following
important implication.
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Theorem 5.7.2. Let p € P(R™) with 1 < p~ < pT < co. Then the following
are equivalent

(a) p € A.

(b) p' € A

(¢) M is bounded on LPC)(R™).

(d) My, is bounded on LPC)(R™) for some s; > 1 (“left-openness”).

(e) M is bounded on L*C)(R™) for some s € (1/p~,1) (“left-openness”).
(f) M is bounded on LP' ) (R™).

Proof. (a) < (b): It suffices to show the equivalence for ¢,.). Due to
Lemma 3.1.3 we know that (9,.))" = ©p(.), so the equivalence follows
directly from Lemma 5.2.2.

(¢) = (a): This is obvious, since To f < Mf.

(a) = (c): Let p € A. Then by Theorem 5.4.17 there exists s € (1/p—,1)
such that ¢ € A with ¢(z) := sp(x) for all z € R™. So Theorem 5.7.1 implies
that ¢ € Agtrong, Which, by Corollary 5.5.17, implies that M is bounded on
LPO(R™).

(a) = (e): By the argument of the previous case, ¢ € A. So the implication
“(a) < (c)” implies that M is bounded on LIC)(R™).

(d) « (e): It suffices to prove this for ,.y = @,y Let s = 1/s1; then the
claim follows from the identity

= M) 12,

1Mo, £y = |LASI)) (] = (M (1F™)

p()’

(d) = (c): This follows from Mf < M, f, since s1 > 1.
(b) < (f): This follows from (a) < (c¢) with p replaced by p'. O

Remark 5.7.3. A careful tracking of the constants reveals that the operator
norm of M in LPC) and LP'®) in the previous theorem only depends on n,
p~, pt and the A-constant of p. Moreover, the operator norm of M on L*()
and M,, on LP() depend additionally on s; and s.

Before we get to the proof of Theorem 5.7.1 we need some auxiliary results.

Lemma 5.7.4. Let ¢ € A be proper and satisfy the As-condition. Then there
exists s > 1 such that (M, op)(t) < (Mgp)(t).

Proof. Due to Corollary 5.4.10 we have ¢ € A. So by Lemma 5.4.12 there
exists 6 > 0 and A > 1 such that

ZtQ‘

QeQ

ZtQXQ

QeQ

(5.7.5)

\ ’

for all @ € Y7, all {tQ}QeQ with tg > 0, and all f € Ll with Mg f # 0,
Q € Q. Define s := 1+ 4. Let Q € YJ* and {“Q}QEQ with ug > 0 be such
that
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> QI (Mow)(ug) < 1
QeQ

so that

< . (5.7.6)

> xqug

QeQ

QS(,( Z XQuQ) <1 and
QeQ

We have to show that

> 1QI (M. gy ( ) <1, (5.7.7)

QeQ

where Ay > 1 does not depend on Q or {ug} o Define f € Li

- uQ

QEQ

(R™) by

loc

so that Mg f # 0 for all Q € Q. Now (5.7.5) implies that

o
ZUQ‘ Qf

5

xql| <A

@

The unit ball property and the convexity of ¢ imply that

> 30 [o(5 gl )2 5 [ o3

QReQg

)
X{|f1>Mqf} d.

On the other hand (5.7.6) implies that

o) [

Combining the two previous estimates we obtain, with s =1 + 4§,

> 2 [l
-5 o) o (ven(39))

)
X{|f|<Mqf} d.

P
dx
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-3l < SQ@(M))M <<MQ@)<Z_3>>6

QeQ
> Y @l 0n.00)(352)
QeQ
This proves (5.7.7), and concludes the proof. O

Remark 5.7.8. Lemma 5.7.4 in particular shows that M, g¢ is a generalized
®-function on Q for every Q@ € Y. Indeed, the convexity and the left-
continuity of Msqp follow as in  Corollary 5.2.12. Now,
limy 00 (Ms,0¢p))(t) = oo follows from M gp(t) > Mge(t) and the corre-
sponding limit for Mg(t). The limit lim; o (M, o) (t) = 0, however, follows
from the estimate M, gy < Mgy of Lemma 5.7.4.

Note that Lemma 5.7.4 is not restricted to the case of Lebesgue spaces with
variable exponents. The lemma provides a kind of reverse Holder estimate.
In the case of weighted (classical) Lebesgue spaces, i.e. p(z,t) = tw(x),
it matches exactly the reverse Holder estimate for Muckenhoupt weights
w € Aq. Let us summarize our results so far.

Lemma 5.7.9. Let ¢ be a proper, generalized N-function on R™ such that ¢
and p* satisfy the Ag-condition. Then the following conditions are equivalent:

(a) p € A X
(b) Mgy = (Mge*).
(c) There exists s > 1 such that My qp = Mgp < (MQcp*)* = (MSQQD*)*.

Proof. The implication (a) < (b) follows from Theorem 5.2.18 while (¢) = (b)
is obvious. To show (a), (b) = (c), let ¢ € A or equivalently Mgy =
(Mgy*)*. Then by Lemma 5.2.2 also ¢* € A. Thus Lemma 5.4.9 implies
that ¢ and ¢* are of class Ay. Hence, by Lemma 5.7.4 there exists s > 1
such that M, g = Mgy and M, gp™ <X Mge*. From Remark 5.2.19 it fol-
lows that (Mge*)* < (Ms,o¢*)*, which completes the proof. O

For the proof of Theorem 5.7.1 we need more auxiliary results.

Lemma 5.7.10. Let ¢ € ®(R™) be proper and satisfy the Ag-condition.
Then M, qp and (M, qe*)* satisfy the As-condition with the same Ag-
constant as .

Proof. Let K denote the As-constant of ¢. The estimate ¢(2t) < Ko(t)
immediately implies (M q¢)(2t) < K (M qp)(t).

Due to Lemma 2.6.4 the estimate ¢(x,2t) < Kp(z,t) for all x € R™ and

> 0is equivalent to p*(z,t/2) > K¢*(z,t/K). This implies (M, g¢*)(t/2) >

K(M57Q<p )(t/K), which is by Lemma 2.6.4 equivalent to (M, oe*)*(2t) <

K (Maqe)* () 0
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Lemma 5.7.11. Let ¢; : X" xRy — Ry, j = 1,2 be proper, generalized
N-functions with 1 = . Furthermore, let 11, Y2, Y] and 3 satisfy the
Ag-condition. Then for all di, D1 > O there exist do, Do > 0 such that the
following holds: If Q € Y and {tQ}QeQ with tg > 0 satisfy

di < Y |Qln(tg) < Da (5.7.12)
QeQ
then
dy < > |Q1a(tq) < Ds. (5.7.13)
QeQ

Proof. Since 11 and 19 satisfy the As-condition, it suffices to prove the case
di = Dy = 1. In particular we have ZQGQ |Q| 11 (tg) = 1. Let Az > 0 be the
constant from the definition of o < 11 and ¥ < ¥y with A; := 1. Further
let Cy > 0 be such that 12(Q,2t) < Co12(Q,t) for all @ € X™ and ¢t > 0.
Let @ € Vi and {{q},co With tg > 0 be such that (5.7.12) holds. Then
the second inequality of (5.7.13) holds with Dy := Ag. Let m € N such that
2™ > Ay and let dy := C;™. We proceed by contradiction. Assume that
> 0co Q| Y2(tq) < d2. Then, by the As-condition and convexity,

> IRI2(2Mtg) < CF" > QI a(tg) < Cfldy =1,

QeQ QeQ
> 1QIv1(2Mtg) = 2™ Y QI Ua(tg) =27 > A
QeQ QeQ

This contradicts the choice of Ay, Ay for ¥; < 1)5. This proves the lemma. 0O

Lemma 5.7.14. Let ¢ be a proper, generalized N-function on R™ and s > 1
Furthermore, let ¢°* and (¢*)° be proper and let ¢ and ¢* satisfy the As-
condition and (M, qp) = (Ms qe*)*. Then, uniformly in Q € X",

1 1
Myo9) (= ) ~ 1. Meo#)"\ gz ) =2
@108.09) () Q10009 ()

Proof. For Q € X™ define to,q := 1/|xqll,- Then

S Y BN 7
Q1 (Ma@)(tog) = Q/ @( Jas=1 (5.7.15)

Ixell,

By Jensen’s inequality we have Mgy < M qp and Mge* < M, qgp*.
Thus, (Msqe*)* < (Mge*)* by conjugation. From (Mge*)* < Mgy
(Lemma .2.10) we deduce

Mayp =19
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where ¢ : X" x Ry — Ry is either M, g or (Ms,q¢*)*. Thus (5.7.15) and
Lemma 5.7.11 prove the lemma. a

Lemma 5.7.16. Let p € P(R") with 1 < p~ < pt < oo. Further assume
M qepy = (MsngOZ(V))* for some s > 1. Define as : X™ X Rsg — Rsq by

M 3)(t
as(Q, 1) == (Lf“l(). (5.7.17)
(MS,QSDP(.)) (t)
Then, uniformly in Q € X™ and t > 0,
1
o <Q, —) ~ 1, as(Q,1) =~ 1. (5.7.18)
Ixall,.
Moreover, there exists Cs > 1 such that for all Q € X"
OLS(Q,tg) < G ( (Q tl) + 1) fOT 0<t; <ty < 1, (5 7 19)
as(Q,t3) < Cs (as(Q,t4) + 1) for 1 <tz < ty. o

Furthermore, for all Cg,C7 > 0 there exists Cg = 1 such that for oll Q@ € X™

€ [Cﬁ min{L ;}707 max{l, ;H = a5(Q,t) < Cs.
el el

Proof. 1t suffices to prove the claim for ¢,.) = @p). The first part of
(5.7.18) follows from Lemma 5.7.14. Recall that (g ,)" = (@;/(,))’1. Due

to Lemma 2.6.11 applied to (MS,QgE;(A)) and the As-condition,

* / % * MS, _;(t)
(M85 ((M&Q(@;C)) )(t)) ~ (Mo®y(9) (%)
~ (Ms,o@py) (t) =t (Ms,o(@5(.)") (1.
Thus
_ (Mi.q@p()) (Ms,o(#1)")(1))
Qs s (M (- ! =
(@ 00at550)0) = G g " etz 100
. M0000) (M0 (] ))(t))
t (M 0(@;, ())’)(t)

- (M, Q‘Pp())(( M;.q(2, ())/)(t))
~ t

N — 1
sl —p(z)) ply)-1 s
tG)-DeW-1 dz dy | .

Q @

Q
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Since (M o(@* P ))')(1) ~ 1 this proves (5.7.18). Define

> s —p(x) _ T :
2(Q,t) = tBE-DW-D () 5p()} 42 dy ) ,
Q

B(Q, 1) = R Gy FARAE
S(Q.t) = D7D X{p(y)<p(2)} 4% y) o

w |

then

e (Q (Mo (@30 (1)) = 7(@,1) + 5(Q,1)  wniformly in Q.
0<37(Q,t)<1for0<t <1,
0<AS(Q,t)<1fort>1,
B7(Q,t) is increasing on [1,00),
(Q, 1) is decreasing on (0, 1],

where we have used that 1 < p~ < pT™ < oo. Thus there exists C5 > 1 such
that

s (Q, (Ms, (@) ) (t2)) <Cs (s (Q7( 5@(@5())) (1)) +1)for 0<t1<t2<1,
s (Q, (Ms,0(@py))t3)) < Cs (s (Qs (Ms,@(@y() ) (ta)) +1)for 1<t3<ts.

This, (Ms.q(¢" P )) )(1) = 1, and the strong As-condition prove (5.7.19). The

last claun follows immediately from (5.7.18), (5.7.19), and the As-condition.
This completes the proof. a

Lemma 5.7.20. Let p € P(R") with 1 < p~ < pt < co. Further assume
M qepy = (Mstgaz(‘))* for some s > 1. Then there exists b : X" — Ry
and K > 0 such that ||b||yil’1 + ||b||y{1,oo < 00 and

QI (Ms,0p,1)" (1) <1
= (Ms,Q%Op( )(t) < K (M Q‘Pp( )) (Q,t) + b(Q)X{t<1}
forallQ € X™ and allt >0

Proof. Due to Theorem 5.6.10 there exist by : X" — R> with ||bg||y?71 < o0
and K5 > 0 such that, for all @ € X™ and all t > 0,

QI (Ms,qp))"(t) <1
= (Ms,QPp()) () < K2 (Ms,gpp))"(Q,1) +02(Q). (5.7.21)
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Assume that |Q)| (MsngO;(,))*(t) < 1. Then due to Lemma 5.7.14 and the As-
condition of M g@,(.) there exists A > 0 (independent of @ and ) such that
t < A/HXQHP(.)- Now Lemma 5.7.16 holds for some Cg > 1 with the choice
Cs:=1, C7:= A. Let K := max {Cs, K2} and define b : X" — R3¢ by

b(Q) := min{ (M @p() (1), 02(Q)}- (5.7.22)

Since (M qepy)(1) = 1, ||b||y1n’1 + ||b||y1n’Oo < oo. If 0 <t <1 then by
(5.7.21) and (5.7.22) we obtain the claim.
If on the other hand 1 <t < A/”XQHP(.): then by Lemma 5.7.16 we deduce

as(@Q,t) < Cs. The definition of ay and Cs < K immediately imply the claim
without the term b(Q). O

Lemma 5.7.23. Let Q either be R™ or X™ and let r,s > 0. Let ¢ be a
generalized N-function on ) such that ¢ and ©* satisfy the As-condition. Let
v Q@ xRy — Ry be defined by

t
~y(t) :== / (c/(u%)) du.
0
Then v is a generalized N-function on Q with

y(w,t) (w(%ﬂ)s,

i t
VW) (e w )
s t

uniformly in w € Q and t > 0. Furthermore, v and ~* satisfy the As-
condition. If 1 is another N-function on Q such that

blwnt) (@(w,t))s (5.7.24)

tr t
uniformly in w € Q and t > 0, then ¢* is an N-function on Q and

Prw,t*) (w*(wyt)y

s t

(5.7.25)

uniformly in w € Q and t > 0. Moreover, ¥ and ¥* satisfy the Ay-condition.
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Proof. Since all following calculations are uniform with respect to w, we omit
the dependence on w. From the definition of ~ it follows immediately that v
is an N-function on 2. This implies

) ) = (o) ~ (@> | (5.7.26)

tr t

Here we used Remark 2.6.7, i.e. y(t) ~ +/(t)t uniformly in ¢ > 0. From
7 (") = ¢’ (t)* we deduce ' ~1(t)" = (v/)71(¢*). Thus

(@) @) =)' O)" = 0")7TE) = () ()

Hence

(L@) ~ () 0) = ()~ T8, (5.7.27)

Since ¢ and ¢* satisfy the strong As-condition, we immediately deduce from
(5.7.26) and (5.7.27) that v and v* satisfy the Ag-condition. From (5.7.24)
and (5.7.26) we deduce that 1 ~ . Thus there exist c¢g,c; > 0 with

coy(t) < P(t) < cr(t).

Thus by Lemma 2.6.4

o (ct—l) <Y (t) < o (Ct—o)

Since v* satisfies the Ag-condition, this implies v* ~ *. Overall, we have
shown v & ) and v* & ¢*. So (5.7.25) and the As-condition follow from the
properties of . This proves the lemma. a

Lemma 5.7.28. Let p € P(R™) with 1 < p~ < p* < oo. Further assume
M, oppy = (MSQ)ng;(‘))* for some 1 < s9. Let aq,as, be defined as in
(5.7.17). Then uniformly in Q € X™ and t >0

(ost (Q,tslz))82 ~ a1(Q,t).

Proof. Note that for any 7 > 1, @p)(t") & @p@)(t)" and ¢y (") =~
(052 (£))" uniformly in 2 € R™ and ¢ > 0, since 1 <p~ < pT < oo. Thus

(Mgpp))(t) = (Mgpp))(t) = ((Msz,wp(o)(ti))sza (5.7.29)

(Mopy))(t) = Mopy,.))(t) ~ ((Msg,Q%’;(A))(té))SQv (5.7.30)



5.7 The Case of Lebesgue Spaces with Variable Exponents* 189

uniformly in @Q € X™ and ¢ > 0. It is easy to see that (Q,t) — ((MS%Q(,O;(.))

(té ))*2 is a generalized N-function. Lemma 5.7.10 implies that this N-function
and its conjugate satisfy the As-condition. Thus it follows from (5.7.30) and
Lemma 5.7.23 that

(Mo () = (Moo (5)) ™

This and (5.7.29) imply

<a32 (Q,tslz)>52 ~ a1(Q,1).0

We are now ready to prove the equivalence of A and Astrong
Proof of Theorem 5.7.1. Due to Lemma 5.7.9 there exists so > 1 with
My, 00p() 2 Mqwp) = (Mawpy)™ 2 (Msy,@ep)"

Due to Lemma 5.7.20 there exist by : X™ — R> with Hbg||y1n,1 + ”bQ”y{",oo <00
and Ky > 1 such that the inequality of the lemma holds (for the choice

s = s and b = by). Due to Lemma 5.7.14 and the strong As-condition of
(MS%Q(p;(.))* there exists 0 < Dy < 1 (independent of () and t) such that

t < D2/||XQ||p(.) implies |Q| (Ms,,q%p )" (t) < 1. Due to Lemma 5.7.16 there
exists Cg > 1 such that

1 1
e D min {1 b 1. ] = aw@n<cn
||XQ||p(‘) ||XQ||p(.)
(5.7.31)

Moreover, by Lemma 5.7.28 and the strong As-condition there exists Ag > 1
such that for all Q € X™ and all ¢t > 0

01(@,1) < Ao (s, (@,47%)) . (5.7.32)
Define K := Ay (max {2 K>, Cs})™.

Auxiliary claim: For all Q € X™ and t > 0 with

|Qf (Mqeyy)"(t) <1, (5.7.33)
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we have

max { Ky (Mows ) (Q.t), 202(Q) "%} for 0 <t <1,

M, () <
(Mqwp()(t) {K1(MQ<P;(.))*(Qat> fort > 1.

Proof of auziliary claim. Assume that (5.7.33) is satisfied, then by Jensen’s
inequality

QI (M) (1) < 1.
If t > 1, then by Lemma 5.7.20 and Jensen’s inequality
(M@ep))(t) < (Msy,0p)) () < K2 (Ms,,00p() () < K1 (Mgepy))*(Q,1),
so the claim holds in this case. If 0 < ¢ < 1 and a1(Q,t) < K, then
(Mqwp))(t) = ar(Q, 1) (Mowy))"(t) < K1 (Maey,))™ (1),
so the claim holds also in this case. It remains to consider the case
0<t<l and oy(Q,t)> K.

From (5.7.32) we deduce that

s 1 S2
Ao (max {2 Ko, Ce})"™ = K1 < a1(Q.0) < Ao (0, (Q.17)) ™.
Especially,
0< t% <1 and O, (thi) > maX{Q Kz,Cg}. (5.7.34)

From (5.7.31) we deduce that

D,

0< ti < /.
”XQHP()

Now the choice of D5 implies that

QI (M, gep))" (t72) < 1.

From Lemma 5.7.20 we deduce that
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(Mapp0)) (£77) < Ko (Myy0050)" (£72) + b2(Q)

KQ 1
=2 (M, 00p0) (6 + 52(Q).
(@15 (M, () (t72) + 02(Q)

Since «s, (Q,té) > 2 K5 by (5.7.34), we can absorb the first term of the
right-hand side on the left-hand side, whence

(Mo, 00p0)) (%) < 252(Q). (5.7.35)

It follows from 0 < ¢ < 1, s3 > 1, Jensen’s inequality, the convexity of ¢, .,
and (5.7.35) that

(MQ‘pp )() ( 52,Q¥Pp(- )()
< (Ms,y,Qp( ))( %)tl_%
< 2b(Q) ¢ 5.

So the claim holds also in this case, which completes the proof of the auxiliary
claim. 0

We now deduce from the auxiliary claim that (Mgpp.)) < (MQ@;(_))*.
Let Qp € Vi for k € Z be such that

> 1R (M) (2 < 1.

k=—00 QEQ}

Then by the auxiliary claim

> D QI (Meey))(2Y)

k=—00 QEQy
-1
ST (@ max {K; (Mol ) (25).20,(Q) 25 7))
k=—00 QEQy
+Z Z Q[ K1 (MQSOZ(.))*(Qk)
k=0 Q€Qk
oo —1
>3 1R (Mapyy) (25 + Y 2lballyy, 207
k=—00 QEQy) k=—o00

S Ky + c(s2) [1ballyn 1
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where we have used sz > 1. This and Remark 5.5.4 prove Mgy, <
(Mq@yy)*- Thus, p € Astrong.- 0

5.8 Weighted Variable Exponent Lebesgue Spaces*

A measurable function w : R™ — (0,00) is called a weight. For p € P(R™)
we define

() (T:1) 1= pp() (2, 10 (2)) = Pp(a) (o(@)).
We define the corresponding Musielak—Orlicz by
LPO)(Q) == [P0 (Q).

The norm [[-[|,,(., ., of Lg(')(Q) satisfies

Hpr(.),w = ||fw||p(.)- (5.8.1)

We want to examine for which weights the maximal operator is bounded

from L2 (R™) to L (R™). Kokilashvili, Samko and their collaborators have
proved several boundedness results with particular classes of weights: initially
in the case of power-type weights [248,346-348,365] and more recently in the
case of weights which are controlled by power-type functions [25,240,244,245,
247,249,250,327,339]. Other investigations with such weights include [57,66,
123,230,273, 286]; more general metric measure spaces have been studied for
instance in [167,199, 204,251, 301]. The discrete weighted case was studied
in [315].

A more comprehensive framework was recently introduced in [97], along
the line of Muckenhoupt in the constant exponent case. This allowed us
to characterize weights for which the maximal operator is bounded when
p € P and 1 < p~ < pt < oco. In this section we give a new proof for this
characterization based on our results on classes A and G.

Note that the proofs in this section are partly based on results of Sect. 7.3
below.

The conjugate function of ¢, ) ., is given by

Pry,w (@) = @ny (2, t/w()) = @54 (/w(2)).

Moreover, we have @;(.) w = Pp(),1/w- Unfortunately, for general weights the

spaces Lﬁ(') is not a Banach function space, since simple functions need not

be contained in L2, However, if w € LY ) then all characteristic functions

loc ?
of cubes are contained in L. As a consequence the restriction LE(Q)
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is a Banach function space for every cube ). Hence, the norm conjugate
formula holds for Lf,(')(Q) in the form of Corollary 2.7.5. Using monotone
convergence we conclude that the norm conjugate formula also holds for
Lf,(')(R”) ifw e L‘fo(c) even if LA )(]R") might not be a Banach function
space.

We already know from Sect. 4.4 that we need ¢,y ., € A for the bounded-
ness of the maximal operator. On the other hand, if ¢, ., € A, then M is
of weak type ¢(.),.,. However, to verify the condition ¢, ., € A, we need to
check the uniform boundedness of the averaging operators T with respect
to all locally 1-finite families of cubes in R™. The following observation allows
us to reduce this condition to single cubes.

Lemma 5.8.2. Let p € G and let w be a weight. Then ¢, € G. If
Cp()w € Aoc, then Pp(-)w € A.

Proof. The property ¢,(.) . € G follows immediately from the definition of G
and (5.8.1). If ()0 € Aloc, then Corollary 7.3.7 implies o,y ., € A. a

By Theorem 4.5.7 we know that ¢,y . € Al if and only if

Ixall,,, ~ 1@l
In other words ¢y, € Aloc if and only if
”XQWHP(.)HXQ/WHPI(.) ~ |Q‘ (583)

Lemma 5.8.4. Let p € Ajoc and let w be a weight. Then vy € Aloc if
and only if

Mp(.)’Q(w)Mp/(,)’Q(wfl) ~1
uniformly for all cubes (or balls) @ C R™.

Proof. Due to Theorem 4.5.7, [[xqll,.) Ixall, ) = Q. On the other hand
©Op()w € Aloc is by (5.8.3) equivalent to ||XQw|| 0 Ixqw™ 1||p,(_) ~ |Q|. Tak-
ing the quotient of these equivalences proves the clalm a

Due to Theorem 4.5.7, ||XQ|| o Ixall, ()~ ~ |@|. This and Holder’s inequal-
ity applied to JCQ fgdx yields that

Mo(fg) = £ Ifglde < eMyy0f My (.09 (5.55)
Q

for p € Ajoc and all f € Lfo(g (R™) and g € Lfoé )(R"), where the constant
only depends on the Aj,c.-constant of p.
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The following result is the main result of this section and goes back to
Cruz-Uribe, Diening and Hésto [82]. It has been shown first using a different
technique by Diening and Hésto [97] with the notation as in Remark 5.8.10

Theorem 5.8.6. Let p € P8(R") with 1 < p~ < p* < co. Then M is
bounded from Lﬁ(')(R") to Lf,(')(R”) if and only if p).w € Aloc-

Before we get to the proof of Theorem 5.8.6 we need the following
Calderén—Zygmund decomposition which goes back to Aimar and Macias [16,
Lemma 2].

Lemma 5.8.7. Let p € P°8(R") with p™ < oo, b > 2 -15°", and
f € LPO)(R™). Let Dy := {b** > Mf > b*} for k € Z, where M denotes
the non-centered mazimal function with respect to balls.

Then R™ = Jycz Dr up to measure zero and there exists a family
{BFYkez.ien of balls such that the following holds.

(a) Dy C U;en 5BE for all k € Z.
k) k)_ . .
(b) By N B} =0 fori#j.

(¢) For~ =5,
bR > ][|f|dx>bk ][|f|dx

yBf

(d) Let I} == {(1,j) € Zx N : 1 > k+1,5B;N5BF # 0} and define A} :=
Uqjyers 5Bi- Then |Af| < 5|BF|.
(e) Let EF := BF\ AF. Then the family {FF}, » is disjoint.

Proof. Define Qy := {Mf > b*}. Since p € P8, we know that M is of weak
type p(+), by Corollary 4.4.12. Therefore ||xp, ||p(.) < ||XQk||p(.) <c ||f||p(_)/b’C
and it follows by Lemma 3.2.12 that |Dy| < |Q| < co and that |Q| — 0 for
k — oo. Especially, R™ = |, Dy, up to measure zero. For every x € Dy, we can
choose a ball B, such that b’”‘1 > £y |flde >bF > £,p, |f|dx for every v >
5. Denote by Wy the set of all such balls. Since M is the non-centered max-
imal function, we have B C Qj for every B € Wj. So |Q| < oo implies that
sup {diam(B) : B € Wi} < co. Thus we can apply the basic covering theo-
rem, Theorem 1.4.5, to find a countable, pair-wise disjoint family subfamily
{BF}, of Wy, such that Dy, C ;o 5BF. This subfamily satisfies (a)—(c).

Let (I,j) € IF. Suppose for a contradiction that SBé ¢ 15BF.
Since 5B§» N 5BF # (), this implies that diam BF < diam Bé. Let B be the
ball concentric with Bf and diameter equal to 15 diam Bé-. Then Bé— C B and
B = yBF for some v > 5. Hence, by (c),

][|f\daz<15” ][ |f| d < 157",

vBY
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Since [ > j+ 1 and b > 15, this is a contradiction and so we conclude that
5B§» C 15Bf. This, (b) and (c¢) imply that
5"b_ / |f| dx

A< > BBl < > 5" /|f|d:v

(Lo)eIf (L,9) elk I>k+1 15B
< 155 ][ |f| da < 515" b B < LB
X ; T < °1 < =|By|,

-1/ " 1—1/p = 20

15BF

i.e. (d) holds.

Since the family { BF}; is disjoint, it follows that { F¥}; is disjoint. Suppose
that F]l N FF # (), and assume by symmetry that [ > j + 1. Since Fjl - 5B§-,
this means that (j,1) € I¥; but, by the definition of I¥, this implies that
5Bl - Af, so that 5Bl N Fk = () contradicting the assumption. Therefore,

also the family {F}¥},  is disjoint with respect to both indices. O

Proof of Theorem 5.8.6. Since p € P'°8(R"™), we have p € GN A by Theo-
rems 4.4.8 and 7.3.22. Let () o € Aloc, so that ¢, ., € A by Lemma 5.8.2
and by conjugation @, (.)1/. 6 A. Then the left-openness of A (The-
orem 5.4.15) ensures the existence of s € (min{l/p—,1/(p’)"},1) such
that g, w1/s) Pepr()w-17¢ € A, where we have used that @,y ,1/:(t) =

Pp()w (%) and @y () 175 (£) = Ppr () (%). Define u, v € PIE(R™) by

1 1 1 1
=5s— — and

w'(x) p(z) v(x) P (x)

for all € R™. Since s € (min{1/p~,1/(p’)~},1) the exponents u and v are
well defined. Moreover, v’ = 1 (sp)’ and v := 1(sp)’ and

p/(x) P)l—s)+12 (@) (1-s) +1,
PL o @)1 —s)+12p (1—s)+1.

Thus, by Theorem 7.3.27, M, is bounded on LPO)(R™) and My is
bounded on L¥' () (R™).

Let f € LPO)(R™) and b, Dy, BY and F¥ be as in Lemma 5.8.7. Further let
g € L O(R") and abbreviate BY := 5B%. Then by (a) and (c) of the lemma
it follows that
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[ 1rlslds <3 [ oglas

Rn k Dy,

bz][lfldw/\g\dx

= b5nz \BﬂMé;fMB;g
J.k

We use (5.8.5) with exponents u and v to get

/ Mg da

Rn

sc Z |B§€| Mu(.)g; (fW)Mu/(.),B; (Wﬁl)Mv/(.)ygf (gwil)Mv(i),B}v (w).
3.k

We claim that

Mo 5 (@M, pi(w) = 1. (5.8.8)

This estimate corresponds to the reverse Holder estimate of (classical) Muck-
enhoupt weights. Lemma 5.8.4 applied to the exponents sp(-) and sp’(-) and
weights w'/* and w~1/*, respectively, implies that

1/s —1/s8\ ~~
My, (@) Mgy e @) & 1,
My, @7 )M gy e (@) & 1,
Using [[2l50) = 1Al [l for any h e L*90)(R™) we rewrite this as

Mp(-),éf (w)Mu’(-),B;? (W =1,
Mp’(-),Bf (wfl)Mu(.),B; (w) ~ 1.

This combined with M, ) gr(w)M,, ) g (w™) ~ 1 (Lemma 5.8.4) implies
(5.8.8). Therefore,

/|Mf||g|dx o S IB1 M50 Moy 07
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Using that |Bf| =5"|BF| < 2-5"|Ff| and that {ij}J , is locally 3-finite we
get ’

/ Mf|lg|dz < / S s Ma () M (g™ da

Rn Jik

/M (fw) My (y(gw™") dz.

Now, Hoélder’s inequality with p and p’ and the boundedness of M, on
LPO)(R™) and of M, () on LY O(R™) imply that

/IMfllgl dr < c || fwllyy 9w ey = el llpey wllglly ) wr-
R™

The result follows by the norm conjugate formula of . O

Remark 5.8.9. Note that in Theorem 5.8.6 we do not require explicitly
Pp()w € A but only @,y € Aloe (although the later follows automatically
by the theorem). This appears to be in contrast to the fact that p € A, and
1 <p~ < p' < oo does not imply p € A (see Theorem 5.3.4).

However, it has been shown by Kopaliani [255] that p € A, implies
p € A if one additionally requires that p in constant outside a large set
(i.e. around c0). Based on arguments as in Sect. 7.3 this extra requirement
can be relaxed to the log-Ho6lder decay condition. This decay condition is also
responsible in Theorem 5.8.6 for the implication ¢,y o, € Aloc = @p(),w € A.

Remark 5.8.10. The definition above of Lﬁ(‘) considers the weights as mul-
tipliers. This approach fits nicely to the theory of Banach function spaces.
However, it is also possible to treat the weights as change of measure, which
leads to the spaces Lp(')(Q, o dx), where o is a weight. This approach leads
naturally to the theory of Muckenhoupt weights, see (5.2.3). Analogously, we
define as in [97] the variable exponent Muckenhoupt classes A,y and Ay(.) 1oc
to consist of those weights o, which satisfy o dz € A and o dx € A, respec-
tively. Note that for bounded exponents ¢, .) ., € A and @, € Aloc if and

only wr € Ay and wr € Ay locs TeSpectively.






Chapter 6
Classical Operators

In this section we treat some of the most important operators of harmonic
analysis in a variable exponent context. The results build on the boundedness
of the maximal operator. We treat the Riesz potential operator, the sharp
maximal function and singular integral operators in the three sections of the
chapter. Several further operators are considered in Sect.7.2. These results
are applied in the second part of the book for instance to prove Sobolev
embeddings and in the third part to prove existence and regularity of solutions
to certain PDEs.

6.1 Riesz Potentials

In this section we derive natural generalizations of boundedness results for the
Riesz potential operator in the context of variable exponents. Riesz potential
operators have been studied in the variable exponent context e.g. in [22,92,
115,118,163,341]. Our proof is based on Hedberg’s trick.

Definition 6.1.1. Let 0 < o < n. For measurable f we define I,f :
R™ — [0, 0] by

I, f(x) ::/%dy.

Rn

The operator I, is called the Riesz potential operator and the kernel |z|“ ™"
is called the Riesz kernel.

If the function f is defined on 2 only, then the integral should be taken
over Q, i.e. I, f = I,(xaf) using the zero extension.

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 199
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-6,
(© Springer-Verlag Berlin Heidelberg 2011
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Definition 6.1.2. For k € Z we define the averaging operator Ty by

Tif:= >,  xoMxof
Q dyadic
diam(Q)=2""

for all f € L (R™).

loc

Remark 6.1.3. Note that T} can be written as the sum of 2"-averaging
operators Tg, with locally 1-finite families of shifted dyadic cubes, namely,
each 2@ is split into 2™ disjoint cubes of the same size as Q. This property
ensures the boundedness of T}, on L?(R") if ¢ € A.

The following result relates part of the Riesz potential operator I, to the
Hardy—Littlewood maximal operator M.

Lemma 6.1.4. Letx € R", § >0, 0< a <n, and f € L, (R"™). Then

loc

I/ (W) dy < c(a) 6° i 27 Ty iy f(2) < () 6 Mf (),

|.13 - y|n—a k=0
B(z,6) -

where ko € Z is chosen such that 2~ 50~1 < § < 2 ko,

Proof. We split the integration domain into annuli and use the definition of
Tk:

/ % dy < i (527 F) " / [f ()l dy

2=k |z—y|<2-F+18

<@ f il

k=1 lz—y|<2-k+16
o0
<o 2Ny, f (o)
k=0

This is the first inequality. Since T4, f < Mf, the second inequality follows
by convergence of the geometric series. O

For 0 < a < % and p € P(R") we define p* € P(R™) point-wise by

1 1

P(y) " py)

for y € R™.

S
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Then p* € P(R") with

- +
Pty v+ — P

1< —— = < = <.
p—— (")~ < (") ot =

Also, it is clear that p* € PI°8(R™) with ciog(p) = clog(p*) if p € PO8(R™).

Lemma 6.1.5. Let p € P°8(R") with 1 < p~ < p* < 2 for o € (0,n). Let
z€R", §>0, and f € LPO(R™) with || f||,) < 1. Then

/ |f(y)|7 dy < c < n—o ) " |B(x’6)‘_pu3(w,6)’

o —y"" n—op”
R\B(2.9)

where the constant depends on ciog(p).

Proof. Set B := B(z,d). We start with Holder’s inequality and take into
account that || f||,.) < 1:

£()] .
/ LIy < 2| £l e sl — -
|z — |
R7\B

()

n

<2 HXR%\BM - |7an() )

where ¢ := “=%p’. Next we note that

Ml > f B
B(y,2lz—yl)
-1
~ B(y. 2l )|

=cle—y|™"
for all y € R™\ B. Therefore

n -1
exen\BW)|T —yl™" < M(xs|B|")(y)
for all y € R™. Combining the previous estimates, we find that

/ M&'_ady <ec HM(XB|B|71)||£
|z —yl
R™\B

=B |M(xs)||, 0

<e((@)) T BT sl -
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where we used Theorem 4.3.8 for the boundedness of M on LI()(R™), which
holds since ¢ € P'°8(R") satisfies 1 < ¢~ < ¢+ < o0.

Given that xp takes only values 0 and 1, we conclude that

n—a 1
s 125 = sl < elBI7S

where the second estimate follows from Corollary 4.5.9. Combining these
estimates yields

/ ‘f(y)| dyéc((q_)/)%|3|a;n+i

n—a

_ 1
<e(=20) 7Bl R, 0
n—ap

For future reference we record the following point-wise estimate:

Proposition 6.1.6. Let Q C R™ be a bounded, open set and 0 < aw < n. Let
p € P8(Q) with 1 < p~ <p™ < 2. Ifk}max{ 1}, then

P
n—apt?
&y 1= ()
Inf(z) < ck @™ Mf(z) ~ nP¥.
for every f € LPO(Q) with I fllpcy < 1 and every x € Q. The constant

depends only on a, n, ciog(p), and diam(£2).

Proof. Let x € Q2 and let 0 < § < 2diam {2 be a number to be specified later.
We extend p to R™ by Proposition 4.1.7. Then it follows from Lemmas 6.1.4
and 6.1.5 that

n

Lf(2) < c6°Mf(x) + ckTT§ "hes . (6.1.7)

Since § < 2diam €, 5P o 5/ (@),

If [Mf(2)]P®)/" < 2diam(Q), we choose § = [Mf(z)]"P®)/" Then
inequality (6.1.7) gives the claim. On the other hand, if [M f(x)]~P®)/" >
2 diam(€2), we choose § = 2diam(Q2). Now we have §* < [M f(z)]~(@r@)/n
so the claim follows directly from Lemma 6.1.4. a

Lemma 6.1.8. Let p € P8(R"), 0 < a < n, and 1 < p~ < pt < 2. For

any m > n there exists ¢ > 0 only depending on ciog(p), p*, @, and n such
that

Lo f ()P @) < e Mf (2)P® + h(x),

for all f € LPO) with || f||,, <1 and allx € R, where h € L'(R")NL>(R™).
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Proof. Define q € P1°8(R™) by ¢ := 2=2p’ and note that 1 < ¢~ < ¢* < oco.
Therefore, by Theorem 4.3.8, M is bounded on L)(R™). Recall that (pg)’ =
(p)p and (p)* = (p*)p. Let [fll,.) <1and 2 € R". By Lemma 6.1.4,

/ MO < cso (e

for every § > 0. We can assume that f # 0, since the claim is obvious for
_p®) Lo
f=0.Fix §:= (Mf(x))” ", so that (62 Mf(z))" ) = Mf()7®. Then

( / Lﬂa dy)pnm < ¢ Mf (z)P@),

—
.
B(M)I Y|

We then estimate the remaining part of the integral, outside the ball
B(z,9). By Lemma 6.1.5,

/)l 1

——=—dy < ¢|B(x,0)| s )
lz —yl
R™\B(z,9)

Continuing with Lemma 4.2.7 for the exponent p!, we see that there exist
¢ > 0 and m > n such that

)] dy) v

.
<c|B<x,6>|‘1+c<e+|x|>-m+c( f <e+|y|>-mdy) .
B(z,6)

By definition of §, the first term on the right-hand side equals ch(:r)p(“").
Let us set h'(xz) := c¢M((e + |- |)"™)(z)? . Since M((e + |- |)™™) €
w-LY(R™) N L*°(R"), it belongs to LP (R") (Lemma 4.3.5), hence h' €
L'(R"™). Then we have seen that both parts of the Riesz potential can
been estimated by ¢ Mf(x)P®) + h(x), where h = B’ + (e + | - )™ €
LY(R™) N L>=(R™). O

Theorem 6.1.9. Let p € P8(R"), 0 < a < n, and 1 < p~ < pt <
Then

QI3

1ol < cln, ) 1L,

where the constant depends on p only via ciog(p), p~ and p*.
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Proof. Let h € w-L'(R™) N L(R™) be as in Lemma 6.1.8. Let [|f]|,, <1

and thus g,(.)(f) < 1 by the unit ball property
Integrating the inequality in Lemma 6.1.8 over « € R" yields

0pt () (Lo f) < 0p() (M) + 01(R) < 0p(y (Mf) + c.

By Theorem 4.3.8, M is bounded on LP()(R") and so 0p(y(f) < 1 implies
0p()(Mf) < ¢, where we used p™ < oo. Hence gp:(.)(Iof) < ¢ and therefore
e fl ey < ¢, where we used (p")T < oo. Since I, is sublinear, a scaling
argument completes the proof. ]

Remark 6.1.10. As in Remark 4.2.8, it is possible to replace the log-Holder
decay condition of % in Lemma 6.1.8 and Theorem 6.1.9 by the weaker

Lt s(- : 1 . 1 1 | 1 1
condition 1 € L Q with m = m - E| = |p“(w) - m‘

Next we prove a weak type estimate for the Riesz potential. The proof
shares the idea with Proposition 4.4.14.

Theorem 6.1.11. Let Q@ C R"™ be a bounded, open set. Suppose that
PEPE(N), 0 < o < m, and 1 < p~ < pt < 2. Let f € LPO(Q) be
such that 2(1 + Q)| fllp) < 1. Then for every t > 0 we have

1) 4y < c/ PPy + [{z e Q:0 < |f] < 1}].
{Ia f>t} Q

Proof. We obtain by Proposition 6.1.6 that

p(x)
(Lf(z) >t} C {C[Mf(:c)] EIERN t} — E.

p(2)

For every z € E we choose B, := B(z,r) such that c¢(Mpg_f)» = > t.
Let 2 € B. and raise this inequality to the power pf(z). Let us write
q(z) == p(2)p*(z)/p*(2). Assume first that ¢(x) > p(x), i.e. p(x) = p(z). Since
21+ Q)| flp¢) < 1 we get Mp, f < |B.|™', and thus we obtain

(@) <c (MBzf)p($)(MBZ f)q(w)*p(w) <c¢(Mp, f)p(w)‘Bz‘p(w)*q(w)
ap(@) (p(z) = p(a)

= e (Mg £ B.|

ap(@)(p(z)—p(=)) . . . .
The term |B,|” n-er® is uniformly bounded since p is log-Holder

continuous. By Theorem 4.2.4 this yields

. .
'@ < e Mp (|79 + x{o<|f1<1})
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for every x € B, such that g(x) > p(x). Assume now that ¢(z) < p(z). By
Theorem 4.2.4 we obtain

q(z)
# . p(x) .
@ e (MBZ (1P + X{O<|f\<1})> <ceMp_ (IFP9 + X{o<|1<1})

where the last inequality follows since MBZ(|f\p(‘) + X{0<|f‘<1}) > 1 and

q(z)/p(z) <1
By the Besicovitch covering theorem (Theorem 1.4.6) there is a countable
covering subfamily (B;), with the bounded overlap-property. Thus

/tp @ dz < Z/tp @y < CZ/][U )P + X o< 71<1y () dy da

113 le

= CZ/U )P + Xqo<|fI<13(Y) dy

le

¢ [1@PPdy+ (s e 230 <[5 < 1) .
Q

The following Jensen type inequality will be needed later in Sect.8.2 to
prove a special type Poincaré inequality, Proposition 8.2.11. The result is
from [350].

Lemma 6.1.12 (Jensen inequality with singular measure). Let
p € P8(R™). For every m > 0 there exists 3 € (0,1) only depending on
m and ciog(p) such that

/)l o) (1f(9)]) I
Sﬁp(z)(ﬁB/ﬁdZO <ZﬁdQ+M((e+||) ) (@)

rlz—y|" rle—y

for every R > 0, B := B(z,7), x € B and every f € LP()(B) N L>(B) with
”f”LP(‘)(B)JrLoc(B) < 1.

Proof. Fix r > 0 and let B be a ball with radius r. Define annuli A :=
{ye B:27% < |z —y|R™* < 2'7F} for k > 0. As in the proof of Lemma 6.1.4
we split the B into the annuli A; and obtain

/ﬁ i ][ XAl fldy.
B

=0 Ba21-k)
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Let B2 > 0 be the § from the key estimate Lemma 4.2.4. Since Z;OZO 27k L1,
it follows by convexity that

B2 |f(y)l — ok
(0= oy (2 [0 ) < 32 (5 F xndilan).
p(x) 01/ T ; p(z) | M2 ][ A

T|rT —
B ‘ y‘ - B(xz,21-k)

So the key estimate, Lemma 4.2.4, yields

(1) < 22-k< F el dy

k=1

B(z,21-k)
1 —-m 1 -m g
faletle) ™t el
B(z,21-F)
eoi) IS W) “m
rlz—yl

6.2 The Sharp Operator M?*f

In this section we prove the fundamental estimate that the norm [|f||,., of
an LPO)(R™) function f (scalar or vectorial) can be estimated by HMﬁpr(_)

as long as p € A satisfies 1 < p~ < p* < oo. We introduce the following
maximal operators: let 0 < s < oo and f € L{ (R"). Then for all balls (or
cubes) B we define

Monf = () M.f(x) = sup M, s .
% B>x

M f = (7[ \f(y) — fB|° dy> 57 M:f(z) = sup M L f,
B B>z

for all x € R™, where the supremum is taken over all balls (or cubes) B C R™
which contain z. Then the sharp operator M!f is defined by M*f := Mff
Note that f € BMO(R") if and only if M*f € L>(R").

Further note that M; f = Mf and that My, f < M,, f and Mglf < M§2f
for s; < sp by Jensen’s or Hélder’s inequality. Since |M*f| < 2 Mf, it is easy
to see that f — M?*f is bounded on L*(R™) for all 1 < s < oo, and that this
generalizes to the variable exponent context due to Theorem 5.7.2:
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Lemma 6.2.1. For p € A with 1 < p~ < pt < oo, MEf is bounded on
LPO(R™).

A more interesting fact about M?f is that
1711, < el 1], (6.2.2)

for all f € L¥(R™) and constant s € (1,00) (cf. [360]). Hence f € L¥(R") if
and only if M*f € L*(R") when 1 < s < co. We now generalize this to the
variable exponent context.

The original proof of (6.2.2) uses the grand maximal function, however,

in our case we can circumvent this by the following lemma, which combines
[360, Sect.II.2.1] and [360, Sect.IV.2].

Lemma 6.2.3. For all f € L*(R") and g € C55(R™),

|(f,9)| < c(M'f, Mg).

Using approximation by smooth functions, this is generalized to Lebesgue
functions:

Lemma 6.2.4. Letp € A with 1 < p~ < pt < oo. Then
[(f,9)] < c(MFf, Mg)

for all f € LPO(R™) and g € LV O)(R™)

Proof. Let f € LPO)(R™) and g € LP'()(R™). Then by the Theorem 3.4.12 and
Proposition 3.4.14 there exist sequences (f;) C C§°(R") and (g;) C Cg5H(R™)
such that f; — f in LP()(R") and g; — ¢ in L? ) (R™). Since M? is a bounded
operator, Mt f; — M*!f in LP()(R™). As p’ € A by Theorem 5.7.2, the maxi-
mal operator is bounded on L ()(R™) and so Mg; — Mg in L')(R™). Thus
it follows from Lemma 6.2.3 that

[(f,9)] = Tim [(f;, g:)| < lim ¢ (M*fi, Mg;) = ¢ |(M*f, Mg)|. 0
n—oo n—oo
Theorem 6.2.5. Ifpec A with1 <p~ <p' < oo, then
1£lle, < el

for all f € LPO)(R™).
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Proof. From Lemma 6.2.4 it follows that
(. 90 < e NMF FlLy o 1M gl < e IMEF ey gl

for all f € LPO)(R™) and g € LP () (R™). The assertion now follows from the
norm conjugate formula (Corollary 3.2.14). O

6.3 Calder6n—Zygmund Operators

We now turn to the examination of singular integral operators on LPC)(R™).
These operators are very useful in the study of partial differential equations.
In a classical application they are used to prove that the Poisson problem
—Au = f with f € LY(R") has a solution u € W24(R"). We will generalize
this statement to the variable exponent setting in Sect. 14.1. Singular integral
operators have been studied in the variable exponent setting for instance in
[231,241-243,247].

Definition 6.3.1. A kernel £k on R” x R™ is a locally integrable complex-
valued function k, defined off the diagonal. We say that k satisfies standard
estimates if there exists § > 0 and ¢ > 0, such that the following inequalities
hold for all distinct 2,y € R" and all z € R" with |z — 2| < 3|z — y|:

k(z,y)| < clz—y| ™,
k(z,y) — k(z,9)] < clo— 2’|z —y| "7, (6.3.2)
k(y,z) — k(y, 2)] < cla —2|Ja —y| "7

In this case we call k a standard kernel.

We say that a linear and bounded operator T : C§°(R™) — D'(R™), where
D’ is the space of distributions, is associated to a kernel k, if

(Tf,g) // (z,9)f(y)g(z) dz dy,

R™ R™

whenever f,g € C§°(R™) with spt(f)Nspt(g) = 0. We say that T is a singular
integral operator if T is associated to a standard kernel. If in addition T
extends to a bounded, linear operator on L?*(R™), then it is a Calderdn—
Zygmund operator. The following result is proved in [74,76].

Proposition 6.3.3. Every Calderdn—Zygmund operator is of strong type s,
€ (1,00), and of weak type 1.

Since most of the classical convolution operators are defined by principal
value integrals, we define the truncated kernels k. for € > 0 by
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ke (2.1) k(z,y) for |z —y|>e,
z,Y) =
: 0 for |z —y| < e.

Furthermore we define for € > 0

T.f(z) = / Fe(z,9) f(y) dy

R”L
and we say that T, is associated to the kernel k.. In [63] it is shown that

Proposition 6.3.4. Let k be a kernel on R™ x R™. Assume that N(z,z) :=
k(x,x — z) is homogeneous of degree —n in z and that

(a) for every x, N(z,z) is integrable over the sphere |z| = 1 and its integral
equals zero; and

(b) for some o > 1 and every x, |N(x,z)|” is integrable over the sphere
|z| =1 and its integral is bounded uniformly with respect to x.

Then for every s € [0/, 00) the operators T, are uniformly bounded on L*(R™)
with respect to € > 0. Moreover,

Tf(x):= lim T, f(z) (6.3.5)

e—0t

exists almost everywhere and T f — T f in L°(R™). In particular T is bounded
on L*(R™).

Remark 6.3.6. If k is a standard kernel which satisfies (a) and (b) in Propo-
sition 6.3.4, and T is defined by the principal value integral of (6.3.5), then
T is a Calderén—Zygmund operator: Indeed, due to Proposition 6.3.4 the
operator T is bounded on L*(R"™) for all s € [0’,00) and T.f — T'f almost
everywhere and in measure for all f € L*(R™). Moreover, (6.3.2) implies for
all z,y,z € R™ with |x — z| < r that

) —n—90
| ks -kgalay<e [ e ale -y dy
ly—z|>2r ly—z|>2r
<crd / w| ™" dw
jwi>2r
<c.

Thus, [360, Corollary 1.7.1, p. 33] implies that the operators T; are of weak
type 1 uniformly with respect to € > 0, i.e.

/11y

«

H{IT:f| > o} < c
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for all f € L'(R™)N L° (R™) and all & > 0. Thus
H{ITf > o} < {I(Te =T)f| > §H + {IT-f] > §}

for all « > 0. Since T.f — T f in measure, this implies that 7" is of weak
type 1. Since T is also bounded on L*(R™) for all s with s € [0/, 00), this
implies that 7T is bounded on L?*(R"™). Thus T is a Calderén—Zygmund
operator.

Although the class of Calderén—Zygmund operators will be our model case
we use the following definition of Alvarez and Pérez [29).

Definition 6.3.7 (Condition (D)). For a kernel k£ on R™ x R™ we define
Ditaork)i= f  f bzsy) = by dod.
B(zo,r) B(zo,r)

The kernel k is said to satisfy condition (D) if there are constants ¢, N > 0
such that

swp [ Dk dy < e Mf ()
ly—zo|>Nr

for all f € C§°(R™) and zo € R™.
Note that a standard kernel satisfies condition (D). This is easily seen by

the following argument: Let r > 0 and B := B(xo, 7). If |z9 —y| > 5r, then
|z — 2| < 2r < 3|z — y| and |z — y| > 2|xg — y| for x,z € B. Thus, by (6.3.2),

Dgk(y ][][ lz — 2’|z —y| " P dadz < erflzo —y| "

Let A :=10B\ 5B denote an annulus. Then

/ f| Dukdy < c / 1 /1y — zo0l)ly — ol ™™ dy < 2799 Mf (z0)

27 A 27 A

for j > 0, since (r/|y — 350|)(s ~27% and |y —xzo| " ~ [27A]7! for y € 27 A.
Therefore
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| \Dakdy =Y [ 1f1Dakdy < ¢ " 27 M (o) = c(6) M ().

R™\58 J=0954 3=0

Thus condition (D) is verified.
In [29] it is shown that

Proposition 6.3.8. Let T be an operator associated to a kernel k on R™ xR™
satisfying condition (D). Let us suppose that T' extends to a bounded operator
from L*(R™) to w-L*(R™). Then, for each 0 < s < 1, there exists ¢ = c(s) > 0
such that

1

(ME(IT 1)) (2) < ¢ Mf ()
for all f € C°(R™) and = € R™.

We now show the boundedness of such operators on LP()(R™) under the
usual assumptions.

Theorem 6.3.9. Let p € A with 1 < p~ < pT < co. Let T be an operator
associated to a kernel k on R™ x R™ satisfying condition (D). Let us suppose
that T extends to a bounded operator from L'(R™) to w-L'(R™). Then T is

of strong type p(-).

Proof. By Theorem 5.7.2 there exists 0 < s < 1 such that (2)" € A. Then it
follows from Theorem 6.2.5 that

s = [T |-

s

1T fll,) = ITA1°

i(-) <c HMﬁ(|Tf|S)

From Proposition 6.3.8 it follows that

(ME(ITSI)) (&) < e Mf ()

for all f € C3°(R") and all = € R™. Thus |[Tf ., < c|[Mf|,, < c|[fll,,

for all f € C§°(R™). Since C§°(R™) is dense in LP()(R™) (Theorem 3.4.12),
this proves the theorem. a

Since every Calderén-Zygmund kernel is a standard kernel, it satisfies
condition (D), and hence we immediately obtain the following

Corollary 6.3.10. Let T be a Calderén—Zygmund operator with kernel k on
R™ x R™ and let p € A with 1 < p~ < pT < oo. Then T is bounded on
LPO(R).

To transfer the statements about the principal value integral lim,_ o+ 7. f
to the spaces LP()(R™) we make use of the maximal truncated operator T*,
which is defined by
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T* f(2) = sup [T f(a)].
e>0

It is shown e.g. in [74] that

Proposition 6.3.11. Let T' be a Calderon—Zygmund operator with kernel k
on R™ x R™. Then there exists ¢ = c(s) > 0, such that

T f(@) < e (M(Tf)(x) + Mf (x))
for all f € L*(R™) and all x € R™, where 1 < s < 00.

Corollary 6.3.12. Let p € A with 1 < p~ < p™ < oo, and let T be a
Calderon—Zygmund operator with kernel k on R™ x R™. Then T™* is bounded
on LPC)(R™).

Proof. Let f € Cg°(R"™) with || f[[,, < 1. By Theorem 5.7.2 the operator
M is bounded on LP()(R™) and by Corollary 6.3.10 ITfll,.) < ¢. Therefore
[IM(T )l ey + I1Mfl ) < . Now, Proposition 6.3.11 yields [T f||,., < c.
Since Cg°(R") is dense in LP()(R™) (Theorem 3.4.12), the same holds also

for arbitrary f € LPC)(R™) with [fll,.y < 1. The last restriction is removed
by a scaling argument, which proves the corollary. O

Corollary 6.3.13. Let k be a standard kernel on R™ x R™ which satisfies
condition (a) and (b) of Proposition 6.3.4. Letp € A with1 <p~ < pt < co.
Then the operators T. are uniformly bounded on Lp(')(R”) with respect to
e > 0. Moreover,

Tf(x):= lim T.f(z) (6.3.14)

e—0t

exists almost everywhere and T.f — Tf in LPO(R™). In particular, T is
bounded on LPC)(R™).

Proof. By Corollary 6.3.10 and Corollary 6.3.12 the operators T' and T are
bounded on LPO)(R™). Since |T. f(x)| < T* f(x) for all f € LPO)(R") and all
x € R™ by definition of 7%, it follows that the operators 7. are uniformly
bounded on LP()(R™) with respect to ¢ > 0. Now fix g € C5°(R"™). By
Proposition 6.3.4, lim,_o+ T-g = T'g in LP (R™) and e’ (R™), hence also in
LPC)(R™) by Theorem 3.3.11. By the density of smooth functions in LP()(R™)
(Theorem 3.4.12) and the boundedness of T' and T, the claim follows also
for f € LPO(R™). Due to Theorem 3.3.11 each f € LP()(R™) belongs to
LP” (R™) + LP" (R™), which together with Proposition 6.3.4 shows that the
convergence in (6.3.14) holds also almost everywhere. O



Chapter 7
Transfer Techniques

This chapter is a collection of various techniques with the common theme
“transfer”. In other words we study methods which allow us to take results
from one setting and obtain corresponding results in another setting “for
free”. The best known example of such a technique is interpolation, which
has played an important unifying role in the development of the theory
of constant exponent spaces [362-364]. Complex interpolation is presented
in Sect.7.1. Unfortunately, interpolation is not so useful in the variable
exponent setting, since it is not possible to interpolate from constant expo-
nents to variable exponents. Therefore other techniques are also included,
namely, extrapolation (Sect. 7.2), a tool for going from bounded to unbounded
domains (Sect. 7.3), and a tool for going from results in balls to results in John
domains (Sect. 7.4).

7.1 Complex Interpolation

Interpolation is a useful tool for linear, bounded operators on Banach spaces.
The idea is the following: if S is a linear operator which is bounded as an
operator from Xg to Yy and as an operator from X; to Y7, then automati-
cally S is linear and bounded as an operator from Xjg; to Y}y for all 0 <6 <1,
where Xjg; and Y}g) are the complex interpolation spaces of the Banach cou-
ples (Xo, X1) and (Yp, Y1). Here Banach couple means that both spaces are
continuously embedded into the same Hausdorff topological vector space. To
use this result, we need to know what Lebesgue space [Lp('),Lq(‘)][e] is. In
this section we characterize this interpolation space.

We refer to Bergh and Lofstrém [45] for an exposition on interpolation
theory. Given pg,p1 € P(A, un), we define pg € P(A,u) point-wise by the
expression

1 1-6 0
pe Do P
for 6 € [0,1].
L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 213
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Lemma 7.1.1. If qo,q1 € [1,00] and 0 € (0,1), then
__ __ 1-0,__ 9
<'0(I91 (t) = (901101 (t>) (Lpflll(t»

for allt > 0.

Proof. If qp,q1 < oo, then the claim follows directly from @gl(t) — ti for
g € [1,00) and t > 0. The assertion is also obvious if ¢y = ¢1 = 0o. Now, let
go < 00 and g1 = co. Since ¢! (t) = X(0,00)(t) We have

0 1—

1—6
b _ = @(;91@)

(@) ™" (22 0)" = (g1 (1)
for all t > 0, as claimed. O

We recall the definition of the norm in the interpolation space [LP(), L4()] 6]
Let S:={2€C: 0<Rez<1},s0that S={z€C : 0<Rez <1}, where
Re z is the real part of z. Let F be the space of functions on S with values
in LPo() 4 LP1() which are analytic on S and bounded and continuous on S
such that F(it) and F(1 +it) tend to zero for |[t| — oo. (Recall that i denotes
the imaginary unit. Also, F' is analytic with values in a Banach space means
that %F = 0 in the Banach space.) For F' € F we set

F(1+it)]|

po()’ p1(~)}'

|7l = supmaxc {|| F(i8)|
Then we define
1l = inf {|[Fll : FeFand f = F(6)}.
We are now prepared to study the space [L”('), Lq(')][g].

Theorem 7.1.2 (Complex interpolation). Let pg,p1 € P(A,u) and
6 € (0,1). Then

(L0 (A, ), L (A, )] ) 22 LPO(A, p)

]
and ||gllig) < 19l ) < 219l o o) = Po(y-
Proof. We proceed along the lines of [45]. For z € S define @) € (A, 1) by
——1 L (=—1 1—z/,__1 z
Pl (y,1) = ((ppo(y)(t)) (L‘Opl(y)(t)) )

Then z — @[—2]1 is analytic on S and continuous on S. Note that 927[_9]1 = @591(‘)
if # € [0, 1] by Lemma 7.1.1.
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Let 6 € (0,1) and g € LP*() with lgll,, () < 1. Then @, y(g9) < 1 by the

unit ball property and therefore ¢y, ,)(|g(y)|) is a.e. finite. For e > 0, z € S,
and y € A, define

Fe(23y) = exp(—¢ +e2” — e6?) oy (y Brotw) (l9(y )|))Sgng(y)-

Then F.(0;y) = exp(—¢)g(y). Clearly, F.(z;y) is analytic in z for a.e. y.

Hence, &L 7.(2) =0 in LPo¢) 4 71() Note that

’exp ( — e+ e(it)? - 562)’ = ’exp (5(—1 —t? - 92))‘ <1,

|exp ( —e+e(1+ it)2 _ 502)| _ |exp (5(_t2 B 92))’ <1 (7.1.3)

for all t € R. Thus

|F€(it; y)| < @;Ol(y) (@pe(y) (‘g(y)D):

(U +it)] < 2.0 (Bro (190)) )

for all y € A and all t € R. If we apply ¢, and ¢,, to the penultimate line
and the last line, respectively, use ¢(¢~1(¢)) < ¢ from (3.1.9), and integrate
over y € A, then we get

Opo () (F=(it)) < Bpy()(9)
Epl(')(F (1 + lt)) < _;De(')(g)

)

NN

1
1
for all ¢ € R. Hence by the unit ball property

()] .y
[ F=(1 +1t)|| 1)

)

<1
<1

for all t € R. Thus

poy [IFe @+ D], ()} <1

Il = supma {720
teR

Since F.(f) = exp(—e¢) g, this implies that Hexp g|| o] S < 1. Ase >0 was
arbitrary, we deduce [|g[| < 1. A scaling argument yields ||gl[;; < [lg]l,,, (.-
Assume now that ¢ € (0,1) and ||g|[p; < 1. By definition of ||-[|5, there
exists F : S — (LP0) 4+ LPO)) with ||[F| - < 1 such that F is analytic
on S and continuous on S with HFH < 1, F(it) and F(1 + it) tend
to zero for |t| — oo, and F(f) = g. So the unit ball property implies
SUDP;cp Max {Epo(,)(F(it)),Epl(,)(F(l +it))} < 1. Let b be a simple function
on R™ with ”b”P’e(') < 1. Then g,;()(b) < 1 by the unit ball property and
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using @y, (t) < @y (t) (Lemma 3.1.3) we see that @;e(y)ﬂb(y)\) is finite almost
everywhere. For ¢ > 0 define hy . : S — (LPZJ(')OL”;(‘)) and H,. : S — Chy

exp(—¢ + 2% — ¢6?) (1) " (y, B ) (|b(y)|)) sgng(y),

Hy(2) = /hb,a(z,y)F(Z;y) du(y),
A

hb,E(Z7 y) :

where we define (¢*).) analogously to @p.; by

z

() (v, 1) = ((‘ﬁzo(y))_l(t))172(@21(@/))_1(??)) :

Then H,. is analytic on S and continuous on S, Hy (it) and Hy (1 + it)
tend to zero for |t| — oo, and

H,.(60) < / e (0, 9) F(6; ) dp(y) = / exp(—€) b(y)g(y) dis(y).
A A

We estimate using (7.1.3), Young’s inequality, ¢(¢~'(t)) < t, and @5, () <
@p;, (t) from Lemma 3.1.3:

|Hy o (it)] = / o (it ) (it )| du(y)
A

< @) (3 B (B))) ) 1 Gt )] ()

Analogously,
|Hy,e (1 +it)] < 2y (D) + 8, (F(1+it)) <2.

Overall, we know that Hy . is analytic on S, continuous on 'S and bounded
on the boundary of S by 2. The three line theorem [45, Lemma 1.1.2] implies
that Hj . is globally bounded by 2. In particular,

O] = [ exp(=2) (55,07 (75,00 (b)) ) l9) | dy < 2.
A
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Since ¢ pe (y)( |b(y )|) is ﬁnite almost everywhere, we have the lower estimate
(@5, () gopg b(y)| almost everywhere using (3.1.10). Letting

e — 0, we thus nd that
/ b9y dy < 2
A

for all simple functions b with [|b]|,, ., < 1. So the norm conjugate formula
(Corollary 3.2.14) yields ||g[l,,, ) < 4. O

Theorem 7.1.2 has the following consequence.

Corollary 7.1.4. Let po,p1 € P(A,u) and 0 € (0,1). Let S be a linear,
bounded mapping S : LPiC) (A u) — LPiC)(A,pu) for j = 0,1. Then S :
LPoC) (A, ) — LPPC) (A, ) is bounded. Moreover,

[
||S||LP9(')—>LP9( ) < 4 ”S”Lpo( ) LPo(-) ||S||LP1(->_>LP1(-)
for op(y = @u(y-

Proof. Let X := [LPO(')(A,M),Lpl(‘)(A,u)][e] with ||-||[0]. Then by the com-
plex interpolation theorem of Riesz—Thorin (e.g., [45, Theorem 4.1.2]), we
obtain

[4
111 x—x < IS Em0) - oo SN Toacr oo

By Theorem 7.1.2 we conclude that

9
15 1Ly < 4115 lligy < 4112000 - 10 IS s a1 f g

4 ”S”Lpo( ) —»LPo() ”S”Lm@)HLPl(-) Hf”pg(-)’

for all f € Lre(), a

Using Corollary 7.1.4 we obtain that A4 is convex with respect to the
reciprocal of the exponents:

Corollary 7.1.5. If po,p1 € A, then pg € A for every 6 € (0,1).

Proof. If pg,p1 € A, then by definition the averaging operators Tg are
bounded from LPi()(R™) to LPi¢)(R™) with j = 0, 1 uniformly for all locally
1-finite families of cubes @ in R™. So by Corollary 7.1.4 these operators are
also bounded from LP¢()(R"™) to LP*()(R™), which implies py € A. O
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Under suitable circumstances, complex interpolation also generates com-
pact mappings if one of the two initial mappings is compact. In what follows
we need the following version:

Corollary 7.1.6. Let qo,q1 € P(A,u), 60 € (0,1) and let X be a Banach
space. Let S be a linear mapping with

S: X LA p) and S : X —— LTO(A, )

Then S : X < L) (A, ).

Proof. The result follows as in Corollary 7.1.4, but now we use the abstract
theorem of Calderdén [62] for interpolation of Banach spaces instead of the
Riesz—Thorin theorem; Calderén’s result says that if

S: XYy and S: XY

then S : X —<— [Yp, Y1]o (here (Y, Y1) is a Banach couple). O

7.2 Extrapolation Results

For extrapolation we need to consider Muckenhoupt weights, which were
already introduced in Chap.5. Recall that a locally integrable function
w: R™ — (0,00) is an A,-weight, 1 < p < oo, if

C]fw(x) dx<c]fw(x)1—p’ da:) <c

for every cube Q. Also, w is an Aj-weight if Mw < cw almost every-
where. The smallest constant ¢ for which the inequality holds is known as the
Ap-constant of the weight. Recall also that A, is increasing in p, i.e. A, C A4,
if p < ¢g. Moreover, the class has a self-improving property: if w € A, then
there exists ¢ < p so that w € A,. For more information on A, weights we
refer to [174].

The following is the main result of [83, Theorem 1.3] by Cruz-Uribe,
Fiorenza, Martell and Pérez:

Theorem 7.2.1 (Extrapolation theorem). Given a family F of pairs of
measurable functions and an open set ) C R™, suppose for some py € (0, 00)
that

/ (@) Pw() de < e / lg(@)Pw(z)dz for cvery (f.g) € F,
Q Q
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and for every weight w € A1, where ¢; > 0 depends only on the A;-constant
of w. Let p € P(Q) be a bounded exponent with p~ > po such that the mazimal
operator is bounded on LPO)/P) (Q). Then

1 £l ey ) < c2llgllLeer s

for all (f,g) € F, where ca only depends on the operator norm of M on
L(p()/po)/(Q) and ci.

Proof. 1t suffices to prove the claim for ¢,y = @,.). The proof depends only
on the following two specific properties of the norm:

1Ay = 1171 o

for any r € (0,p~] and the norm conjugate formula, Corollary 3.2.14.

Define s € P(Q) by s := p/po and let h € L¥()(Q). By assumption
[Mh||sy < A|h|s ) for some constant independent of h. Thus we may
define the Rubio de Francia operator R by

= M*h(x)
h(zx) := —_—
Rh(z) Z 2A)F
k=0
where MF* denotes the iterated maximal operator, i.e. M? = id and

M?= Mo M for i > 1. We note the following properties of the Rubio

de Francia operator which are easily proved:

(a) [n] < Rh.

(b) R[5y < 2[|Blls(.)-

(¢) M(Rh) < 2ARh, so that Rh is an A;-weight, with A;-constant indepen-
dent of h € L' )(Q).

From these properties and Holder’s inequality it follows that

/|f|P°\h|dx</|f|P°thw
Q Q

<a / lg["°Rh dx
Q

2¢1 97 1o Rl
4Aer lglP2, 1Al .

NN

Now the norm conjugate formula (Corollary 3.2.14) yields that [f|”° in
L*0)(Q) with

1Ay < 4denlgl?,.

The claim follows since [[[f["[|,..y = [|f[[(.- 0
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Remark 7.2.2. In contrast to [83, Theorem 1.3] the estimate |||f|p°||s(,) <
02||g||§((’,) is valid for all (f,g) € F. In the original version the estimate only
holds for those (f,g) € F with f € LP()(Q). We overcome this technicality
by the use of the norm conjugate formula Corollary 3.2.14, which is valid for
all measurable functions. Moreover, the use of the associate space instead of
the dual space allows us to include the case p~ = pg. This for example allows
us in Corollary 7.2.5 below to handle the case p~ = 1.

A similar argument, for which we refer the reader to [83], yields a ver-
sion of the extrapolation theorem with different exponents on f and g
[83, Theorem 1.8], as well as a result valid for vector valued functions [83,
Corollary 1.10]:

Theorem 7.2.3. Given a family F of pairs of measurable functions and an
open set  C R™, suppose for some fizred 0 < pg < qo < oo that

(/ |f<x>|q0w<x>dx)” o / g@Pw(z) dx)”l for every (f,g) € F,
Q

and every weight w € Ay, where ¢1 depends only on the A1 constant of w.
Let p € P(Q) be a variable exponent with pg < p~ and p—o - < p+, and
define the exponent g € P()) through

Assume also that the mazimal operator M is bounded on L(‘I(')/’I")/(Q), Then

[ £llgy < e2llgllpey

for all (f,g) € F, where co only depends on the operator norm of M in
L(Q(')/q()) (Q) and cl.

Theorem 7.2.4. Under the assumptions of Theorem 7.2.1 we also have

4 < CH )
[hssh], <ol

for every sequence {(f;,g;)} C F.

As an example of an application of the extrapolation results we give here
another proof of the boundedness of the Riesz potential operator and of the
fractional maximal operator,

Mo f(z) = supro" / 1F) dy.

r>0
B(z,r)
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To apply the extrapolation results, we need the corresponding weighted

estimates in the constant exponent case. For these operators it was shown by
Muckenhoupt and Wheeden [306] that

Ha 1/p
(}RZUQJC(x)lqw(x) d:c) <ec <R[|f(x)|pw(x)p/q dx)

(/Maf(x)qw(x) dx) 1 <e (/|f($)|pw(m)p/q dx)l/p

R R

and

where w € A;14/, and c depends on the A,/ -constant of w, thus in
particular for every w € A;. As in Corollary 4.3.11 this result extends trivially
to the case @ C R™.

Suppose now that p is a variable exponent with p* < n/a and define ¢
by 1/q(z) = 1/p(x) — a/m. If there is a constant qo € (52, 00) for which
the maximal operator is of strong type (¢/qo)’, then all the assumptions of
Theorem 7.2.3 are satisfied. We showed in Theorem 5.7.2 that the maximal
operator is bounded on LP()(R™) if and only if it is bounded on L* () (R™).

Taking also this into account, we obtain:

Corollary 7.2.5. Let p € A with pt < . Then

Mo fllpzcy < clifllpey  and  [[Mafllpecy < cllfllpe)-

Based on the same results and appropriate constant exponent, weighted
estimates, boundedness results for several other operators were given in [83].
They read as follows:

Corollary 7.2.6. Letp e A with 1 < p~ < p* < co. Then
1M |lpey < el|MPfllp-
For the definition of M*®f and a direct proof of this result see Theo-

rem 6.2.5.
Corollary 7.2.7. Letp € A with 1 < p~ < p™ < co. Then

| K * f”p(-) Sc ||f||p(');

where K is a standard singular integral kernel (cf. Definition 6.5.1).

Results for Fourier multipliers, square functions and commutators were
also given in [83].

As a final example we present a result for vector valued maximal inequal-
ities [83, Corollary 2.1], which was proved for the first time in the variable
exponent setting by this method.
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Corollary 7.2.8. Let p e A with 1 < p~ < p* < oo. Then

(S )", <l(Zar)

J=0

<c
()

p(+)
for every q € (1, 00).
Corollary 7.2.9. Let k be a kernel on R™ of the form

k(z) = M, (7.2.10)

|z

where P € L{(0B(0,1)) for some r € (1,00] (with the (n — 1)-dimensional
Hausdorff measure). Moreover, let p € P°8(R™) with p~ > r'. Then the
operator T', defined for almost everywhere by

e—0
(B(z,e))°

Tf(z) == lm / Kz — ) f(y) dy,

is bounded on LPC)(R™).

7.3 Local-to-Global Results

In this section we present a simple and convenient method to pass from local
to global results. The idea is simply to generalize the following two properties
of the Lebesgue norm:

191, = (X Iously)”

> Ixaifllglxeglly < Ifl gl
i

for any partition of R™ into measurable sets 2; and 1 < ¢ < co with obvious
modification for ¢ = cc.

First we note that all terms with |Q;| = 0 can be dropped from the sums,
since their contribution is zero. If each €); has positive measure, then we can
restate the first equation as

Ixa. 1,
DX
el

£l —|

g q
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This raises the question if for some variable exponents

llxa £l
ZXQ AL S ip()
Tixallyey

1l =

D lxa.

i

»() (7.3.1)
<cllfllyollghy

Unfortunately, these estimate cannot hold for arbitrary choices of the sets €2;.
However, we show in Theorem 7.3.22 that they hold when p € P°8(R") and
() is a locally N-finite family of cubes (or balls).

The first generalizations of these estimates to the variable exponent con-
text were due to Kopaliani and Hésto. Kopaliani showed in [254] that if
p € P2(]0,1]), then (7.3.1) holds for all f € LP()([0,1]) and g € LP' ©)([0,1]).
He later generalized this to the case PP°8(R"), f < LPO(R") and
g € LPO)(R™). Histd showed in [216] that

T (Z ™ f|p<>)

if p € P°8(R™) and ); are cubes of the same size.

The equivalence and the estimate in (7.3.1) are very powerful tools. They
allow us to extend many estimates and results known for cubes or balls to
more complicated domains. This transfer technique is explained in detail in
Sect. 7.4.

Definition 7.3.2. By G we denote the set of all generalized ®-functions ¢
on R™ which have the property that

> Ixafll,lxegl,. <

QEQ

for all f € L¥(R"), g € L¥ (R"), and all locally 1-finite families Q of cubes.
The smallest constant K, is called the G-constant of p. If ¢ € G, then we say
that ¢ is of class G. In the case pp(.), we denote ¢,y € G simply by p € G.

The name “class G” is derived from the works of Berezhnoi for ideal Banach
spaces [44]. In the notation of Berezhnoi ¢ € G is just (L¥,L¥") € G(&™),
where X'™ is the set of all cubes in R™.

The following result shows that the second part of (7.3.1) implies the
first one.
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Theorem 7.3.3. Assume that ¢ € G and Q is a locally 1-finite family of
cubes. Then

> xof

QeQ

< QHXQf”

2 Vel

> xof

QeQ

(7.3.4)

<4K’

K ‘

® ®

for all f € L¥(R™).

Proof. Using the norm conjugate formula and Hoélder’s inequality, we esti-
mate

> xof

swp 3~ [ xollglds

QeQ ¥ HQH « <1 QEQ
<4
”‘7” « <1 QeQ
Ixefll,
=4 sup Z XQ——
loll-<15ea )l IIxell,
Then the upper bound follows from ¢ € G.
Using the same tools, we also estimate
Ixefll, Ixefll,
Z Xo————| <2 sup ———*Fgdx
e el | Mot gz e,
<4
”‘7” « <1 QeQ
<AK H > xof O
QEQ ®

We show now that the estimate of Theorem 7.3.3 is stable under duality
if we additionally assume ¢ € Ajqc.

Proposition 7.3.5. Let ¢ € Ajoc with Ajoc-constant A and let Q be a locally
1-finite family of cubes (or balls). If (7.3.4) holds for all f € L?(R™), then

<D o xo= > xqg

2ol P

< 256 K2

: HQ o
E XQ9
16AK z

90* ©*

holds for all g € L¥" (R™).
Proof. We begin with the first estimate of the claim. Let |[f[|, < 1. Then

/ ZXQQ‘IfIdw Z/Igllfldw 2 > IIxedll,-Ixafll,-

R QEQ QEQ QEQ
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Since ¢ € Ao, it follows by Remark 4.5.8 that [|xql|,lIxell,. < A|Q| for
all cubes @ C R™, where A is the Aj,.-constant of ¢. Using this, Holder’s
inequality and (7.3.4) we estimate

/!Z Yool lfldz <24 3 e X0
.

QeQ QReQy HXQH

3 QHXQfH

gz e,

QEQ
||XQ9|| .
< 16AK ZXQ# 1 £l
QEQ XQ P* o*

If we take the supremum over all f with [|f||, < 1, then the norm conjugate
formula gives the first estimate of the claim.

Let us consider the second estimate of the claim. Let h € L¥ with ||A[[, < 1
and zq € L¥(Q) with [|zg[|, < 1. Then

x>y/NXQ<yMg<y>HzQ<y>|dydx
§: I H Do '/[”L )| dz dy

Qeo
zQ(y |/|h )| do
xII

where we used Fubini’s theorem and Holder’s inequality. Now, the first
inequality in (7.3.4) implies
I1zall, /| h(z)|dx

So with [|zql|, < 1, Hélder’s inequality and the second estimate in (7.3.4)
we get

QEQ

/(| )l

\

(1) < 8K |lgll,,-

QeQ

Ixqhll,
> v

(I) < 16K | g]|.,.
50 Ixel,

< 64K?
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If we first take in (/) the supremum over all zq € L?(Q) with [|zql|, <1
and then take supremum over all h € L¥ with [|h[[, < 1, then by the norm
conjugate formula

/ K @) xal-
QEQ

Combining the upper and lower estimate for (I) proves the second estimate
of the claim. O

QeQ

We show now that the estimate of Theorem 7.3.3 implies that ¢ belongs
to the class G if we additionally assume ¢ € Ajqc.

Proposition 7.3.6. Let ¢ € Ajoe. If (7.3.4) holds for all locally 1-finite
families Q of cubes (or balls) and all f € L¥(R™), then ¢ € G.

Proof. Let Q be a locally 1-finite family of cubes (or balls), f € L® and g €
L¥". From ¢ € Aj,. it follows by Proposition 7.3.5 that (7.3.4) holds for *.
The requirement ¢ € Aj,. also yields, as in the proof of Proposition 7.3.5,

f
S Ixefl sl < 4 Y [ el lxedle

Geo 4ed) Ixell, ”XQH

We now use Hoélder’s inequality and (7.3.4) for ¢ and ¢* to conclude

A3y Ixofll, HXQQH
QEQ QEQ Tl ”XQ” QEQ
<cllflllglly.-
In particular, ¢ € G. O

We know from Theorem 5.3.4 that p € Ajo¢ is not enough to ensure p € A.
However, the following Corollary shows that if p € G, then Ay, and A are
equivalent.

Corollary 7.3.7. GN Ao C A.

Proof. If p € GNAjoc, then Theorem 7.3.3, ¢ € Ajoc and again Theorem 7.3.3
imply
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IxeMofll,
||TQf||Ap = ‘ Z XQMQfH ~ ’ Z X~ T “
Qeo . loeo xQ 0
Ixefll,
<o| o] <.
QEQ
for all f € L¥(R™) and all locally 1-finite families Q of cubes. O

Remark 7.3.8. The exponent p = 2 + (0,0 satisfies p € G\ Ajoc C G\ A.

Recall that the exponent p in Theorem 5.3.4 satisfies p € Ajoc\A; since
G N Ao CA by the previous corollary, we conclude that p € Ao \G.

Thus neither of the classes A, and G is a subset of the other.

Even more, the example p(z) := 2 — a(1 + sin(loglog(e + |z| + 1/|z|)))
of Lerner, see Example 5.1.8, satisfies p € A\ G for sufficiently small a: We
already know from the example that p € A. Now, choose intervals Q;, A
and Bj with py; = 2 — ja and pj. = 2 — Ja and |4;] = [B;| = 1 such
that Aj, B; C Q; and the @, are pairwise disjoint. For any sequence (¢;),
define f := 3777, tjxa, and g := 3277, tjxs,. Then || f|,) > cllt;ll . 1. and

lgll,.) < c||tj||l2,%a. Moreover,

s ||XQ]pr()

XQ;
Z " Txaull,,

e ||XQ]ng()

XQ;
Z " xes oy

)

p(")

p(-)

since HXijHp(.) ~ HXQ].ng(_). So if p € G, then Theorem 7.3.3 would imply
”tj”lz*ia <ec Htj”l“%“ for all sequences t;, but this is not possible. Hence,

pgg.

For f € L{ (R™) and an open, bounded set U C R™ we define
Ifxull
ovfi=T—>% (7.3.9)
Ixull,

For a family Q of open, bounded sets U C R™ we define the averaging operator
Ty.o: L (R") — LO(R") by

||fXUH
Toof = E xvMeyuf = E XU o,
veQ QeQ Xu

The function T}, of is well defined in L°(R™), since M, of > 0, but T, of
might be infinite at many points of even everywhere. However, if Q is locally
finite and f € LY _(R"), then T, o f € L .(R™).
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Furthermore, we define the maximal operator M, by
M, f(z) = sup M, of,
Q3z

for f € LY (R™) and = € R™, where the supremum is taken over all cubes (or
balls) containing z. With this terminology the estimate in Theorem 7.3.3 can
be rewritten as HZQGQ XQwa ~ ||T¢,QfHLP for ¢ € G and all locally 1-finite

families Q of cubes (or balls).
For p € P(R") and f € Lfo(;) (R™) we define

Mpyof =M, 0fs Tpoyrof =Te,0fs My fi= Mg, f.
We can either use @) or @,(.), since

1

§M¢p<->’Qf S Mg, f S2Mz,\0f

by (3.2.2). We observe that

My af = ( Fliwr dy);
Q

for ¢ € [1,00). Therefore the definition of M, g by (7.3.9) agrees (up to a
constant if ¢, = @4) with the one in Definition 4.3.1.

Lemma 7.3.10. Let ¢ € [1,00], let @ C R™ be a cube (or ball), and let
f € LYQ). Then

oMy f) = ][ eallf ()]) dy.
Q

Proof. 1t suffices to prove the equation for ¢, since ¢, = c4p4 for some
constant. The case 1 < ¢ < oo is simple. Let ¢ = oo. If ||xqf||, < 1, then
both sides of the claim are zero. If || xq f|| . > 1, then both sides of the claim
are infinity. O

Lemma 7.3.11. Let p € P°8(R"). Then for every m > 0 there exists
B € (0,1) which only depends on ciog(p), n and m such that

1
@p(m)(ﬁs) < Sop(y)(s) + _(e + |m|)7m + (e + |y|)7ma

2
Ppoo (1) + (e + |2[)7™,
Pp(a) (t) + (e + |2[)7™,

N | =

Pp(x) (ﬂt) <
Pp.. (Bt) <
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for all s € [0,max{1,1/[[xqll,.,}]; t € [0,1], and every z,y € Q, where
Q CR™ is a cube or a ball.

Proof. Assume without loss of generality that ¢,y = @p.). Let us begin with
the case t = s € [0, 1]. If p(x) < p(y), then by Lemmas 3.2.15 and 4.2.3
~ - - ~ - [ 1
Dp(2) (Bt) < Pp(y) (t) + Py(a,y) (B) < Ppy) (B) + Psa) (B7) + Ps(y) (B2)
for B > 0. Now, the first claim follows from Proposition 4.1.8 for suitable
B € (0,1). The two other assertions follow analogously.
If on the other hand p(z) > p(y), then the claim follows for any 5 <

Lemma 3.1.6.
It remains to consider the case 1 <t < 1/[[xqll,(.)- In particular, |Q] <1

by

1
2

and we can apply Corollary 4.5.9 to find v, € (0,1) which only depends on

Clog(p) such that
g%t 1
Cp)\ T | S ¢ <—>
8 ><||><Q||,,<.)) PO\ Tixell,e

for all 2,y € Q. Choose a € (0,1] such that ¢ = [|xql|,}- Then

" L
Cp(z)(11t) < | Pp(a ( ) < e ( ) < Qo (¢
D( )( 1t) ( () ||XQ||p(.) p(y) HXQllp(.) P(y)( )

for all =,y € R™. a

Lemma 7.3.12. Let p € P°8(R"). Then for every m > 0 there exists
B € (0,1) which only depends on ciog(p), n and m such that

() (BMpy .o f) < ][%(y)(|f(l/)|)dy + ][(6 +y) " dy,  (7.3.13)
Q Q

][%@)(ﬂ\f(y)\) dy < op(a) (M) o f) + ][(6 +ly[) ™" dy. (7.3.14)
Q 2

for every cube (or ball) Q@ C R™ with |Q] < 2", all x € Q, and all
fe Lp(-)(Rn) + LOO(R”) with ”XQf”Lp(‘)(Rn)jLLoo(]Rn) <L

Proof. Assume without loss of generality that ¢,y = @p(.). Since M, ¢ is
subadditive it suffices to prove the claim independently for ||xqf Hp(.) <1
and |xqf| ., < 1. Since L>(Q) — LP) (), we always have HXQf”p(.) < oo.
If ||XQf||p(.) =0, then x¢qf = 0 and there is nothing to show. So we assume
in the following that |[xqfl,., > 0.
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For the sake of simplicity we start with the case p* < oo and thus have
Pp(y) (1) = tP(¥) Later we show how to deduce the case p™ = oo from this by
a limiting argument. For that it is certainly important that the constants in
the estimates do not depend on p*.

Since |@| < 2" we conclude from Lemma 3.2.11 that |[xql,, < 2"*'. If

-1
Ixa 1,0y < L then My of < Il I oSl < L. then My of<L.
Therefore, in both case M.y of < max({l, ||XQH;(%)} and we can apply
Lemma 7.3.11 with s = M,y ¢ f. Thus there exists a € (0, 1) such that

(e+lz2))™™

N =

z z 1 —m
(aMy(), )" < My @f &) + S e+ )™ +

for every 21,22 € Q. Since |Q| < 27, we have e + |21| = e + |22| = e + |y
for all y € Q. Therefore, the previous estimate implies

(M), f)P) < (M) )PP + e ][(6 +ly)) "™ dy (7.3.15)
2

for every z1, 20 € @ and some ¢; > 1.
By Corollary 4.5.9 with |Q| < 2"

1 1 1
;‘QM”) < ||XQ||p(~) <7QP™

for all y € @, where v > 1 only depends on the cjpg-constant of %.
Since we assumed that p™ < oo, the continuity of the modular gives
1= o,0)(xqf/l XQ||p(.))- This together with the previous equivalence implies

that
F W)l )”@d 1< <7|f(y)| )”@; —
C]f(WMpm,Qf s \C]f Myoof ) (731

From now on let « € @ be fixed. We distinguish in the following two cases:

Case 1: (aM,) of)P™ < 2¢ fole+lyl)~™ dy.
In this case (7.3.13) holds with 8 = «/(2¢1), and it remains to show (7.3.14).
Using that (7.3.15) also holds for f replaced by af we estimate

(QZMp(~),Qf)p(Z) <3a ][(6 + [yl) "™ dy
Q

for all z € Q. Using this in the first inequality of (7.3.16), we obtain
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2 p(y)
j(—a |J;(y)|> dy <3c1(z[(6+|y)_m dy.

This proves (7.3.14) with 8 = a?/(3c17).

Case 2: 2¢; fQ(e + ly) ™ dy < (aMp(y,of)PE.
In this case we deduce from (7.3.15) that

2 z T z
§(a2Mp(i),Qf)p( ) < (Osz(.)va)p( ) < 2(Mp(.)1Qf)p( ) (7.3.17)

for all z € Q). Using this in the second inequality (7.3.16), we obtain

(38000)"" < F Gl dy

Q

This applied to y~1f proves (7.3.13) with 8 = «/(27). Using the other
inequality from (7.3.17) in (7.3.16), we find that (7.3. 14) holds with 3 = 2 2.

We have proved that the lemma holds in the case p™ < oo with 3 inde-
pendent of p*. We explain now how the case p™ = oo can be recovered
from this. For N > 1 define py € P'°8(R™) by py := min {p, N} so that
Clog(pN) Clog( ) Let fN = fX{pgN} Then

||XQfNHLPN(‘)(Rn)JrLOO(]Rn) = ||XQfN||Lp(->(Rn)+Loo(Rn)

Therefore, there exists 8 € (0,1) independent of N such that (7.3.13)
and (7.3.14) hold with f and p replaced by fn and py, respectively. Now,
HXQfN”pN() ||XQfNHp() HXQf”p() for N — oo by the Fatou prop-
erty of LP()(R™). This and Ixell,ney = lIxall,.y by Theorem 3.5.7 give
M,y ,0fn — My qf. Using this, the continuity of ¢ +— @,4(t), and
|fn] /" |f] for N — oo, we can easily pass to the limit N — oo in (7.3.13)
and (7.3.14) by monotone convergence. O

Corollary 7.3.18. Letp € P8(R"). If Q is a locally 1-finite family of cubes
with |Q| < 2™ for all Q € Q, then

> xof

QeQ

H p(-), Qpr( b
p(+)

for all feL’* )(R”) where the implicit constant depends only on ciog(p) and n.

loc

Proof. Choose m > n andlet § > 0 be as in Lemma 7.3.12. It suffices to prove
the claim under the condition that one of the two terms is finite. We begin
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with the case that the term on the right-hand side is finite. By scaling we
can assume that HZQQQXQpr(,) < L Thus [[xq/fll,.) < 1 for each Q € Q.

Integrating (7.3.13) over @) with respect to x and summing over ) € Q we get

2p() (BTp0),0f) < @()(ZX@J‘) /e+|x|)‘mdaz<c.

QeQ i

A scaling argument therefore yields HTP(‘)’Qpr(_) < ¢/ Bl fly.)- Assume now
\|Tp(.)7Qf||p(_) < 1. Again we obtain ||XQf||p(.) < 1 for each Q € Q. Now
3

we proceed as before with (7.3.14) instead of (7.3.13) and obtain the other
inequality. 0O

Lemma 7.3.19. Let p € P°8(R"). If Q is a locally 1-finite family of cubes
with |Q] = 1 for every Q € Q, then

> xoto

QeQ

Z pa)20)

QeQ

Poo p()

for any family tg > 0 with Q € Q, where the implicit constant depends only
on ciog(p) and n.

Proof. We assume without loss of generality that ¢,.) = @,). By Lemma
3.2.11 we have [[xqll,.) 2 1 and |[xqll, =1 for every Q € Q.

Let m > n be such that [p,(e + |y|) "dy < 1 and let § > 0 be as in
Lemma 7.3.11. We begin with the case that the right-hand side is finite. By
scaling we can assume that ||ZQ€QXQtQHp(,) < 1. In particular, we have

0 < tQHXQHp(.) < 1, so tg € [0,1] since ||XQ||p(.) > 1. Thus Lemma 7.3.11
implies that

Opoe (ﬁ > thQ) < Qp(-)( > XQtQ) + /(e+ lyl) "™ dy < 2
R‘VL

QeQ QeQ

This and a scaling argument yield [|>-5c o XQtQpr < %HZQGQ XQtQ”p(.)'
: 1 \ .
The estimate || 5o XQtQHp(,) < ﬁHZQeQXQtQ”px follows analogoublyb

We are now in a position to prove a version of Lemma 7.3.11 without the
size restriction on the cubes.
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Theorem 7.3.20. Let p € PY8(R"). Then for every m > 0 there exists
B € (0,1) which only depends on ciog(p), n and m such that

oo (M0 0f) < f ot (F @) dy + f (e y) ™ dy + (e + |o) ™,
Q Q

][@pw)(ﬂlf(y)l) dy < p(a) (M) f) + f(e +ly) ™" dy + (e +[z]) "
Q 2

for every cube Q@ C R™, all x € Q, and all f € LPO)(R™) + L®(R™) with
||XQf||LP(-)(R")+L°°(R") <L

Proof. Exactly as in the proof of Lemma 7.3.12 it suffices to consider the
case pp() = Pp(y and pT < oo with § independent of p*, since we can
recover the case p™ = oo by a limiting argument. By Lemma 7.3.12 it suffices
to consider the case |Q| > 2.

Let m > n. As in Lemma 7.3.12 we obtain M.y o f < max{1,1/||xqllpc)}-
Since || xqllp(.y < 1 by Lemma 3.2.11, we find that M.y of <1

As My, is subadditive it suffices to prove the claim independently for
HXQf”p(.) < land [[xqfll,, <1.Choose a locally 1-finite family WV of cubes
such that 1 < [W| < 2" for every W € W and [y ¢y W = Q up to a nullset.
Define g := T,y w/f. If [[xofll <1, then M,y wf <1 and consequently
gl < 1. 1 TIxafll,, < 1, then llgle < 1, since [xwll,, > 1 for every
W € W by Lemma 3.2.11. So in both cases [|g||,, < 1. This immediately
implies that M, qg < 1.

By Corollary 7.3.18, [[xofl,.) = HTp(-),Wpr(.) so that M,y qf =~
M, (),g9- By Lemma 7.3.19 for g and Corollary 4.5.9, {|g[l,  ~ g, and
Ixell,. ~ ||XQ||p(.)' Hence M, @9 ~ My ,qg. Let then £ € (0,1) be such
that ﬁlMp(~)7Qf g Mpong.

Let (2,05 € (0,1) be the 8 of Lemmas 7.3.11 and 7.3.12, respectively.
Note that the former lemma is applicable to g since ||g|/cc < 1. Then Lem-
mas 7.3.10, 7.3.11, and 7.3.12 (the last one applied to M) wf on each
W € W) imply that

o (BiB2Bs My 0f) < Gy (BaBs My 0g) = fszpm (BoBslg(w)]) dy
Q

< £ Goi (189w dy + f(e g™ dy

<

‘O\H @NH

oty (17 () dy + 2 f (e + [y)~™ dy.
Q

An application of Lemma 7.3.11 gives us the first inequality of the theorem.
The same steps in reversed order we yield the other inequality. a
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Corollary 7.3.21. Let p € P8(R") and Q be a locally N-finite family of
cubes or balls Q@ C R™. Then

> xaf

QeQ

p(+)

for all f € Lp(')(]R"). The implicit constants only depend on ciog(p), n and

loc

N. The dependence on N is linear.

Proof. Choose m > n and let 3 > 0 be as in Theorem 7.3.20. It suffices
to prove the claim under the condition that one of the two terms is finite.
We begin with the case that the right-hand side is finite. By scaling we
can assume that ||ZQ€QXQpr(_) < 1. Thus we get that g,y(xaf) < 1,

where Q := Ugeo@, and that HXQpr(.) < 1 for each Q € Q. Using that the
family Q is locally N-finite, the convexity of ¢,.), and the first inequality in
Theorem 7.3.20, we get

Op(") (%TP(%Q]E) = /Wp(x) (% Z XQ(x)Mp(.)7Qf) dx
QeQ

Rn

1
<y Z /wp(x)(ﬂMp(q,Qf) dz

<3 ([awnire [t )
Q

< op(y (xaf) + 2/(e +|z])"™dx < e
RTL

A scaling argument gives ||Tp(.)7Qf||p(i) < eN/B|If]l,(.)- The other inequality
is proved similarly, by the other inequality of Theorem 7.3.20. O
Theorem 7.3.22. If p € P°8(R"™), then p € G and the G-constant only
depends on ciog(p) and n.

Proof. Remark 4.1.5 implies that p’ € P°8(R"). Thus Corollary 7.3.21 yields
T 1) ~ [ gea xes ) and [T).00l,0) ~ X gca xasll,, for
all f € Lfo((;) (R™) and g € Lp/(')(R"). Moreover, by Theorem 4.4.8, p € A and

loc

therefore Theorem 4.5.7 implies that [Q[ = |[xqll,(Ixqll,(.)- Thus

||XQf|| ¢) HXQQH /()
> lxaf o sl = | 3 xorp ot gy
QeQ Bn QEQ XQllp(y IXQlly ()

< /Tp<->,gf Ty (),09dx
R'n.
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< el Ty f 1T,
~ 1l Il .
Using this result, we easily obtain the following version of the result from
[216):
Corollary 7.3.23. Let p € P°2(R"). Then

1£ 11,y = x|

[Poo

for every f € Llpo(c) (R™) and every locally 1-finite partition of R™ into a family

Q of cubes (up to measure zero) satisfying 1 < |Q| for every Q € Q. The
implicit constants only depend on ciog(p) and n.

Proof. Using Theorem 7.3.22, Lemma 7.3.19, and we obtain
IxaflIz=\ 7=
1oy = 1 Toer0f o) = 1 Tper0f o = [ D 1@ ;:S,’ .
& Tl

Since [xq 5‘(’3 ~ |Q| by Corollary 4.5.9, the right-hand side is equivalent to
H||XQf||p(.)||lm, so the claim follows. 0

Corollary 7.3.24. Let p € P8(R"), let Q be a locally N-finite family Q of
cubes (or balls) in R™, and let fg € LPC)(Q). Then

‘ > xafo

QeQ
with a constant only depending on ciog(p), N and n.

HXQfQ”p()
2 Xe ot ™
Qeo Q

<c

7 (7.3.25)

p(*)

loc
Thus we obtain from the norm conjugate formula (Corollary 3.2.14), Holder’s

inequality, and Theorem 7.3.22 in the last step, that

Proof. We denote f := 3 5o xqfq- From the assumptions f € L ()(]R”).

3 <2 sup /f gl dx
[ v . Lf1 gl

Hg‘p/()\
<4 3™ Ixafall,elxagl,
\Iq\lp/()\ QeQ
Ixafell,
=4 sup #H ||XQ9HP/(.)
Hng/(.)ngGQ XQ () p(+)
IXBfB
<t s 3 ve X e gl
Hng()\ Qee!l  Beog XBllpey N
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||XBfB||p(.)

<c sup XB ” ”
Beo XBllp()

lgll .y <1

||9||p/(.)
Q)

p

<c

Z HXBfBHp(.)

B
Beo ||XB||p(.)

p(+)

If ¢ € [1,00), then by Jensen’s inequality Mg f < My of since My of =
(fo |f(y)|? dz)'/4. This is in general not true if we replace My.q by My(.).q,
however, we have a generalization for the case Ajo.:

Lemma 7.3.26. Ifp € Ajoc, then Mo f < c My of and Mf < cMyyf for
all f € Lp(')(R"), where ¢ only depends on the Ajoc-constant of p.

loc

Proof. Let f € L{;((;) (R™). Holder’s inequality and Theorem 4.5.7 imply

Ixafllyolalye _ el
Q) el

1
Mqf = @Q/ |f(z)|dr < 2 cMpy,of;

which proves the assertion for Mg. Taking the supremum over all cubes @
proves the assertion for M. 0O

If r € (1,00] and ¢ € [1,r), then it follows from the boundedness of M
from L™/9(R™) to L"/9(R™) that M, is bounded from L"(R") to L"(R"). The
following theorem generalizes this feature to variable exponents.

Theorem 7.3.27. Let p,q,s € P°8(R") such that p = qs and s~ > 1. Then
Mgy is bounded from LPO(R™) to LPC)(R™). The operator norm of Mgy
depends only on ciog(P), Clog(q), Clog(s), and s™.

Proof. We prove the claim for ¢,.) = @,). The case ¢,.) = @,y then
follows by Lemma 3.1.6. Fix m > n. Let f € LP()(R") with 1 F 1y < 1; then
by Theorem 3.3.11, || fll pac) (rny4 poo ey < 1.

Let (81 be the 8 of Theorem 7.3.20 for ¢(-). Taking the supremum over all
cubes @) containing x in Theorem 7.3.20 implies that

Ba(a) (B1My() ) < M (@q()()) (@) +2M (e +[-)7™) (@)

for all x € R™. Let §2 € (0,1) be such that Lemma 4.3.6 holds with /3 for the
exponent s/s~. We multiply the previous inequality by % (s, use the convexity
of Py(z), apply the convex function @,(,) to it, and use Lemma 4.3.6 for s/s7:

() (5B182Mp() ) < B30 (58200t (BLMp( ) )
< uto (12 (M@0 (1) @)+ 2M (e + 1)) @) )

S (M(Bp(y /5= (D) @)° +c(M(Byy /- ((e+ D7)
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We integrate this over x € R™, use the boundedness of M from L* (R") to

L* (R™), and obtain

Ty (358182 Mp(y ) < By (f) + Oy (e + D7) < e

This implies ||Mp(.)f||q(_) < ¢/(B8102). The claim follows by a scaling argu-
ment. O

7.4 Ball/Cubes-to-John

In the previous section we presented results for going from a regular bounded
domain (e.g., cube) to the whole space R™. In this section we consider to what
extent we can deduce from results on cubes results on more general domains.
In contrast to the previous section, we have to worry about the boundary of
our domain. Hence we need to restrict our attention to fairly nice domains. We
use John domains in the sense of Martio and Sarvas [283]. Several equivalent
characterizations for John domains can be found in [311].

Definition 7.4.1. A bounded domain 2 C R" is called an a-John domain,
a > 0, if there exists xg € Q (the John center) such that each point in Q
can be joined to zg by a rectifiable path v (the John path) parametrized by
arc-length such that

B(~(1), ét) co

for all t € [0,£(v)], where £(7) is the length of . The ball B(zg, 5 diam(2))
is called the John ball.

Example 7.4.2. There are many examples of John domains. Clearly every
ball is a 1-John domain and every cube is a y/n-John domain with its cen-
ter as John center. Also every bounded domain that satisfies the uniform
interior cone condition is a John domain. John domains may possess fractal
boundaries or internal cusps while external cusps are excluded. The interior
of Koch’s snowflake is a John domain.

In a bounded a-John domain any point can be selected as the John center,
possibly with different «. By definition, the John ball B satisfies 2 C 2aB
and therefore |B| < || < (2«)™|B].

For future reference, we also define here domains with C**-boundary,
where C** is the space of k times continuously differentiable functions with
A-Holder continuous k-th derivative. A domain with C%!-boundary is called
a Lipschitz domain. Any bounded Lipschitz domain is a John domain, so that
the results derived in this section apply in particular to Lipschitz domains.
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Definition 7.4.3. We say that a domain Q C R™ has C**-boundary, k € No,
A € (0,1], if there exists.
Cartesian coordinate systems X, j =1,...,m,

Xj = (.’L‘j,l, ce ,CL‘j)n,h.’Ejm) = (x;.,xjm) 5

positive real numbers «,3 > 0, and m functions a; € CP*([—a,a]" 1),
j=1,...,m, such that the sets

N = {(] ) eR™ ¢ |af| < o xyp = ay(2])},
V= {(2},2j,) ER" ¢ |2} < a,a;(z}) < 2jn < aj(a}) + B},

1

VJ:{ STin) ERY 2] < aya(x)) — B < zjn < a2},

T

satisfy:

AMcoa, VicQ, VIcR'\Q, j=1...m, |[JN=

Example 7.4.4. Every ball and cube is a Lipschitz domain. There exist John
domains which are not Lipschitz, for instance the unit ball with a segment
removed, B(0,1) \ [0,e1), where e; is a unit vector.

We now return to the more general class of John domains.

Lemma 7.4.5. Let Q be a bounded a-John domain and let p € P°%(Q).
Then

”]'HLP(-)(Q)||1HLP’(~)(Q) ~ €],

where the constant only depends on ciog(p), o, and n.

Proof. Extend p by Proposition 4.1.7 to R™ preserving ciog(p). Let B be the
John ball of 2, then B C  C 2aB. By Theorem 4.5.7 we find that

1 oot 12y < Lo o) 121 o iy < €120 < ¢ (20)" 9.

On the other hand by Hélder’s inequality |[Q < 2|[1{| 10y ()l ) O

Closely related to the definition of a John domain is the following definition
using a chain condition.

Definition 7.4.6. Let Q C R™ and let 02 > o1 > 1. Then we say that
satisfies the emanating chain condition with constants o1 and o5 if there exists
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a countable covering Q of Q consisting of open cubes (or balls) such that:

(B1) We have 01Q C Q for all Q € Q and ZQegxng < o2 xq on R™.

(B2) If © is bounded:
There exists a central cube Qo € Q with Q C 02Q . For every
Q € Q there exists a chain Q1, ..., Q. emanating from Q ending in
Qoo: Q1,-..,Qnm are pairwise distinct such that Q1 = Q, @ = Qo
and Q; C 02Q; for 1 < ¢ < j < m. Moreover, ; N Q;41 contains a
ball B; such that Ql U Qz’Jrl C 09B; for i = 1,....,m—1.

If Q is unbounded:
For every Q € Q there exists an unending chain Q1,Q2, ... emanating
from Q: Q1,Q2, ... are pairwise distinct such that @1 = @ and Q; C
02Q; for 1 <7 < j. Moreover, Q; N Q;+1 contains a ball B; such that
QiUQi+1 Co9B; fori>1.
(B3) Theset {Q € Q : QN K # 0} if finite for every compact subset K C .

The family Q is called the chain-covering of ).

If Q is bounded, then the emanating chain condition is equivalent to the
Boman chain condition, which appears in the preprint of Boman [54]. In his
version only the conditions (B1) and (B2) were included. The technical but
useful property (B3) was added by Diening, Ruzicka and Schumacher [108].

Remark 7.4.7. Let 2 be a domain satisfying the emanating chain condition
with chain-covering WW. Then it is possible, see [108, Remark 3.15], to choose
the balls By, in (B2) from a family B of balls with ) ;s xB < 02 Xa.

It has been shown by Buckley, Koskela and Lu [60] that a bounded domain
satisfies the emanating chain condition if and only if it is a John domain. The
constants o1 and o5 only depend on « and n, or vice versa. In [108] it is shown
that the equivalence holds also when condition (B3) is included.

Remark 7.4.8. An unbounded domain Q C R™ is an a-John domain, if
there exists an increasing sequences of a-John domains Q, with (J;—, Qx = Q.
The whole space and the half space are 1-John domains.

It has been shown in [108, Theorem 3.12, Remark 3.14] that also unbounded
John domains satisfy the emanating chain condition. However, the converse
is not true. Indeed, the aperture domain

{(z1,22) €R? : 23 # 0 or 24| < 1}

and domains with (at least two) conical outlets satisfy the emanating chain
condition but are not John domains.

It is often convenient to prove a result in a simple domain such as a cube.
The next result allows us to transfer it to domains satisfying the John or
emanating chain conditions.
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Theorem 7.4.9 (Decomposition theorem). Let Q2 C R™ be a domain
satisfying the emanating chain condition with constants o1 and o2 and
with chain covering Q. Then there exists a family of linear operators Sg :

L§° () — LF(Q) with Q € Q which also maps C§%(Q2) — C5%(Q), such that

for every p € P°8(Q) with p~ > 1 the following holds:

(a) For each Q € Q, the operator norm of Sq : Lg(')(Q) — Lg(')(Q) depends
only on a, p~, ciog(p) and n.

(b) For every f € Lg(‘)(ﬂ), |Sof| < coaxo Mf a.e.

(¢) The family Sqf is a decomposition of f, i.e.

f= Z Sof a.e. and in L}, (Q)
QeQ

for all f € Lg(‘)(Q). If p* < oo, then the sum converges unconditionally
in Lg(‘)(Q), i.e. every permutation of the series converges in Lg(‘)(ﬂ).
(d) For all f € LXV)(Q)

||SQfHLg(‘>(Q)
XQ
QZGQ el

~ HfHLg(')(Q)
p()

with constant only depending on o, p~, ciog(p) and n.
(e) For all f € IX(Q) and g € LP'O)(Q)

/fgdx: Z /SQfgdfrz Z /SQf(g—<9>Q)dff~
Q

QGQQ QEQQ

() If Q is bounded and f € C§%H(2), then {Q € Q = Sqf # 0} is finite.

Proof. Most of the proof is the same as the one in [108]. We only sketch
the ideas of those parts. The case of bounded and unbounded domains are
treated simultaneously. Let p € P%2(Q) with p~ > 1. We use the nota-
tion @ ={Q; : i € No}, Qix, k = 1,...,m;, for the chain emanating from
Q; and B, for the corresponding balls as in Definition 7.4.6. Within the
proof the operators are denoted by S; instead of Sg,.

We begin with the construction of our operators S;. Let f € L§°(Q).
Due to (B1) and Q = [J;2, Qi, there exists a smooth partition of unity
{&i}i>o subordinate to the covering {Qi};5q, cf. [12, Theorem 3.15]. Due
to Remark 7.4.7 we can assume that the B;; are from a family B of balls
which satisfies )z .pXB < 02 xa. For every B € B let np € C§°(B) with
ng =0, [npdx =1, and ||ng| . < ¢/|B|, where ¢ = ¢(n). For B; ), € B we
define n; x := 1B, ,. In the case of a bounded domain §2 we pick a function
no € C°(Qoo) with g = 0, [mo dz = 1 and ||no| ., < ¢/|Qso|, where ¢ = ¢(n).
Then we define 7; ,,; := no for every i > 0. We define S; f for f € Lg(')(Q) by
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Sif =&f - /&fdfvme(/fgfdﬂf (nj,k—lm,k))-

320 N k:0<k<m;
-77&1 J ij Q7

The sum over j could be restricted to all j such that @; is contained in the
chain emanating from @);, since for all other j the sum over k is empty. Note
that the sum over k consists of at most one summand, since all cubes in a
chain are pairwise different. Since the sum over j may still be countable, it
is a priori not clear that S; f is well defined. However, using (B1) and (B2) it
has been shown in [108, Theorem 4.2] that the S;f are well defined, satisfy

1Sif| < coaxq, Mf, and Y Sif=f (7.4.10)

=0

almost everywhere and [ S;f dz = 0. Corollary 4.3.11 gives Mf € LPO(Q).

Thus the operators S; are bounded from Lg(')(Q) to Lg(')(Qi) yielding (a).
Since Mf € LP()(Q) and LPO)(Q) — L}, (), we deduce further from (7.4.10)
that Y ;) Sif = f in L} (). This proves (b). Furthermore, it has been
shown in [108 Theorem 4.2] that .S; maps C55(2) to C5%(Q:). The special
choice p = oo proves that .S; also maps L3 (€2) to L§°(Q;).

Let f € Lg(')(ﬂ) with pt < oo and let o be a permutation of Ny. Then as
in [108] it follows that

k
Hf =Y Sef
1=0

o0
> xw,o,Mf

i=k+1

29 (@) L2 (@)

Using (B1), p™ < oo and Corollary 4.3.11 the right-hand side tends to zero for
k — oo. This proves the unconditional convergence of Y .=/ S;f in L29(©)
for f € LEV(Q) with p* < co. We have proved (c).

For every f € Lg(')(Q) and g € LP ()(2) we obtain by (c):

S[fgdxﬂ/isifgdx.

Since 3700 |Sif| < ¢ Mf € LPO)(Q) by Corollary 4.3.11 and g € LP ()(Q),
the sum )2 S;f g converges not only almost everywhere but also in L' ().
Thus,

/fgdx_Z/ngdm—Z/Sf )a) de,

=00, =0g,

which proves (e).
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For f € Lg(')(Q) we estimate using (b), Theorem 7.3.22, (B1) and
Corollary 4.3.11

> Sl ee o M
ZXQ, ” SILE(Q4) <c Z o, ||>|<|Q1 f”p()
XQillp() p() i=0 X@Qillp() p()
< CHMfHLP( ()
Sc ||f||Lg(')(Q)

This proves one part of (d). The other part follows immediately from
Corollary 7.3.24 and (c).

The proof of (f) is given in [108, Theorem 4.2]. It is based on the fact that
for f € Cg% only finitely many chains start in the support of f due to (B3)
and that by the boundedness of 2 those chains have finite length. a

The decomposition theorem has the following useful consequences.

Proposition 7.4.11. Let © C R" be a domain satisfying the emanating
chain condition with constants o1 and oo and with chain covering Q. Let
p € P8(R") with p* < co. Then

If— Q”Lp() @)
> xa

17 = Dol o \
2 29 gl

Lr()(Q)

for all f € LPO)(Q). The constant only depends on p*, Clog(p) and the chain
condition constants.

Proof. Let f € LPO)(Q) and g € L} i )(Q) We use (e) of the decomposition

theorem for the space Lj ¢ )(Q), Holder’s inequality, and Theorem 7.3.22 to
conclude that

<2 1f = (Dell o g IxeSedll o g

QeQ
Ilf— QIImeQ
<e 3 xor e \zms@g\
QeQ xQ QeQ 7O

Note that ZQGQXQSQQ = g, so the right-hand side simplifies. Then we
take the supremum over g with |/g|| < 1 and use the norm conjugate

formula (Corollary 3.2.14):

@)
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19 = Dall o~ swp [ (7= Nalgdo

HQHLp/(.)(Q)ng
Z ||f QHLP( )(Q) H
\ c Q .
QeQ Ixelly )

This proves the first direction of the claim. Since p € P'°8(£2) we have p € A
and therefore

1f = (Dl < IF = (Pallo o) + IxaMalf = (Al o)
<clf- <f>Q||Lp<-)(Q)
This and Theorem 7.3.22 prove the other direction of the claim. a

In Sect. 8.2 after Theorem 8.2.4 we will show that the decomposition the-
orem and its consequences easily yield the Poincaré inequality. In Sect. 14.3
we will use it to prove estimates for the divergence equation, the negative
norm theorem and Korn’s inequality.

Let us finish the section by showing how the operators S, defined on

Lg(')(Q), can be modified in such a way that they are defined on LP()(Q).

Lemma 7.4.12. Let Q@ C R" be a bounded a-John domain, and let
pE Plog( ). Let n € L>®(Q) with [,ndx = 1. Then V, : f — n [, fdx
and U, := I —V,, are bounded, linear mappings from LP()(Q) to LP()(Q)
and to Lp )(Q), respectively. The operator norms depend only on ciog(p), «,

and 9| ||7]||oo Moreover, the mapping U, is onto and if n € C§°(Q), then
Uy + C5°() — C3op().

Proof. To prove the boundedness of V;,, we note by Holder’s inequality that
Vof =n [ fdy < 2[[nllooll fll Lo () 111l Loy () @lmost everywhere. Thus by
Lemma 7.4.5 we get

Vil ocr @y < 2lnlloo | £l ocr (@) 1L o (@ 1 oo () = Q4 Il oo I f | oo (-

This proves the boundedness of the operators U, and V,,. The mapping U,

is onto, since it is the identity on LS(')(Q). Since [,ndx = 1, we have
Jo Unf dz = 0. That U, maps C5°(Q) into C5%(Q2) for n € C5°(Q2) is obvi-
ous. O

Remark 7.4.13. If Q C R” is a bounded John domain and p € P8(Q)
satisfies p~ > 1, then we can combine Lemma 7.4.12 with Theorem 7.4.9 to
extend our operators Sg : L2(Q) — LEY(Q) to S : LPO(Q) — LEY(Q)
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for @ € Q. Indeed, let i be as in Lemma 7.4.12, then the operators S’Q =
Sq o U, have the desired property. Moreover,

S Sof = 3 So(Unf) = Uyf = f - n/fdx
QeQ QeQ

with unconditional convergence in Lg(')(Q) for p* < co. It is easily seen that
the operators Sq satisfy (a), (b), and (d) of Theorem 7.4.9.

If additionally n € C5°(Q), then Sg : C§°(Q) — C5%(Q) and the So also
satisfy (f) of Theorem 7.4.9.

The following result will also be useful for applications.

Lemma 7.4.14. Let Q C R" be a bounded John domain, let p € P8(12)
and let n € L>(Q) satisfy [,ndx = 1. Then

/fndat

Q

for all f € LPO)(Q). The constant depends only on ciog(p), a and | ||n]].,

HfHLPU(Q) Sc Hf - <f>Q||Lg(')(Q) +4 ||1||Lp<-)(Q)

Proof. For f € LP()(Q) we estimate using the norm conjugate formula
(Corollary 3.2.14)
/ fgdx

/fUngdx+/f77dx/gdy

Q

1fllrer @) < 2
<1

HQHLp (- )(Q)

=2
HQHLp ()(Q)

<1

where Uyg = g —n [o9dy € Lg/(‘)(Q). With Lemma 7.4.12 and Holder’s

inequality we get
/fhdx /fnda? /Igldy
IIQIILP ¢ >(Q)

<elf = Dall g + o) [ 11d
Q

[F oy S

<1

17O , St

.a




Part II: Sobolev Spaces







Chapter 8
Introduction to Sobolev Spaces

In this chapter we begin our study of Sobolev functions. The Sobolev space is
a vector space of functions with weak derivatives. One motivation of studying
these spaces is that solutions of partial differential equations belong naturally
to Sobolev spaces (cf. Part III). In Sect. 8.1 we study functional analysis-type
properties of Sobolev spaces, in particular we show that the Sobolev space
is a Banach space and study its basic properties as reflexivity, separability
and uniform convexity. In Sect. 8.2 we prove several versions of the Poincaré
inequality under various assumption on the regularity of the exponent. In
Sect. 8.3 we study Sobolev embeddings of the type WP() «— L") in the
case that p is log-Holder continuous and 1 < p~ < pT < mnorn < p~ <
pT < oo. In Sect. 8.4 compact embeddings W) «<ses LP"()=¢ are proved.
In Sect. 8.5 we show that Sobolev functions defined in a sufficiently smooth
domain can be extended to the whole space. In the last section, Sect. 8.6, we
study Sobolev embeddings in the limit cases when either p™ =n or n = p~.

There are some topics which could not be included. This includes the
theory of variable exponent Sobolev spaces on metric measure spaces studied
for example in [28,162,168,198,199,204,301]; a mean continuity type result
by Fiorenza [155]; and Hardy’s inequality in Sobolev space [192, 286, 287]
(Hardy’s inequality in Lebesgue spaces has been considered, e.g., in [109,114,
117,344)).

8.1 Basic Properties

In this section we define Sobolev spaces and prove functional analysis-type
properties for them. The results are from [91] by Diening, [149] by Fan and
Zhao, and [258] by Kovécik and Rékosnik.

Let Q C R™ be an open set. We start by recalling the definition of weak
derivatives.

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 247
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8_8,
(© Springer-Verlag Berlin Heidelberg 2011
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Definition 8.1.1. Assume that u € L{ (). Let a := (a1,...,a,) € NJ be
a multi-index. If there exists g € L{ (€2) such that

a1+...Fay
/u—a v dx = (71)“1+"'+O‘"/wgd:c
Q

aalxl e aanxn
Q

for all ¢ € C§°(£2), then g is called a weak partial derivative of u with respect
HAL+-Fan

to a. The function g is denoted by d,u or by 3

ALy -0 gy,

ou :
TR RRRR %) of u and we write short

Oju for % with j = 1,...,n. More generally we write V*u to denote the
Tj

. Moreover, we

write Vu to denote the weak gradient (

tensor with entries dyu, |a| = k.

If a function u has classical derivatives then they are also weak derivatives
of u. Also by definition Vu = 0 almost everywhere in an open set where
u=0.

Definition 8.1.2. The function u € LP()(Q) belongs to the space W*»() (),
where k € Ng and p € P(R), if its weak partial derivatives Jou with |a| < k
exist and belong to LP()(Q). We define a semimodular on W#?()(Q) by

Owk.p(: )(Q) Z OrLrC)(Q )
0<|a|<k

which induces a norm by
. U
||’u,||Wk,p(.)(Q) := inf {/\ >0: QWk,p(.)(Q) (X) < 1}.

For k € N the space W*?()(Q) is called Sobolev space and its elements are
called Sobolev functions. Clearly WOP()(Q) = LP()(Q).

Remark 8.1.3. It is also possible to define the semimodular oy x.»() )
on the larger set VVfZC (Q) or even L (). Then WkP()(Q) is just the

loc
corresponding semimodular space.

We define local Sobolev spaces as usual:

Definition 8.1.4. A function u belongs to I/Vlf)’cp(')(Q) if u e WhPO)(U) for
every open UCC Q. We equip I/Vlﬁf(')(Q) with the initial topology induced
by the embeddings W, " kol )(Q) — WkPO)(U) for all open UCC Q.

Sobolev functions, as Lebesgue functions, are defined only up to measure
zero and thus we identify functions that are equal almost everywhere. If the
set () is clear from the content, we abbreviate [|ul|yx.»c)(q) to [[ullgp) and

Owr.p() (@) YO Ok,p()-
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Remark 8.1.5. (i) Note that in W) (Q)

k k
> ooy (IV™ul) and Y [V ull| g
m=0 m=0

define a semimodular and a norm equivalent to the Sobolev semimodular
and the Sobolev norm, respectively. We abbreviate |[|[V™ull|r0)q) as
V™ ullLee) (), m € N.

(ii) One easily proves, using Lemma 3.2.4, that for each 1-finite partition
(Q)ien of Q we have

oo

ullwr.ee @) < Z lwllwre.re )
1=1

for all u € Wkr()(Q).

Theorem 8.1.6. Let p € P(Q). The space WFP()(Q) is a Banach space,
which is separable if p is bounded, and reflexive and uniformly convex if
1<p <p' <oco.

Proof. We proof only the case k = 1, the proof for the general case is sim-
ilar. We first show that the Sobolev spaces is a Banach space; for that
let (u;) be a Cauchy sequence in WP()(Q). We have to show that there
exists u € WHP()(Q) such that u; — u in W'P()(Q) as i — oco. Since
the Lebesgue space LP()(Q) is a Banach space (Theorem 3.2.7), there exist
U, g1, - -5 gn € LPO)(Q) such that u; — u and Oju; — g5 in LPO)(Q) for every
j=1,...,n. Let ¢ € C§°(2). Since u; is in W1P()(Q) we have

Q

Q

Strong convergence in LP() () implies weak convergences and hence we have

/uiajyjdma/uajwdm and /l/iajuidx_’/ngd‘r
Q Q a

Q

as ¢ — oo. Thus the right-hand sides on the previous line yield that
(g1,---,gn) is the weak gradient of u. It follows that u € W'P() and u; — u
in Whrt),

By Theorem 3.4.4, LP()(Q) is separable if p* < 0o and by Theorem 3.4.7,
LPO(Q) is reflexive if 1 < p~ < pt < oco. By the mapping u — (u, Vu),
the space W1P()(Q) is a closed subspace of LP()(Q) x (Lp(')(Q))n. Thus
W1P()(Q) is separable if pt < oo, and reflexive if 1 < p~ < pt < oo by
Proposition 1.4.4.
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For the uniform convexity we note that W'P()(Q) satisfies the Ao-
condition provided that p™ < oo. The LP()-modular is uniformly convex for
p~ > 1 by Theorem 2.4.11 and the proof of Theorem 3.4.9. Thus gy x.pc) is
uniform convex as a sum of uniform convex modulars (Lemma 2.4.16). Thus
Wr()(Q) is uniform convex with its own norm by Theorem 2.4.14. a

A normed space X has the Banach—Saks property if %221 u; — U
whenever u; — wu. By [226] every uniformly convex space has the Banach—
Saks property. This together with the previous theorem implies the following
corollary.

Corollary 8.1.7. Let p € P(Q) with 1 < p~ < p™ < co. Then the Sobolev
space W5P()(Q) has the Banach-Saks property.

Lemma 8.1.8. Let p € P(Q). Then WEP()(Q) «— WEP (Q). If |9 < oo,
then WEPC)(Q) s WP (Q).

Proof. This follows immediately from the embedding LP()(Q) — LP (Q),
see Corollary 3.3.4. a

A (real valued) function space is a lattice if the point-wise minimum and
maximum of any two of its elements belong to the space. Next we show that
the variable exponent Sobolev space of first order has this property.

Proposition 8.1.9. Let p € P(Q). If u,v € WHP)(Q), then max{u,v} and
min{u,v} are in WHP0)(Q) with

h

Vu(z), for almost every x € {u>v
Vu(z), for almost every x € {v > u};

V max(u,v)(r) = {

and
¥ min(u, v)(z) = Vu(z), for almost every x € {u < v};
Vo(z), for almost every x € {v < u}.
In particular, |u| belongs to WHPC)(Q) and |V|u|| = |Vu| almost everywhere
in €.

Proof. Tt suffices to prove the assertions for max{u,v} since min{u,v} =
—max{—u, —v}. By Lemma 8.1.8 we know that WhP()(Q) — W 1(Q)
and so the formulas for V max(u,v) and V min(u,v) follow from [219, The-
orem 1.20]. We next note that ||max{u,v}|,.) < |lulpc) + [vllp) and
|V max{u, v}y < [|[Vulpe) + [[V|lpe). Thus it follows that max{u,v} €
WrO)(Q). Analogously, we get min{u,v} € WHP()(Q). The claims for |u]
follow by noting that |u| = max{u,0} — min{wu, 0}. O
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Note that the previous proposition yields that Vu = 0 almost everywhere
in a set where u is constant.

We close this section by defining Sobolev spaces with zero boundary values
and proving basic properties for them.

Definition 8.1.10. Let p € P(Q2) and k € N. The Sobolev space W:’p(')(Q)
with zero boundary values is the closure of the set of W*P()(Q)-functions
with compact support, i.e.

{ue WEPO(Q): u = uyxg for a compact K C Q}

in WkrC)(Q).

Warning 8.1.11. The closure of C3°(Q) in the space WP (Q) is denoted
by HYPO ().

Clearly Cg°(Q) € WEP)(Q). Later in Sect.11.2 we will study in more
detail Sobolev functions with zero boundary values. We will show in Propo-
sition 11.2.3 that if p is bounded and smooth functions are dense in the
Sobolev space then Wg’p(')(Q) = Hg’p(‘) (Q). In particular we will obtain that

if p € P2(Q) is bounded, then WP (Q) = HFP)(Q) (Corollary 11.2.4).

Remark 8.1.12. In contrast to H&’p(‘)(ﬂ), the space Wol’p(‘)(Q) has the
following fundamental property: if u € W1P()(Q) and v is a Lipschitz contin-
uous function with compact support in €2, then uv € Wol’p(') (©). In Sect. 11.5
we will see that for certain exponents p the product uv need not to be in
Hy" () and thus it may hold that Hy ) (Q) G Wy ().

Theorem 8.1.13. Let p € P(R™). The space Wg’p(‘)(Q) is a Banach space,
which is separable if p is bounded, and reflexive and uniformly convex if
1<p” <p' <oco.

Proof. Since Wéf’p(')(Q) is a closed subspace of Wk’p(')(Q), the properties
follow by Proposition 1.4.4 and Theorem 8.1.6. a

Lemma 8.1.14. Let p € P(R™) and u € Wéﬁ’p(‘)(Q). Then u extended by
zero to R™\ Q belongs to WP (R™).

Proof. Let u € W’”’(')(Q) with compact support, i.e. there exists a compact
set K C Q such that u = yxu almost everywhere. We define £u to be the
extension of u (as a measurable function) by zero outside of 2. We claim
that Eu € WFPO(R") and 0, (u) = £(J,u) almost everywhere for |a| < k.
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Choose n € C§°(Q) such that xx < 7 < xq. Then for all ¥ € C§°(R™) and
|a] < k we have

Di{guaa@z; dx = Q/u(?a(@/}n) dx = (-1)&'!(@&) Ynde

= (=1)l / (E(Oau)) b da,

R™

where we used that v = 0 and dyu = 0 outside of K and n = 1 on K.
This proves 0,€(u) = E(Dqu). Since £(Dqu) € LPO(R™), it follows that
Eu € WkPC)(R™). Moreover, lullywrrer ) = €Ul (mny, S0 € is a isom-
etry on the set of compactly supported W*?()(Q) functions. Since those
functions are by definition dense in Wéc P0) (), the extension operator is also
an isometry from Wéc’p(')(Q) to W*PO)(R™). In particular, u € Wg’p(')(Q)
implies Eu € WHEPO) (R™). O

8.2 Poincaré Inequalities

We start this section by showing that for log-Hélder continuous exponents we
get the Poincaré inequality with a constant proportional to diam(€2). After
that we give a relatively mild condition on the exponent for the Poincaré
inequality to hold. We also show that this condition is, in a certain sense, the
best possible.

Concerning the regularity of the domain we consider in particular bounded
John domains (cf. Definition 7.4.1). The constant exponent Poincaré inequal-
ity is known to hold for more irregular domains but the inequality is mostly
used in John domains.

We recall the following well-known lemma that estimates u in terms of the
Riesz potential, due to Bojarski [52, Chap.6]. For completeness we provide
a proof. Recall that I; denotes the Riesz potential operator (cf. Defini-
tion 6.1.1); note also the convention that I f denotes I1 (xqf) if the function
f is defined only in .

Lemma 8.2.1. (a) For every u € Wy (), the inequality
lul < cIh|Vul
holds a.e. in Q with the constant ¢ depending only on the dimension n.

(b) If Q@ C R™ is a bounded a-John domain, then there exists a ball B C 2
and a constant ¢ such that

u(z) = (u)B| < ¢ [i[Vul(z)
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holds a.e. in Q for every u € WH1(Q). The ball B satisfies |B] < |Q] <
c'|B| and the constants ¢ and ¢’ depend only on the dimension n and .

Proof. We prove only (b). The proof of (a) is similar, see for example [176,
Lemma 7.14, p. 154].

We consider first claim (b) when € is a ball. Assume that u € C*°(£2) N
WhH(Q). We have

|z—y|

u(z) — uly) = — / Vu(x+r|Z:z|> : é:i' dr.

Integrating with respect to y over  and dividing the result by ||, we obtain

|z—y|
1

u(:c)—(um:—ﬁﬂ /Vu(x—l—rly:il) é_ |drdy

Using the notation

D(z) = Vu(z) if z € Q;
o if 2 ¢

we obtain

1
o)~ ol < [ /‘ (w42 aray
€2 ly —
{|lz—y|<diam(©2)} O
diam ()
|Q|/ / / |D(z 4 rw)| 0"t do dw dr
0 8B(0,1)
g/ / |D(z 4 rw)| dw dr
0 8B(0,1)
|D(y)|
= | ————dy=1T .
/ oyt @ = AV

This concludes the proof in the ball when u is smooth. For v € Wh1(Q),
we take smooth approximations 1); such that ¥; — u in W1H1(Q) and almost
everywhere. Then (¢;)q — (u)q and I1|V;|(z) — I1|Vul|(z), where we also
used the continuity of the Riesz potential in L'(£2) (cf. 280, Theorem 1.1.31]).
This yields the claim for w.

Suppose now that  is a bounded a-John domain. Then 2 satisfies the
emanating chain condition with constants depending only on a. Let @y be



254 8 Introduction to Sobolev Spaces

the central emanating ball. If z € @, then the claim follows by what was just
proved. Otherwise, let (QJ) o be the emanating chain connecting x and Q.
Let B; be the balls in the mterbectlon Q; N Qj41 as in the Definition 7.4.1.
Then

|’LL((E) - <U>Q0| < | ( le + Z | Q]+l - >Bj| + |<U>Bj - <u>Qj|

m—1
<I|Vul(z) +2 > [{u)s, — (u)q,|
=0
Let us estimate the second term:

(s, — (u, | < f|u—< wa, dy

J
<o f lu~ (u)g,ldy
Qj

< coy diam(Q);) ][ [Vu| dy.
Qj

Since |z — y| < oo diam(Q;) and (Q;) has overlap less than or equal to oy,
we obtain

m—1
: -1 [Vl n—1
;dlam(Qj) ][ [Vu|dy < cofy Z /|x = Tdy < covoy I|Vu|(x).
- 3

The assertion follows when we combine the previous three estimates. a

Remark 8.2.2. One easily checks that the assertions in Lemma 8.2.1 (b)
also holds for u € L{ (Q) with |Vu| € LPO(Q).

Lemma 8.2.3. Let Q be a bounded a-John domain and let p € P8(Q). If
A C Q has positive finite measure, then

¢ orllu = (@all ooy < llu = el o) < cllu— ) all o)

for uw € LPO)(Q), where ¢ depends on the dimension n, ciog(p) and a.

Proof. By the triangle inequality, [[u — (w)all L)) < [[u = (W allLee) (@) +
[{u)a — (w)allLr() (o). We estimate the second term by Hélder’s inequality:
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[{w)a = (WellLro @) = Ku)a — (wal [1llLro @)
=1 lu = (@ all L@ 1l zror @)

||1||Lz>’(~> Q ||1||LP<->(Q)
Sc¢ (|;2| l[w = (u) all Lrer (o)

Since p € P°8(€2), the fraction in the last estimate is bounded by a constant
according to Lemma 7.4.5. The lower bound is proved similarly. a

Theorem 8.2.4 (Poincaré inequality). Let p € P°8(Q) or p € A.

(a) For every u € Wol’p(l)(Q), the inequality
HUHL”(')(Q) Ssc diam(Q)Hvu”Lp(_)(Q)

holds with a constant ¢ depending only on the dimension n and ciog(p).
(b) If Q is a bounded a-John domain, then

[u = (wall o) < ¢ diam(Q)[[Vaull oc o

foru e lep(‘)(Q). The constant ¢ depends only on the dimension n, o
and ciog(p).

Proof. We prove only the latter case. The proof for the first case is similar;
the only difference is to use in Lemma 8.2.1 case (a) instead of case (b). We
note that p € P°8(2) can be extended to R" so that p € A (Proposition 4.1.7
and Theorem 4.4.8).

By Lemma 8.2.1 (b) and Lemma 6.1.4 we obtain

ju(2) — (u)s| < | Vul() < ediam(©) 3 27 T4, [Vl (2)
k=0

for every u € WHP()(Q) and almost every € Q, where kg € Z is chosen such
that 27%~1 < diam(Q) < 27%0. Since p € A, the averaging operator Ty,
is bounded on LP()(Q) (cf. Remark 6.1.3). Using also the triangle inequality,
we obtain

v = (W) BllLoe) (o) < ¢ diam(Q) Z27k||Tk+ko|vu|HLP<‘)(Q)
k=0

< c diam(Q)[|Vul v (o)
The estimate for ||u — (u)allLrc)(q) follows from this and Lemma 8.2.3. O

In the case that p € P°8(R") with p™ < co we give an alternative proof
for Theorem 8.2.4 (b) based on the decomposition Theorem 7.4.9. The proof
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is not self-contained since it uses the variable exponent Poincaré inequality
in cubes.

Proof of Theorem 8.2.J (b) for p € P8(R") with p* < co. Let p € P°2(R")
with pT < co. Let Q be the chain covering of Q. Let u € WP0)(Q) with
fQudx = 0. Then Proposition 7.4.11, the Poincaré inequality in cubes,
diam(Q) < diam(Q2) for @ € Q, and Theorem 7.3.22 yield

QHLp() @
ZX@ :

||U||Lp()
0 Oeo ||XQ||p() Lr()(Q)
3 diam(Q) [ Vull 0 ()
XQ
Hco HXQHP( LrO)(Q)
| IVl 00
¢ diam(Q ’ ZXQ Ixoll @
Oco XQllpe) Lr()(Q)
<c diam(Q)HVUHLp(-)(Q)' -

Theorem 8.2.4 (a) immediately yields.

Corollary 8.2.5. Let Q be bounded and p € P'°8(Q) or p € A. For every
u € Wol’p(')(Q) the inequality

IVl o) < llullwioo @) < (14 ¢ diam(Q)) [Vull o) (q)

holds with constant ¢ depending only on the dimension n, and ciog(p).

Theorem 8.2.4 (b) and Remark 8.2.2 yields the following corollary, which
will be important in Sect. 12.2.

Corollary 8.2.6. Let Q be a bounded a-John domain and let p € P8(Q)
or p € A. Furthermore, let A C Q be such that |A| = |Q|. Then

l[u — (w)all Loer () < cdiam(Q)[[Vull oey (o)

for uw € L (Q) with |Vu| € LPO)(Q). The constant ¢ depends only on the
dimension n, o and ciog(p).

Let us next consider modular versions of the Poincaré inequality. In the
constant exponent case there is an obvious connection between modular and
norm versions of the inequality, which does not hold in the variable expo-
nent context. Indeed, the following one-dimensional example shows that the
Poincaré inequality can not, in general, hold in a modular form.
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Example 8.2.7. Let p: (—2,2) — [2, 3] be a Lipschitz continuous exponent
that equals 3 in (—2,—1)U(1,2), 2 in (—3, ) and is linear elsewhere. Let u
be a Lipschitz function such that u(£2) =0, uy = A in (—1,1) and |u}| = A
in (—2,—-1)U(1,2). Then

_ 2 . 1/2
Op(y(un) [75 luaP@ da - f71/2 A2 dzx 1

—

Ty (W) fEQ |ul [P(*) dx - 2f:21 Asdz 2

as A — 0t.

In fact, Fan, Zhao and Zhang [145] have shown that the modular Poincaré
inequality o,(.)(u) < cop.y(Vu) does not hold if p is continuous and has a
minimum or maximum. Allegretto [21] has shown that the inequality holds
if there exists a function & € W11() such that Vp- V¢ > 0 and V¢ # 0.
This holds if p is suitably monotone. Next we prove another version of the
modular Poincaré inequality; our inequality applies for log-Holder continuous
exponents, and it includes the radius of the domain; the price to pay is
an additional, additive term on the right-hand side. This kind of Poincaré
inequality has been used in [211].

Proposition 8.2.8. Let p € P8(Q) be a bounded exponent.

(a) Let Q2 be bounded. For m > 0 there exist a constant ¢ depending on the
dimension n, ciog(p), m, and p* such that

Jul p(z)
/<m> dz < c/|Vu|p(z) dx +c / (e +|z)) ™dx
Q Q

B(z,diam(Q))

for all u € Wol’p(')(Q) with |Vul| L)) <1 and all z € 2.

(b) Let  be a bounded a-John domain. For m > 0 there exist a constant ¢
depending on the dimension n, ciog(p), m, p*, o, |Q] and diam(Q) such
that

. p(x)
/(m) dz < c/|Vv|p(‘"”) dr +c / (e+|z|)"™dx
Q Q

diam(2
( ) B(z,diam())

for all v € WHPOI(Q) with || V| o)) < 1 and all z € Q. The ball B is
from Lemma 8.2.1.

Proof. Assume that u € Wy (‘)(Q) is extended by zero outside © (Lemma
8.1.14). By Lemmas 8.2.1 (a) and 6.1.4 we obtain

[Vu(y)|

u@) <e [ o0

dy < cdiam(9) Z 27 Ty 1y | V| (),
k=0
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where kg € Z is chosen such that 27 Fo—1 diam(Q) < 2~ ko, Exactly the
same estimate holds with u replaced by v — (v)p using Lemma 8.2.1 (b), so
it suffices to derive the estimate of the first claim involving wu.

We divide by diam(€?) and raise both sides of this inequality to the power
p(x), integrate over €, and use p* < oo to obtain

u p(z) >~ p(a)
/(ﬁb) dz < c/(ZQ ka+k0|Vu|) dx
Q Q

k=0

oo

)
o> 27 [ (T vul)"

k=0 Q

where we used convexity in the second step. Since op»()()(Vu) < 1 by
the unit ball property, we may use Corollary 4.2.5 for |Vu|xq on the ball
B(z,diam(f2)) and get

/ (Tk+k0|Vu|)p(x) dr < c/ |VulP® da + ¢ / (e+|z|)~" dx
Q Q B(z,diam(2))

where we also used that the dyadic cubes 2@ are locally N-finite. Combining
the last two inequality proves the claim. a

Remark 8.2.9. If p € P8(Q) with no restriction on p*, then the first
estimate in Proposition 8.2.8 reads

/wp(z) (5%) dr < /(pp(z)(|Vu|)dac + / (e+|z)) ™ dx
Q Q

diam(
B(z,diam(£2))

for some 5 € (0,1) and all u € Wol’p(')(Q) with [[Vul|psc) ) < 1. The
constant [ depends only on ciog(p), m and n. The second estimate in
Proposition 8.2.8 has to be changed accordingly. The proof is the same.

Remark 8.2.10. It is possible to replace (u)p in Lemma 8.2.1 (b) and
Proposition 8.2.8 by (u)q or even (u) 4, where A C Q is a set with |A| ~ |].
Indeed, it follows from Jensen’s inequality and Corollary 8.2.6 for p = 1 that

(u)a — (u] < ][Iu (sl dy < f ju — (u 5| dy < ¢ diam(Q) f|wdy

A Q Q

for all u € WH1(Q). In particular, this implies

(wha =l <e [ iy < e (Tu)a)
Q
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for any x € Q. This proves the modified version of Lemma 8.2.1 (b). With
this new estimate we get the modified version of Proposition 8.2.8 with no
change in the proof.

The following improvement of Proposition 8.2.8 is useful in the study of
p(+)-minimizers and is the starting point for reverse Holder estimates. The
result is from Schwarzacher [350].

Proposition 8.2.11. Let p € P8(R") satisfy 1 < p~ < pt < 0o and let
s < p~ satisfy s € [1, 25). Then for every m > 0 there exist a constant c
depending on n, ciog(p), m, and s such that

|U,| p(z) () s
][ (E) dr < c<][|Vu s dz) +C][(€+ |z|)”™ dz

R R

Br
. p(x) (- s
f(%) da:§c<][|Vv(S)dm> —|—c][(e+|x|)_msdx
Br

R Br

r() 1 p(-)
: (131{>, veWh™s (131{)

for every ball Br with radius R, and every u € Wol’
with [Vull poy/s g poes IVl Lacy/e oo <10

Proof. By Jensen’s inequality the case s > 1 implies the case s = 1 and thus
we may assume that s > 1. By Lemma 8.2.1 we have, for x € Bp,

u(z)] < ¢

Br

|z =yt

[Vu()l dy lv(z) — (V)| < c/ %dy.
Br

Starting from here the proofs for v and v are the same, so we just present the
estimate for u. With the previous estimate, the help of Lemma 6.1.12 applied
to p(+)/s and pT < oo we get

(I) ;:B][ <%)p<z> i< c(p+)B][ (/ % dy)pu) .

R r Br
r(y) s

T I N NN

<« f ( R ) s e f a1 o)

—: (I1) + (II1).

R

In order to estimate (IT) we set J := [, (V[P dz. We can assume J > 0
in the following, since otherwise Vu = 0 and there is nothing to estimate.
We apply Jensen’s inequality for the probability measure u := |Vu|” ()/s /J
and the convex function ¢ — t*, then we use Fubini’s theorem to change the
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integration order and [, ll_yc‘l% ~ R=*(»=D+" for ae. y € Bp using

5 <
][Js l/ |vu
Rs|x —

P(») () 8
<cJS—1R"-S"f|Vu<y>|Sdysc( f Ivu )

R Br

(¥)

dy dx

s
sn el s(n—1)

Since s > 1, we can use the boundedness of M on L*(Bg) to conclude

(III)< ¢ ][(e—i— |x])™™ dx

Br

Combining the estimates for (I)—(III) we obtain the result. O

Remark 8.2.12. Exactly as in the Remarks 8.2.9 and 8.2.10 it is possible
to modify Proposition 8.2.11 to include the case p™ = oco: we have to replace
the constant ¢ on the right-hand side by a constant 8 on the left-hand side.
As in Proposition 8.2.8 and Remark 8.2.10 we can replace the integration
domain Bg by a bounded John domain 2 and the mean value (v) g, by (v)a
for any A C Q with |A| = |Q].

In the remainder of the section, we generalize the norm-type Poincaré
inequalities to more general exponents. Again, there is a price to pay, namely,
we do not get the factor “diam(£2)” on the right-hand side. These results are
from Harjulehto and Héasto [188].

Let us recall the following constant exponent result, which in the case
r < n and ¢ = r* is due to B. Bojarski [52, (6.6)] and in the case ¢ < r*
follows from it by Hélder’s inequality. By r* we denote the Sobolev conjugate
exponent of r < n, r* :=nr/(n —r).

Lemma 8.2.13. Let Q C R”™ be a bounded a-John domain. If 1 <r < n and
r<qg<r*orifr>=nandq< oo, then

1,1 1
lu — (Wellpay < c|Q*Ta 7 | Vul Lr@)

for all u € WHT(Q). In the first case the constant ¢ depends only on n, r and
a, while in the second case it depends also on q.

Using the previous constant exponent Sobolev—Poincaré inequality we are
able to prove the Poincaré inequality in bounded John domains for variable
exponents.

Lemma 8.2.14. Let @ C R™ be a bounded a-John domain. If p € P(Q) is
bounded with p™ < (p™)* or p~ > n, then there exists a constant ¢ depending
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on the dimension n, p~, p*, and o such that for every u € Wl”’(')(Q) we
have

1L
lu = (wall oo o) < e(1+192])? IQI" Prr [Vl pee ) -

Proof. Assume first that p™ < (p7)*. Since p(z) < p* < (p7)* we deduce
from Corollary 3.3.4 and Lemma 8.2.13 that

lu = (w)allo) < 2(1+190) u— (Wl
) 1,1 1
e(n,p™ ) (1+12)[Q 2777 |Vl
1.1 L

PR [Vl

N

<e(n,p~, ) (1+10)) |0

Let p~ > n. We choose a constant g € [1,n) such that p* = ¢*. We obtain
the result by using similar arguments than in the previous case. The only
difference is that the constant in the second inequality in the above chain of
inequalities is c(n, pT, a). O

The following lemma will be generalized (with proof) in Proposition 10.2.10
to the variable exponent case; this version can be found e.g. in [219, Exam-
ple 2.12, p. 35].

Lemma 8.2.15. For a constant g € (1,n), arbitrary x € R™ and R >r >0
we have

1—q
b

—n q_l —n —n
inf / \Vu\qda::c‘q 1’ ‘R?zj—r?zfl
q—
B(z,R)

where the infimum is taken over all u € C3°(B(x, R)) with u|p(y,y = 1. Here
the constant ¢ depends only on the dimension n.

The following proposition shows that for general non-constant exponents
the Poincaré inequality does not hold.

Proposition 8.2.16. Let B be a unit ball in the plane. For every ¢ € [1,2)
and g2 € (2,00) there exists p € P(B) with p~ = q1 and p™ = qa such that
the norm-version of the Poincaré inequality,

[u—(wellLro ) < cllVulro sy

does not hold.

Proof. Our aim is to construct a sequence of functions in B C R? for which
the constant in the Poincaré inequality goes to infinity. Let e; = (1,0), B; :=
B(27%1,427%) C B and B] := B(2 ey, 12’i2) C B for every i € N. Let
u; € C§°(B;) with u1| + = 1. Define p := ¢ in every B} and p := ¢ otherwise
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in B with positive first coordinate. Since Vu; = 0 in B} we obtain
IVuill Leor s,y = IVl Lo (B,)-

Let B; := B(—27"ey,+27%). We extend u; to B as an odd function of the

first coordinate in B; and by zero elsewhere. We extend p to B as an even

function of the first coordinate. We denote these extensions by #; and Z—*,
By Lemma 8.2.15 we may choose the functions u; such that

||V’Uq|| 2 () C(ql)‘ (41]272) q1 o (%271 )tn q1
n"(B)
22—
For large 7, the right-hand side is approximately equal to ¢(q1)2" " o Since
(t;)p = 0, we obtain
. . 1 22
s = Gl g =l g > B > e27 %,
Combining the previous two inequalities, we find that
u; — (U e
= 2L 50 ) ) 2P o
~ =
V| p=c
L n" (B)
as i — 00 1f ad

The following theorem shows that the condition p™ < (p7)* in Lemma
8.2.14 can be replaced by a set of local conditions.

Theorem 8.2.17. Let Q C R"™ be a bounded John domain and p € P(Q) be
bounded. Assume that there exist John domains D;, ¢ = 1,...,7, such that
Q= Ul_,D; and either pBi < (pp,)* or pp, = n for every i. Then there
exists a constant ¢ such that

lu = (WallLror @) < cllVullpro @)

for every u € WHPO)(Q). The constant ¢ depends on n, diam(Q), |Dy|, p and
the John constants of Q and D;, 1 =1,...,j

Proof. Using the triangle inequality we obtain
J
lu = (wallLro@) < D llu = (Wallo py)
i=1

J
Z”U— W), || v (D,) +Z|| (Wb, llzro) (D))
i=1



8.2 Poincaré Inequalities 263

We estimate the first part of the sum using Lemma 8.2.14. This yields for
everyi=1,...,]

lu—(u)p; | Leer(py) < €l Vullrorpy) < elVullLro @)

with constants depending on n,pgi,pgi, |D;]|, cv;, where «; is the John con-
stant of D;. Therefore it remains only to estimate the sum of the terms
[{u)o = (w) ;|| Lr¢)(p,)- We use the constant exponent Poincaré inequality
(in the third inequality):

[{(w}e = (W) b, lLrer (D) < I llzee) (D) ][ lu(@) — (u)al dx
D;

< 1 zror(py)

Dy / () — (ubal de
Q

c(n, diam(R2), @) Ds| |1l ooy by
c(n, diam(2), )| Di |~ |1l o> (o) IVl oo ()

< Vul (o)
<

for every ¢ = 1,...,7. Here « is the John constant of 2. By Corollary 3.3.4
1]l L»¢>(p,) depends only on p and |D;|, which completes the proof. O

Next we prove the Poincaré inequality for Sobolev functions with zero
boundary values using Lemma 8.2.14.

Theorem 8.2.18. Let Q be bounded. Assume that p € P(Q) and there exists
0 > 0 such that for every x € Q either

NPg (e
pJEr;( sna S w or  Ppzsna = M (8.2.19)
- "= PB(z,6)n0 ©

Alternatively, assume that p is uniformly continuous in Q). Then the inequality
lullLror ) < ellVullLro ),

holds for every u € Wol’p(')(Q). Here the constant ¢ depends on p, 2, § and
the dimension n.

Proof. Note that if p is continuous in Q or uniformly continuous in ©, then
p satisfies the first set of conditions of the theorem for some § > 0.
By the assumptions there exist 1,...,2; and § > 0 such that

QC L]J B(l‘l,é)

i=1
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and each ball B(x;, ) satisfies either of the two inequalities in (8.2.19). We
write B; := B(x;,d) and denote by x; the characteristic function of B; N .
In each B; we define p; () := p(x)xi +Pp,nq(1 — xi). Then in each B; either

pi < (p;)* or p; = n. Let @ be the zero extension of u € Wol’p(')(Q) to
R™\ Q (Lemma 8.1.14). By the triangle inequality we obtain

J

LrO(Q) < Z: %l ric) (B
iO(By) +Z|

We estimate the first sum on the right-hand side of the previous inequality.
By Lemma 8.2.14 we obtain

lullscoey < |[a le
J
<> la

i=1

i()(By)-

1,1 1
12— (@) 5, ! P

O, < c(L+|Bi))?Bi] IVl poicr (s,

1

1
L
1 1
nt

c(1+|Bi|)?|Bi|™ v P

(@)

for every i = 1,...j. To estimate the second sum, > 7_, [(@)p, O (By)»
in the above inequality we use Lemma 3.2.12 to estimate [|1 s (p,) by a
constant depending only on p and §. Further, the constant exponent Poincaré
inequality implies that

< %diam(ﬁ)/|VU| dx

c¢(n) .
S e diam(Q)(1 + [2DVul o) (o)
again for every ¢ = 1,...7. Combining the last three estimates yields the
assertion. a

Remark 8.2.20. Assume that Q is convex and p € P(Q) is uniform con-
tinuous (or p € C(Q)). As in the proof of Theorem 8.2.18 we may cover ()
by finitely many balls B(z;,d) so that (8.2.19) holds. Since 2 is convex so is
B(z;,6) N Q and thus it is a John domain. Hence Theorem 8.2.17 yields that
the Poincaré inequality

|u = (w)allro) @) < VUl oo o)

holds for every u € WP()(Q).



8.3 Sobolev-Poincaré Inequalities and Embeddings 265

8.3 Sobolev-Poincaré Inequalities and Embeddings

In this section we assume that the exponent p is log-Holder continuous with
1 < p~ < p" < n. We prove that the Sobolev-Poincaré inequality holds for
general Sobolev functions in bounded John domains and for Sobolev functions
with zero boundary values in open sets. Bounded John domains are almost the
right class of irregular domains for the constant exponent Sobolev—Poincaré
inequality, see [52,59]. We give an example which shows that Sobolev embed-
dings do not hold for every continuous p. We close this section by studying
the Sobolev embedding in the case p~ > n. Sobolev embeddings in the case
pT = n need a target space that is not a variable exponent Lebesgue space,
and are studied in Sect. 8.6 together with the other limit case p~ = n.
We define the Sobolev conjugate exponent point-wise, i.e.

5 np(z)
p*(z) = ——~
) = @
when p(z) < n and p*(z) = oo otherwise. This section is based on [92,190,
258], see also [121,122, 141,166, 246, 285, 299, 302).
Theorem 8.3.1. Let p € P°8(Q) satisfy 1 <p~ < pT < n.

(a) For every u € Wol’p(‘)(Q), the inequality

[ull evr (@) < clIVullro (@)

holds with a constant ¢ depending only on the dimension n, ciog(p), and

pt.

(b) If Q is a bounded o-John domain, then
lu — (Wall v ) < cl[Vullror @)

foru e Wl’p(')(Q). The constant ¢ depends only on the dimension n, «,
Clog(p) and p*.

If we add the extraneous assumption p~ > 1, then we immediately obtain
a proof using results on operators that we proved earlier: the inequalities
follow from Lemma 8.2.1, Lemma 8.2.3 and Theorem 6.1.9; the constant in
this case also depends on p~.

We obtain the Sobolev embedding as a corollary.

Corollary 8.3.2. Let Q be a bounded a-John domain and let p € P'°8(Q).
Let g € P(2) be bounded and assume that ¢ < p*. Then

WLP(')(Q) N Lq(‘)(Q) ,

where the embedding constant depends only on «, ||, n, cog(p) and g*.
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Proof. Let r € (1,n) be such that r* > ¢*. Corollary 3.3.4 and Lemma 3.2.12
yield
lullyy < llu = (wallyy + [{wally
]
201+ 192D llw = (Wl mingps(.),r-y T max{|Q]«

< 2(1 + |9)) max{|Q7 1

s LHlully
1} (= (W lmingp .0y + 1l -
Since min{p*(-),r*} € P'°8(Q), Theorem 8.3.1 (b) and Corollary 3.3.4 yield

[l — <U>Q||min{p*(.),r*} Sc HVUHmin{p(.),r} Sc(l+ ‘QD”VUHP( )
The claim follows by combining these two inequalities. a

Now we move on to the complete proof, covering also the case p~ = 1.
In this case the Riesz potential is not strong type p(-), i.e. Theorem 6.1.9
is not available. Our proof is based on the weak type estimate for the Riesz
potential. We first give a proof of Theorem 8.3.1 (b) in which the constant
additionally depends on diam(€).

Lemma 8.3.3. Let Q be a bounded a-John domain and let p € P8(Q)
satisfy 1 <p~ < pt < n. Then

lu = (Wallpr o @) < cllVullro )
for every u € WLP(')(Q). The constant ¢ depends only on the dimension n,
pt, Clog(p), @ and diam(2).

Proof. By a scaling argument we may assume without loss of generality that
(1+1Q) [Vl p) < 1. We need to show that oy« q)(|u—(u)l) is uniformly
bounded. For every j € Z we set Q; :={x € Q: 27 < |u(x) — (u)o| < 2771}
and v; := max {0, min{|u — (u)q| — 27,27} }. From Proposition 8.1.9 follows
v; € WhP()(Q). By Lemma 8.2.1 (b) we have

[vj (@) — (vj) Bl < c1|Vv;|(x)

for almost every x € €. Here the radius of B C ) depends on a. We obtain
by the pointwise inequality v; < |u — (u)q| and by the constant exponent
Poincaré inequality Lemma 8.2.13 that

vi(@) < Jvj(2) = (vj) Bl + (vj) B < cLi|Vy|(z) + ][ u = (u)o| dx

< cL|Voj|(z) + c/lu — (waldr < ¢ 1|Vv;|(x) + C/WUI dp  (834)

< ch|Vus|(z) + ¢ (L+ Q) Vullpey < er (I Vo;|(2) + 1).
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For the rest of this proof we fix the constant ¢; to denote the constant on
the last line. It depends only on n, a and diam(€).
Using the definition of Q; we get

o0

Z / 9 +1p" (@) g

J

For every z € ;11 we have vj(x) = 27 and thus obtain by (8.3.4) the
pointwise inequality ¢11;|Vv;|(z) + ¢1 > 27 for almost every z € Q;41. Note
that if a + b > ¢, then a > %c orb> %c. Thus

Z 2(+1)p™ (@) g0
Jj=—o00 Q;
<y / oGP (2) gy
I=7% (0eQ;: o111 |V | (x)+er >20-1}

<y / SGHIP (=) gy

=T (2€Q: e 1|V, |(z)>20—2}

£y / 9G+IP" (@) g

IZT {z2eQy: e1>20-2)

Since (1 + [€])[|Vul/p.y < 1, we obtain by Theorem 6.1.11 for the first term
on the right-hand side that

3 / (DD (2) gy

=70 (2eQ: o111 |V, (y)|(z)>20—2}

<o > ([ uere a0 < wul <))

j==—o0 g
<ec Z </|Vu|p(y dy + 9, )
Jj=—00

=c / |VulP™) dy + ¢ |Q).
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Let jo be the largest integer satisfying ¢; > 27°~2. Hence

o0

Jo
> / QU+1)p* (@) dxg/ S 2P @) gy < e,
!,

j=—00 j=—o0

{z€Qjic1>21-2}
which concludes the proof. ]

Next we use the local-to-global trick to generalize the previous lemma,
removing the dependence of the constant on diam(2).

Proof of Theorem 8.3.1. We prove only part (a) of the theorem; the second
part follows by essentially identical arguments.

Let u € WoP"(Q) and extend it by 0 to R” \ @ (Lemma 8.1.14). By
a scaling argument we may assume that [|uly 100 ey = 1. Let (Q;) be a
partition of R™ into unit cubes. As was noted in Example 7.4.2, every Q; is
a John domain with the same constant. Thus Lemma 8.3.3 implies that

e = (was [l (@) + e, Iz )
|Vl Loy (g, + cl{u)g,l-

ull Lo (q,) <
<

Next we apply Corollary 7.3.23, the previous inequality, and the triangle
inequality in £P=:

3 1/p%
||u||Lp*(-)(]R'ﬂ) <c (Z ||U||1[),?*(«>(Qj)>
J

N\ /P
Sc (Z (IVull pocr(q,) + |<U>Qj|)pm>

J
. 1/p% )
<e(TIvulfog,) e Slwer)
J J

Note that we end up with the wrong power after the inequality for using

Corollary 7.3.23 a second time: we would want the norm to be raised to the

power of po instead of p%,. However, since |[Vul| Lro)(q,) < [[ullwiro@ny =1
P o0

and po < pl, we conclude that ||VuHLP(,)(Qj) < HVuHip(,)(Qj). Then we can

use Corollary 7.3.23 again:

Pro oo ~ oo —
Z ”quLp(l)(Qj) < Z ||vu||11),p(~)(Qj) ~ Hquip(J(Rn) =1
J J

It remains to control ). [(u)q, |P>. For this we define an auxiliary function
v = |ul*Xg0,1/2)- Then [(u)q,| < ¢|(v)q,|, so it suffices to consider the sum
over |(v)q, |- Using also Holder’s inequality, we conclude that
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S we, P> <Y e, e <Y / [o(@)Ps di = ¢ / (@)™ d.
j j in

J ]Qj

Then it follows from the constant exponent Sobolev inequality (see for
example [176, Chap. 7]) that

(Zitwhe,

1/p%
pw> < elloll poa @y < € V0l Lo )

Next we notice that

Vel < [ [T dy < 2ATul ooy << o
B(z,1)

so |Vu| € L®(R"). Since LP=~ N L™ = [P() 0 [ (Lemma 3.3.12), it follows
that ||V Lres rn) < ¢[|VO[| Loy @ny + ¢ < ||Vl Loy @ny + ¢ < ¢, where we
used the boundedness of convolution (Lemma 4.6.1) in the second step. O

Remark 8.3.5. Using Holder’s inequality we see that the Sobolev-Poincaré
inequality implies the Poincaré inequality also in the variable exponent con-
text. By a suitable choice of intermediate exponent, we can relax the condition
1 <p~ < pT < n to arbitrary bounded exponents in this case.

The following proposition is due to Kovacik and Rékosnik [258]. The expo-
nent p* is the best possible for constant p, see for example [11, Example 5.25];
using this we show that it is also the best possible for a variable continuous
exponent p.

Proposition 8.3.6. Let p,q € P(Q)NC(Q) satisfy p™ < n. IfWHPO(Q) —
L) (Q), then q < p*.

> p*(z) for some x € Q. By the continuity of

Proof. Suppose that ¢(z)
(1,n), t € (1,00) and r > 0 such that

p and q, there exist s €

py) <s* <t<qly)

for every y € B(z,r). By Corollary 3.3.4, Wh*(B(z,r)) «— W'PO)(B(z,r))
and L) (B(z,r)) — LY(B(z,r)). Since s* < t we have W'*(B(z,r)) %
LY(B(x,r)). Thus WY (B(x, 7)) + L) (B(z,r)), which is a contradiction,
and so ¢(x) < p*(x). O

Next we construct a continuous exponent for which the Sobolev embedding
WrO)(Q) «— LP"()(Q) does not hold.
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Proposition 8.3.7. Let Q C R? be the intersection of the upper half-
plane and the unit disk. There exists a continuous exponent p € P(Q) with
1< p~ <pT <2 such that

WLP(~)(Q) oL LP*(')(Q).
Proof. Fix t and s such that 1 < t < s < 2 and define f(7) := 2(

T € [t,2]. Denoting by (r,1) spherical coordinates in © (with ¢ €
define the variable exponent p as follows:

7 —1) for
(0,m)) w

t, ity >rf® =1;
p(ry) =< 7, for 7 € (t,5) satisfying ¢ = r/(7);

s, if <rf®)]

We consider the function u(z) = |z|*, where u :=
belong to LP"()(2), because

NIO)

1
By () = / o @ da> [ [ o avar
0 0

1
/ 25” S+ dr = 0o.
0

The last equality follows since g—i&s + f(s) + 1 = —1. However, u belongs to
)

WLrL)(Q). We easily calculate that |Vu(z
find that

= |pl||z|#~L. Since |u| < 1, we

1 =«
/\Vu(x)|p(“") dx<//7a(#*1)17(7”»¢)dwrdr.
Q 0 0

We first estimate the parts of the domain where p(z) =t or p(z) =

1

1
//7“(“ Utdzﬁrdr _ 7T— 1 /T(lt_l)t+1dT < o0,
0 1

0

since (p— 1)t +1> —1, and

1
0/
since (u —1)s + f(s) + 1 > —1. Let us denote the integral over these parts
by K < oo.

<

(s) 1

=D Qo) dr = /r(”—l)S-ﬁ-f(s)“dr < 00
0

T

o
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and ¢ = /(7). Solving this

In the remaining part we have p(r,¢) = 7
o8 f + 1) ¢. Thus we have

equation for 7 we find that p(r,¢) = (%

O

1

1 =
//T(M—l)p(rﬂﬁ)dwrdr < K+//e(u—l)(%log¢+log7’)td,¢}rd,r
0 0

-

=K+ w(#*l)t/de pu=Dt+1 g

o _°
o o~ _ ©

= K —

+ s—ts—t <

So we have shown that |Vu| € LP()(Q). For our function u we find that
|u(z)| = ﬁ|Vu(x)Hx| < ﬁ|Vu(:E)| and so it also follows that u € LP()(Q),
and we are done. O

If a variable exponent is locally greater than the dimension n, then we
have locally an embedding to a constant exponent Sobolev space with expo-
nent greater than n (Lemma 8.1.8) and thus WP()(Q) c C(Q). Tt follows
immediately that if p € P(Q) is continuous and p(z) > n for every z € Q,
then WHP()(Q) € C(Q). In fact, we can obtain a better result in terms of a
Holder-type continuity modulus with varying exponent. The following result
was originally proved by Edmunds and Réakosnik [121]; we present here a new,
much simpler proof. This question has been more systematically studied by
Almeida and Samko in [27,28].

Theorem 8.3.8. We write §(x) := min{1,dist{xz,00}}. Let p € P8(Q)
satisfy p~ > n. Then there exists a constant ¢ such that

|lu(z) — u(y)|
————= < || Vul vy
veB(d(@) [ —y[ 7@
for every u € WHPO)(Q) and for every x € Q. The constant depends only on
the dimension n, p~ and ciog(p).

Proof. Let x € Q. If |z — y| < 6(z), then there exists r < d(z) such that
ir < |z —y| < r. Denote B := B(x,r). Since

Wirt(B) — WP (B),

we obtain by the constant exponent result [129, Theorem 3, p. 143] that

-
u(a) — uly)| < er Al

n

1-=
Sc@+[BO, D)7 75 [Vul oo g)-
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n

Since r < 1 the log-Holder continuity of p implies that » 75 < crt T,
Using r < 2|z — y| we obtain the claim. O

8.4 Compact Embeddings

We start this section by examining compact embeddings of Wl’p(')(Q) into
LPO)(Q). This section is based on Diening [92], see also Fan, Zhao and
Zhao [152] for further results. We first prove a quantitative version of
Theorem 4.6.4 (b) for Sobolev functions.

Lemma 8.4.1. Let p € A be bounded, and let ¥ be a standard mollifier.
There exists A > 0, depending only on the A-constant of p, such that
flw e — UHp(.) <ed HVUHP(.)

for all w € WY PC)(R™) and all € > 0.

Proof. Let u € C§°(R™). Using the properties of the mollifier, Fubini’s
theorem and a change of variables we deduce

1
u* e (z) —u(z) = Ye(y)Vu(z — ty) - ydtdy
/]

=//wet(y)VU(I*y)-%dydt-

0 R~

This yields the pointwise estimate

1
wrve(o) — @) <= [ [ )l [Vule - ) dy

0 Rm»

1
=¢ [ |Vu| * |[tet|(z) dt
/

for all u € C§°(R™). Since spt¢y. C B(0,¢) for all t € [0, 11], the estimate is
of a local character. Due to the density of Cg°(R™) in W, Cl(R”) the same

(o]

estimate holds almost everywhere for all u € I/Vli)Cl(R") Hence, it holds in

particular for all u € lep(')(]R"). The pointwise estimate thus yields a norm
inequality, which due to the properties of the Bochner integral implies
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lu* e —ullp) <e

1 1
/|Vu| * [her| dt <e / H|Vu| * |1/}Et|Hp(~) dt.
3 p(+) s

By Lemma 4.6.3 we obtain [||Vu| x |¢gt|||p(_) < K|[¢)1[|Vul| .y Now, the
claim follows due to |||y = 1. O

Theorem 8.4.2. Let Q C R™ be a bounded domain and let p € P°8(Q) or
p € A be bounded. Then

WEPO(Q) e LPO(Q).

Proof. By Theorem 4.4.8 we always have p € A. Let up — u in Wol’p(')(Q).
We write v := ur — v and hence vy, — 0 in Wol’p(')(Q). Thus [[vgll1,p(.) is
uniformly bounded. Furthermore, we extend the functions vg by zero outside
of Q (Theorem 8.1.14). We have to show that vy — 0 in LP()(Q). Let 1. be
the standard mollifier. Then we have vi(z) = (v — e * vg)(x) + e * v ()
and Lemma 8.4.1 implies

ok — v Gellycy + o el
ce [ Vurllyey + vk * el .-

||Uka(.)

<
8.4.3
< (8.4.3)

Since vy — 0 and € > 0 is fixed we obtain

op * e () = /«ws(x—y)vk(y) dy — 0
J

as k — oo. Let Q. := {x € R™ : dist(z,Q) < €}. Thus vy, * tp-(x) = 0 for all
x € R™\ Q.. By Holder’s inequality we obtain for all x € €. that

o (2| = | [ 6o = w)on(w) o] < ol et =l

R™

Since ¥ € C§°(R™) we have |¢| < ¢ and thus |¢e| < ce™™. This yields
[e(@ =y < ce™"lIxaclly () < cle,p) independently of 2 € R™ and k.

Using the uniform boundedness of vy, in LP(") we all together proved
vk * P (2)| < ele, p) xa. ()
for all z € R™. Since o, € LP()(R") and vy, * - (x) — 0 almost everywhere,

we obtain by the theorem of dominated convergence that vy * ¥, — 0 in
LPO)(R™) as k — co. Hence it follows from (8.4.3) that
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lim sup ||Uk||p(.) < ce limsup vak”pC)'
k k—oo

— 00

Since € > 0 was arbitrary and ||Vvk||p(,) was uniformly bounded this yields
that vy — 0 in LP()(R™) and thus ug — u in LPO)(Q). O

In fact, it is easy to improve the previous result to deal with higher
exponents in the Lebesgue space:

Corollary 8.4.4. Let Q2 be a bounded domain and let p € P'°5(Q) satisfy
pT < n. Then

Wy (Q) o L O (Q)
for every e € (0,n).

We give two alternative proofs. The first one is based on interpolation.
The later one is a straight forward, but it uses Corollary 3.3.4 for the expo-
nent ﬂﬂlj('ﬁl that is less than 1. However, it is easy to check that
Corollary 3.3.4 holds also in this case.

Proof 1. We extend the exponent p to the whole space by Proposition 4.1.7.
Due to Theorems 8.3.1 and 8.4.2 we have Wy (Q) << LPO)(Q) and
Wol’p(')(ﬂ) «— LP"()(Q), respectively. Therefore, by complex interpolation,
see Theorem 7.1.2, Wg’p(')(Q) e L90)(Q), where gy € P() is defined
for 6 € (0,1) by qle = 11;9 + % = é - %. Instead of interpolation, one can
also use Holder’s inequality in this argument. For 6 small enough, we have
p* — e < g < p* and therefore by Corollary 3.3.4 L9%()(Q) — LP"()=£((Q).
The claim follows as the composition of a compact and a bounded embedding
is compact. O

Proof 2. Fix ¢ € (0,n'). As in the previous proof, it suffices to show
that up — 0 in LP ()=¢(Q) whenever u; — 0 in Wol’p(')(Q). Define o :=
e((p*)*)~2. Then an application of Hélder’s inequality (3.2.22) yields

l[kllpe ()~ < 20 urel®l| 200 =2 | k] e -

By Corollary 3.3.4 and 8.3.1, || |ug|'~®

p() < 00. On the other hand,

[ || POt = llukllSor e —e < 2(1+ Q) Juglls — 0
£

since W, P (Q) —— L1(Q). 0

When p is (almost) continuous, it is possible to prove Theorem 8.4.2 by a
different argument. We present the method here for general Sobolev functions.
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Theorem 8.4.5. Let Q C R™ be a bounded conver open set. Let p € P(Q)
and assume that there exists 6 > 0 such that

+ - * -
PB(z,5)na < (pB(a:,é)ﬁQ) or Pppoyna =N
for every x € Q). Then
Wl,p(‘)(Q) e L”(‘)(Q).

Proof. We may cover ) by finitely many balls B;, with radius §, such that
either pf, o < (Pp.na)* OF Pp,aq = n- Let € > 0 be so small that p <
(Pp,na)" — € in each B; N Q. We obtain

WI,P(')(BZ, NQ) — Wl’pgimQ(Bi nQ)
e LPrna) "B, N Q) < LPO(B; N Q),

where the convexity of B; N2 is used in the second embedding. Since there
was only finitely many balls, we obtain the claim. a

It is well-known that the embedding WP << L4 holds in the constant
exponent case if and only if ¢ < p*. Surprisingly, we sometimes have a com-
pact embedding in the variable exponent case even if ¢q(z) = p*(x) at some
point. This was first shown by Kurata and Shioji [259] and generalized to
more complicated sets by Mizuta, Ohno, Shimomura and Shioji in [300]. We
present here, without proof, only a simplified version of [300, Theorem 3.4].

Theorem 8.4.6. Let p € P°8(R") be bounded, let ¢ € P(R™) be bounded
and suppose that
__ w(fz])
log(e + 1/|x])

where w: [0,00) — [0,00) is increasing and continuous with w(0) = 0. Then
lep(-)(Rn) SN Lq(-)(Rn).

q(z) <p*(x)

Let us point out that the exponent ¢ in the previous theorem cannot be
locally log-Hblder continuous, i.e. ¢ & P°8(R™).

8.5 Extension Operator

In this section we study extension operators for variable exponent Sobolev
functions. We show that for certain domains €2 there exists a bounded exten-
sion operator & from W?()(Q) to W™2) (R™) for every meN, and all p€ A.
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Definition 8.5.1. A domain Q C R" is called an (g, 00)-domain, 0 <e <1,
if every pair of points z,y € 2 can be joined by a rectifiable path -~
parametrized by arc-length such that

() < 2l -y,
B<7(t), Elz = Vit)_”?;'_ W)) cQ foralltel0,((y)

where £() is the length of ~.

These domains are also known as uniform domains [283] or Jones domains.
Every bounded Lipschitz domain and the half-space are (e, 00)-domain for
some value of . The boundary of an (e, 00)-domain can be non-rectifiable
as in the case of the Koch snowflake domain. For us it is important to know
that |09 = 0 for every (e, 00)-domain  [224, Lemma 2.3].

We start with an easy extension result which follows from extrapolation.
The theorem works also in the case P'°8((2), since we can then extend p to
all of R™ by Proposition 4.1.7.

Theorem 8.5.2. Let Q be an (g,00)-domain and suppose that p € A with
1<p <pt <oo. IfueWrPO(Q), then it can be extended to a function
in WEPC)(R™), with

lullwere @y < cllullwrro @y

where the constant ¢ depends on n, €, p*, p~ and the A-constant of p.

Proof. Let A : WF(Q) — WH!(R") be the extension operator of Jones
[224]. Chua generalized Jones’ extension result to the weighted case:

/|8a(Au)|wd:r<c/|g|wd:r
Rn Q

for all w € Ay, where |a| <k, g := 5« |0pu| and the constant depends
on w only through ||w]|| 4, [75, Theorem 1.1]. Note also that M is bounded by
Theorem 5.7.2 since p € A. Hence the extrapolation theorem, Theorem 7.2.1,
implies that

[0 (AWl Loy )y < gl Locr(0)-

This applies to every |a| < k, so by the triangle inequality we obtain

Z Haa(Au)HLP(')(R") < C”gHLP(')(Q) Sc Z ”aﬁuHLP(')(Q)a
la|<k IBI<k

which implies the claim. ]
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The disadvantage of the previous theorem is that there is a condition
on p~ and pT. Next we show that these restrictions are not necessary. The
technique is based on the works of Jones [224] for classical Sobolev spaces
and of Chua [75] for A,-weighted Sobolev spaces. The results presented below
where first developed by Froschl [159).

The following proposition shows that every open set can be decomposed
(up to measure zero) into a union of cubes whose lengths are proportional to
the distance from the boundary of the open set. For a proof see for example
[359, Theorem 1, p.167] or [179, Appendix J]. We say that two open sets A
and B touch if ANB = () and AN B # 0.

Proposition 8.5.3 (Dyadic Whitney decomposition). Let Q& C R"™ be
an open non-empty set. Then there exists a countable family F of dyadic
cubes such that

(a) UQE]—'@ = Q and the cubes from F are pairwise disjoint.

(b) Vrl(Q) < dist(Q, Q) < 4/nl(Q) for all Q € F.
(c) If Q, Q" € F intersect, then

=

~
—~
Q
—

(d) For given Q € F, there exists at most 12" cubes Q' € F touching Q.

Using this Whitney decomposition the following property for (e,o0)-
domains has been shown in [224, Lemmas 2.4 and 2.8].

Lemma 8.5.4. Let Q C R" be a non-empty (g, 00)-uniform domain, and
let Wy and Wa denote the dyadic Whitney decomposition of 2 and R™ \ Q.
Further, let

W = {Q eWs 1 Q) < M}

16n

Then for every Q € Ws there exists a reflected cube Q* € Wy such that

Q")
Q) ’
dist(Q, Q") < c4(Q),

1<

<4
C

where ¢ = ¢(n,e). Moreover, if Q,Qa2 € Ws touch, then there exists a chain
Foq, = {Q* = 51,52,...,5, = Q3} of touching cubes in Wy with jo <
Jmax(&,m) connecting Q* and Q% with

<4 forj=1,...,50—1.
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Observe that all cubes in a chain Fg, g, are of comparable size.

We need some preparation before we can define our extension operator.
Let w € C§°([0,1]") with w > 0 and [, w(z)dz = 1. For Q@ € Wy let
wq € C§°(Q) be defined by wq := é(Q)‘"woLél, where L is the affine linear
mapping from [0,1]™ onto Q. In particular, wg > 0 and fR" wqdx = 1. For
m € Ng and v € W™1(Q) let ¢ v denote the Q-averaged Taylor polynomial
of degree m, i.e.

(63

W) = Y [wawvorm ™ s
lel<m g

In the definition of IIfy it suffices to assume v € Li (Q), if all derivatives are

moved by partial integration to w(y) and (z—y)® using also that w € C§°(Q).
If o € Nj with 0 < |a] < m, then 0,II5v = Hgflal(é)av). The averaged
Taylor polynomial has the following nice properties [75, Theorem 4.7]. If
QeW, 1< g<ooand0<|f| <k<m, then

HHESLUHLQ(Q) gc”vHLq(Q) for all v € LY(Q),

B (8.5.6)
|05(v — Hgv)HLq(Q) < cl(Q) 'ﬂ‘HV’“vHLq(Q) for all v € WH(Q).

We only need the case ¢ = 1.
We need a partition of unity for Wjs, see Theorem 1.4.7. For each Q) € Ws
choose ¢g € C§°(1ZQ) with 0 < ¢g < 1 such that

> po=1 forallze |J @

QEWs QEWs

0< Y po<L,
QEWs3

‘kaDQ| <cl(Q)7F for all 0 < k < m.

Then pgpq # 0 if and only if Q@ N Q7 # 0.

We can now define our extension operator £™ : L'(Q) — L (R™) by
Q
Emy = {” onch o (8.5.7)
2 gew, Pllgv on R™\ Q.

Chua showed in 75, Theorem 1.2], using the method presented by Jones [224],
that the operator £™ defines a bounded extension operator from W™%(Q) to
W 4(R™) for every 1 < ¢ < oco. It is important for our considerations that
the extension operator £™ is of local type in the sense that for every ball
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Bi C R™, there exists a ball By C R™ such that £™u = E™v on By if u = v

on By N . Since W'""p(‘)(Q N Bg) — W™1(QnN By) for every ball By, we can

apply Chua’s result for ¢ = 1 to conclude that £™v € VVlzLC’l(R") for every

v € WmP)(Q). So we already know that £™v has weak derivatives up to

order m in L] . and it remains to prove the estimates of these derivatives in

LPC)(R™). This saves us the trouble of approximation by smooth functions.
We begin with some local estimates.

Lemma 8.5.8. If Q € Ws, then

IV*E™ 0] Loy < 1R V¥l 11y

for all 0 < k < m with ¢ = ¢(e,n,m), where

F(Q) = U U s

Q26Ws SEFQ,q,
Q and Q2 touch

Proof. Let Q € W3 and k € N with 0 < [k] < m. Using > g, cpy, . =1
on @, the product rule and the estimates for dgpq,, we get

IV*E™ 0]l oo ) = Hv’“ > v,
Q26EWs

L>(Q)

vE Y e (lIg,v - TTG)
Q26Ws: Q2NQ#D

k
S S LT R e
J=0 Q2EW3: Q2NQ#D

+ VGl )
L=(Q)

The terms in the norms are polynomials of order at most m. For any poly-
nomial z of order m, ||z () < c|Q|_1||z||L1(Q2) if @ and Q3 are cubes of
similar size and with a maximal distance of () and Q5 comparable to the size
of (). This is a consequence of the fact that all norms on a finite dimensional
space are equivalent. The independence of ¢ of @) and Q5 follows by a scaling
argument. We use this fact and 9,117v = gﬁla‘(@av) for 0 < |a| < m, to
estimate

IV (0,0 = TG 0) || e ) < €1QIH TG, (W0) = TG (V7)1

considering also that () and Q2 are of comparable size. Let Fg o, =
{S1,...,8j,} denote the chain connecting Q* and Q3. Then
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Jje—1
16,7 (V70) =TG5 (V7o) [, ) < Z 115, (V) = I, (V)|

Si LY(Q)

< 22 |[T5 (V) — PZ’HLl(Q)

for any function P;. We then set P; := 1T USL+1(Vjv).

Again we use the fact that we are Workmg with polynomials. Namely let P
be a polynomial of degree m and let E and F' be measurable subsets of a cube
Q with |E|, |F| > ~|Q|, for some v > 0, then || P11y < c(v,m)|| Pt (r
For the proof of this fact see [224, Lemma 2.1]. Using this in the first step,
and (8.5.6) in the last step, we get

5, (W) = Pl

(@
<[ (V90) =g 0% (Vo) Ly,
< o|[VI =TS (Vo) Ly g + V90 = TG 05, (V70 s s

<l V] Ly s

where we have also used that all cubes in the chain Fg g, are of comparable
size. On the other hand it follows from the L>°-L! estimate for polynomials
and (8.5.6) that

9180l ) < QTS V0], o) < elQIM IV ol i g

Combining the above estimates we get

V™ol iy <cl@™ 3 IVl mgg,)
Q26W3: Q2NQAD

+elQ™! Hvkv”Ll(Q)a
which yields the claim by the definition of F(Q). O

In order to use that p € A, we have to reformulate the previous lemma in
terms of averaging operators.

Corollary 8.5.9. There exists ¢ = c(e,n,m) > 0 such that

Z XQ|Vk5mU‘ c Z xoMg- (Tl% W, 00 T}%V\h OTwl(VkU)),
QEWs QEWs

(Jmax + 1)-times

where jmax 15 the maximal chain length in Lemma 8.5.4.
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Proof. We show that it follows from the definition of F(Q) that

1

@ / |Vkv| du S¢ (T%Wl ©--0 T%V\h OTWI (vkv))(z)

F(Q) (Jmax + 1)-times

for all z € Q*. First, the application of T}y, ensures that the L!-averages
over all cubes participating in a chain starting from ) are calculated. Then
these averages are accumulated at Q* by passing them along the chains by
the (jmax + 1)-fold application of T% w,» where we use that the neighboring

cubes in %Wl have sufficiently big overlap. Finally, this value is transported
by the operator ZQGWS xXoMg- from Q* to . Together with Lemma 8.5.8
the claim follows. O

We turn to the case Q € Wh \ Ws.

Lemma 8.5.10. Let Q € Wa \ Ws, then

k
IVEE™ oll gy S el@ITD L@ D0 V7ol
7=0 Q2EWs : Q2NQ#D

for all 0 < k < m with ¢ = ¢(e,n,m).

Proof. Let Q € Wy \ Ws and k € Ny with 0 < k£ < m. Using the product rule
and the estimates for dgpq,, we get

IV E™ 0]l oo () = Hvk Y v@.Tlg,v
Q2EWs

<Q_UQTE Y ‘}VjH&“HLw(Q)

J=0 Q2EWs3: Q2NQ#D

L=(Q)

using also that ) and Q)2 are of comparable size. Now, the claim follows as
in the proof of Lemma 8.5.8. O

As before we reformulate this in terms of averaging operators.

Corollary 8.5.11. Let Q € Wy \ W5, then

k
kem j—k j
E XQ|V & ’U| < CE E(Q)] T%Wl o T%V\/1 ( E XQMQ* (VM))

QeEW2\Ws Jj=0 QeEWs

for all 0 < k < m with ¢ = c¢(g,n, m).
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Proof. The proof is similar to the one of Corollary 8.5.9. The application
of > oew, XQMq- ensures that the L'-averages over all cubes in W, are
calculated and transported from @Q* to . Then the values of the neighboring
cubes )2 are transported by two applications of T 11y, to Q. Together with
Lemma 8.5.10 the claim follows. a

We are now prepared to prove our extension result.

Theorem 8.5.12. Let Q be an (g,00)-domain and m € Ny. Then for every
p € P8(R") the operator £™ defined in (8.5.7) is a bounded extension
operator from WP (Q) to WPC)(R™). In particular,

||5mv||Wmvp(-)(]Rn) < c|lvllywmpe Q) (8.5.13)

for all v € W’"’p(‘)(Q), where ¢ only depends on e, diam(2), n, m, and
Clog(p). Moreover, if Q is unbounded, then

||vkgmUHLp<-)(Rn) <ec ”kaHLP(-)(Q) (8.5.14)

for allv € W’"’p(')(Q) and 0 < k < m, where ¢ only depends on €, n, m, and
Clog(p)'

Proof. Let v € W™P()(Q). Then £E™v € W' (R™) by the discussions before
Lemma 8.5.8. It follows from Proposition 8.5.3 that the families Wi, %Wl
and %Wz are locally (12™ + 1)-finite. By Theorem 4.4.8 the corresponding
averaging operators Tyy,, T’ Ty, T%g w, are bounded on LPO)(R™). Moreover,

it follows from p € P1°8(R™) and Theorem 4.4.15 that the operator f
> 0co X@Mq-~f is bounded on LPC)(R™). Now, the estimates for VFE™w
on R™ \ Q follow from Corollaries 8.5.9 and 8.5.11 using also that £(Q) >
16, diam(Q) for all @ € W5 \ Ws. The estimates on Q follow from £™v = v
on €. If © is unbounded, then UQ€W3 Q = R™\ Q up to measure zero. So
in this case it suffices to rely on Corollary 8.5.9, which results in the sharper

estimates and the independence of the constants of diam(f2). O

Remark 8.5.15. The dependence of the constant in (8.5.13) on diam(Q?) is
similar as in Chua’s paper [75]: the constant blows up as diam(2) — 0.

Remark 8.5.16. The previous theorem can be directly generalized to the
case of (e, §)-domains (see [75,224] for the definition). These sets are similar to
(€, 00)-domains, except that (e, d)-domains do not have to be connected and
the conditions on 7 in Definition 8.5.1 have to be checked only for x,y € Q
with |z — y| < d. Theorem 8.5.12 remains valid for such (g, §)-domains whose
connected components have a diameter bounded away from zero.
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8.6 Limiting Cases of Sobolev Embeddings*

The results so far have dealt mostly with the case p* < n, and to some extent
with p~ > n. Obviously, it would be interesting to have one result which deals
with all cases, irrespective of how p relates to n. Unfortunately, it has not
yet been possible to archive such a result. In this section we consider results
which are somewhat closer to the general case, in that they allow the critical
value n to be reached, if not crossed; i.e. we consider the cases p~ = n and
pt =n.

Assume first that n < p~ < pT < oco. Harjulehto and Histd studied a
simple sufficient condition for the embedding WP()(Q) — L>(Q) to hold
in a regular domain [188, Theorem 4.6]. We state here their result in a ball.

Theorem 8.6.1. Suppose that B is a ball. If p € P(B) is bounded such that

loglog(c/ dist(z, 0B))

pa) Znt(n—1+e) = iz, 08))

for some fized € > 0 and sufficiently large constant ¢ > 0, then lep(')(B) —
L>(B).

Futamura, Mizuta and Shimomura studied the Riesz potential in a similar
situation. They showed in [166] that if

_n loa(log(e +1/[s))
)= T T ()

where a > =%, then the Riesz potential I, is continuous at the origin. Note
that this gives the same condition as in the previous theorem when o = 1.
The next example and remark show that the growth condition in Theo-

rem 8.6.1 is essentially sharp; we do not know what happens when € =0.

Example 8.6.2. Let B := B(O, %) CR" e € (0,n—1) and suppose that
loglog(1/lx])
log(1/lx])

for x € B\ {0} and p(0) > n. We show that W'*()(B) ¢ C(B).

Define u(x) = cos (log | log |z||) for € B\ {0} and u(0) = 0. Clearly u is
not continuous at the origin. So we have to show that u € WhP()(B). It is
clear that u has partial derivatives, except at the origin. Since u is bounded
it follows that u € LP()(B). We next estimate the gradient:

p(z) =n+n—-1-¢)

1
|| log ||

‘ 1
|z|log || I

|Vu(z)| < |sin (log|log |z||) <
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We therefore find that

dx
V()P da < / S
/ (2] Tog [2]])P@)
B B

,rnfl

—d
(r[Tog ryr)

dr.
CZ / | log 'r| P(T)

Since 1/(r|logr|) > 1 we may increase the exponent p for an upper bound.
In the annulus B(0,e77) \ B(0,e~7~1) we have j < log(1/|z|) < j + 1. Since
y +— log(y)/y is decreasing we find that

I
o
S~

log j
J

ple) <nt(n—1-¢)

in the same annulus. We can therefore continue our previous estimate by

[e%e] n—l d
p() -
/|Vu(a:)| dr <c / (r|log r|)n+(n—1-2)108()/5
B J

:2

8

e—i(n=1) gy
s¢ / (( — 1)e—d—1yn+(n=1-e)108()/j

]:2
< oS 1) 108() (j _ 1)=n=(n=1-2)log(i)/i
=2
00 oo
_ CZ] 1—e(j 7 1)—(n—1—e)log(j)/j < CZj—l—e < oo,
Jj=2 Jj=2

Remark 8.6.3. Define D := B(0,75) \ {0} C R™ and let p be as in
Example 8.6.2. Then the standard example u(z) := log|log(x)| shows that
WLPO) (D) 4 L>(D), the calculations being as in the example.

If p~ > n, then Sobolev functions are known to be continuous. The case
p~ < nis more precarious. In the paper [164], Futamura and Mizuta showed
that points where p(z) = n are points of continuity of a weakly monotone
Sobolev function provided p approaches n sufficiently fast (from below) in
some neighborhood of x.
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Next we want to generalize the Sobolev embedding Theorem 8.3.1 to the
case 1 < p~ < p+ = n. Recall that the relevant classical result says that
Wy n(Q) < exp L™ (Q).

We follow the approach of Harjulehto and Hasto [190]. We define

L) 1 1 .
Fi(t) = Y Sl 4 el
j=1 J: Ln/J

for 1 < p < n, with the understanding that the last term disappears if p =n
and hence F(t) = exp(|t|™ ) — 1. Here |z ] is the largest natural number that
is less than or equal to x. Note that the function F;(.) does not satisfy the

As-condition if p™ = n. Using this function we define a new Orlicz—Musielak
space.

Definition 8.6.4. We define a convex modular by setting

Orr0(q / ) (f Z,

where p is a variable exponent satisfying p* < m. The norm in Li’(‘)(Q) is
defined as usual,

: f
1200y = 6 {3 > 05 2200y (£) <1,

Let Q C R™ be bounded. This new variable exponent Lebesgue space of
exponential type has the following obvious properties:

(a) If p € [1,n) is a constant, then L2(Q) = LP" (Q).

(b) If p=mn, then L7 (2) Zexp L™ .

Thus we always have WP(Q) — LL() for a constant exponent 1 < p < n.
We further note that Lf(')(ﬂ) =~ LP"O)(Q) if p is an exponent with p* < n.
Thus also W1 P0) Q) — Lf(')(Q) for p in the same range (Theorem 8.3.1).

Next we show that this embedding holds also when the restriction p™ < n is
relaxed to p™ < n.

Theorem 8.6.5. Let Q C R"™ be bounded. Suppose that p € P°8(Q2) with
1<p” <pT < n. Then

el oy < €l Vulluc

for every u € Wol’p(')(Q). The constant depends only on the dimension n, p
and diam(€?).
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One can also derive an analogous estimate for |lu — <u>g||Lp<.)(Q) which
holds for all u € W1HP()(Q). See [190] for details.

The proof of Theorem 8.6.5 is based on Theorem 8.3.1 (1 < p~ < pt < n)
and the following proposition (1 < p~ < p* < n).

Proposition 8.6.6. Suppose that p € P°8(Q) satisfies 1 < p~ < pT < n.

Then ||U||Lp( o) SC€ [Vullp.y for everyu € Wy ’p(')(Q). The constant depends

only on n, p~, cog(p) and |Q.

Proof. In this proof it is necessary to keep close track on the dependence of
constants on various exponents. We will therefore make the dependence on
the upper bounds of the exponents explicit in our constants.

Let u € Wy ?")(Q) be a function with 2(1 + |[)|| V() < 1. Then the
claim follows if we can prove that 0120 () (Au) < 1 for some constant, which
is A > 0 independent of u. Recall that, |u(z)| < c¢(n)l;1|Vu(z)| for almost
every x € Q by Lemma 8.2.1 (a). Thus

[
E 1 y
QLiJ(-)(Q)(Au) :/ Z ;p\u‘]n dz

Q J=1
1 .
p*(x)
+ Lp*(;r)J!|/\U| dx
{p<ny = 7
o) 1 o,
Z]— / (AL |Vul)'™ dz
T e
+ ! (AL Vu|)P @ de,
Lp (z )J
{p<n} - "
Fix the variable exponent g; in such a way that ¢}(z) := min{jn’,p*(z)}

in Q. Since ¢; < p we have ||[Vull,, ) < 2(1+[Q])[[Vull,.) < 1, and since

q; = jn'in {j < %} we have

/ (AL | Vu))™ dz < N7 / (I | Vu])% ) da.

{ixz} ¢

Now Lemma 6.1.6 applied with the exponent ¢; and k = max{ 7,1} <
yields

q} (z)

(1| Vul(@) " < i@ (M|Vaul(2))% .
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Since ¢; < jn’, we easily derive that g} (x)/(qj)’ < j — 1. Hence we obtain

/ (A1 |[Vul " da < (coA)j”'jH/(M|Vu|)%<w>dx

{i<

S

- Q

< cc%Ai”/jj</(M|Vu|)p(r)dx + |Q|>.
Q

By Corollary 4.3.11 the maximal operator is bounded, and hence we conclude
that 070 (q)(M|Vul) < c. Tt follows that

1 " 1 L . N .y
— / (AL | Vu])™ dae < cﬁcg))\” 77 < cjfj*l/zejc{))\” 7’ < cc{)\”

where we used Stirling’s formula in the second step. The right-hand-side is
bounded by 477 if we choose A < (¢™ 4¢;)~'/™". Therefore, we have control
of the sum in the previous estimate:

oo

oo 1 o .
Z—, / (AL V)™ de <> 477 <

i<}

N =

It remains to estimate the term

1 . — 1 .
P () Jp — — p*(x)
/ Lp*(I)J!(/\I1|Vu|) dx = g 7 / (A1 |Vul) dx

{p<n} = ™ =t {i<z <jt1}
=1
Z—/ L|Vul)Pi @ da,  (8.6.7)
= !

where p;(z) := min {p(z), ”jj;}”} Since p; < p, we note that ||[Vul[, ) <

2(1 4+ 1Q))|IVul|py < 1. By Lemma 6.1.6 we have

(L[ Vul@)" @ < e @R @@ (M|Tu|(2))P @

where k = max{pj /(n—pj 1), 1}. Since p; < 7}% we conclude that k < j+1
n(p; 1)

pj(x)
2 <
and o S et < j. Therefore

/ (Il\Vu\(sc))p;(z)dx < c(cak)’ / (M|Vu|(x))pj($) dz < c(c27),

Q Q
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where we used the same arguments for M as in the previous paragraph. Using
this in (8.6.7), with Stirling’s formula as before, gives

1 — 1w 1
/ @) ()\11|Vu| <c Z]_ (c27)’ 5,
{p<n} =t

provided A is chosen small enough. This completes the proof. a

Proof of Theorem 8.6.5. We choose a Lipschitz function ¢ : Q@ — R with
0<¢<1,o=1inp *([1,3]) and ¢ = 0in Q\p~'([1, 3]). This can be done
since p~1([1,3]) and p~!([2,n]) are closed disjoint sets in €. Let ¢ :=1—¢

3
We write A := {¢ > 0} and B := {¢) > 0}, and define p; := min {p, %} and
po 1= max{%,p}. Then p; = pin A and ps = p in B. To prove the claim,
we calculate:

< ||<PU||Lp;<->(Q) + ||¢U||Lm<->»*(ﬂ)

< c|[V(pu)| oo ) + e IV@u)l 20

<

c ||u||W1’P(‘)(Q)a

HUHLI:(’)(Q)

where the second step follows from Theorem 8.3.1 and Proposition 8.6.6.
Finally, we see that [|ully 1,001 () < ¢[|Vul|Lo() (o) by the Poincaré inequality,
Theorem 8.2.4 (a). O



Chapter 9
Density of Regular Functions

This chapter deals with the delicate question of when every function in a
Sobolev space can be approximated by a more regular function, such as a
smooth or Lipschitz continuous function. For the Lebesgue space, this ques-
tion was solved in Theorem 3.4.12. An important fact is that log-Holder
continuity is sufficient for density of smooth functions. This is shown in
Sect. 9.1. However, for the density question log-Holder continuity is by no
means necessary. Despite the contributions of many researchers, there remain
substantial gaps in our understanding of this question. Indeed, it is fair to say
that the results are in a transitory state and will hopefully be improved and
unified in the future. We nevertheless endeavor to present in Sects.9.2-9.4
the current state of the art, theorems by Fan, Wang and Zhao [142], Hasto
[214] and Zhikov [397]. We also include an overview of the most important
techniques and ideas used in the proofs.

The density of smooth functions was one of the questions that was consid-
ered early on (from 1986) in the context of minimizers of variational integrals.
If such a minimizer turns out not to be smooth, then we say that the Lavren-
tiev phenomenon occurs. This was precisely the object of Zhikov’s [392-394]
studies. It turns out that the Lavrentiev phenomenon is related to the density
of smooth functions in the corresponding function space [393].

Density of smooth functions was also one of the first questions investigated
in the function space setting, as early as 1992, by Edmunds and Rakosnik
[120]. Samko [342, 343] and Diening [91] have shown, independently, that
log-Hélder continuity of the exponent is sufficient for the density of smooth
functions.

Zhikov [392] was also first to present a counter example to density, for
a piece-wise constant exponent. Hésto [212] later gave a counter example
with a uniformly continuous exponent. Other features of the Sobolev space
determined by his exponent are that not quasievery point is a Lebesgue point
(see Sect. 11.5), and that not every minimizer of the Dirichlet energy integral
is continuous.

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 289
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8_9,
(© Springer-Verlag Berlin Heidelberg 2011
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9.1 Basic Results on Density

We start with some density results which hold under minimal restrictions on
the exponent. Correspondingly, the spaces which are dense do not consist of
very regular functions.

Lemma 9.1.1. If p € P(Q) is bounded, then bounded Sobolev functions are
dense in WP (Q).

Proof. Let u € W' (Q). We define the truncation u,, € WP()(Q)
(cf. Proposition 8.1.9) by

U () := max{min{u(z), m}, —m}

for m > 0. For
/|g|p(m) dr < oo,
Q

we obtain [{z € Q : |g(z)[P®) > m}| — 0 as m — oco. If |u(x)| > 1 then
lu(x)] < |u(x)[P® and thus {z € Q: |u(z)| > m} C {z € Q: |u(z)[P® >m}
for all m > 1. Hence

01,p() (U — tm) < / (|u\p(w) + |Vu|p(“’)) dr — 0

{zeQ:|u(z)|2m}

as m — 00. Since p is bounded this yields that |[u — um|lw1s¢) (@) — 0. O

Theorem 9.1.2. If p € P(R™) is bounded, then Sobolev functions with
compact support in R"™ are dense in W*PC)(R™), k € N.

Proof. Let us denote By := B(0,t), t > 1. Let ¢, € C§°(R™) be a cut-off
function with ¢, = 1 on By, ¥, = 0 on R" \ B,11, 0 < ¥,.(z) < 1 and
V™). | < ¢, m=0,...,k We show that ui), — u in WHPO(R?) as r — oc.
Note first that

flu — Wﬁr”wkvp(»(n{ﬂ < HUHW’“P(')(R"\BTH) + [Ju — U@DT”W’CW(-)(BTJA\BT)'

The absolute continuity of the integral implies that

OWk.p() (R?\ By41) (u) =0

as r — o0o. Since p* < oo we get that [lul|yr.o0)@e\B,,,) — 0 as 7 — co. To
handle the second term in the above inequality we observe that

m

V™= V™ (ury)| < (1= ) ul + Y [V, [V Tu < e Y [Vl

Jj=1 J=0
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for m = 0,...,k. This, the absolute continuity of the integral, and p™ < oo
imply

ka,m-)(BTH\BT)(U) < CQW’C~P(~)(R"\BT)(U> —0

as 7 — o00. Since pT < oo also the second term in the above inequality
converges to 0 as r — oo. O

Corollary 9.1.3. Ifp € P(R") is bounded, then Wg’p(')(R") = WkrC)(R™),
k e N.

Combining the proofs of Lemma 9.1.1 and of Theorem 9.1.2 for &k = 1 we
immediately deduce:

Corollary 9.1.4. If p € P(R™) is bounded, then bounded Sobolev functions
with compact support in R™ are dense in WPC)(R™).

We now give an example where p is unbounded and functions with compact
support are not dense in WP()(R).

Example 9.1.5. Let p(x) := max{|z|,1} and u(x) := 1/2 for every z € R.

Then - -
1Nz
p(z) — Z
/ |u(z) P da 2/(2) dr+1 < oo
—00 1

and hence u € Wl’p(')(R). Let g be a function with compact support in
(—a,a). We find that

o0

o (*52) > [ (55) e =oe

a

for 0 < A < % and hence |ju — Il ey = i

Next we give short proofs for the density of smooth functions based on
the boundedness of convolution. For Lebesgue spaces this has been shown in
Corollary 4.6.5.

Theorem 9.1.6. Let p € P be a bounded exponent. If p € A or p € P8,
then C§°(R™) is dense in W*PC)(R™), k € N.

Proof. Let u € W5?P()(R™) and let € > 0 be arbitrary. By Theorem 9.1.2 we
may assume that u is has compact support in R™. Let 1. be the standard
mollifier. Thus u * v, belongs to C5°(R™) and

V™ (u*1e) = VTu = (V™) x e — V™
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for m =1,..., k. By Theorem 4.6.4 we obtain that ||u* e — ul|Loc)®n) — 0
e — 0, and

V™ (uxtpe) = V™l Loy @ny = [V he = V™| Loy ny — 0

form=1,...,k,as e — 0. a

From this we easily derive the density of smooth functions also in “nice”
domains. Recall that extension domains include in particular domains with
Lipschitz boundary (see Sect. 8.5).

Theorem 9.1.7. Let Q2 be an extension domain. Assume that p € Plog(Q)
satisfies 1 < p~ < pt < oo. Then C®(Q) is dense in W*PC)(Q), k € N.

Proof. We extend first p to all of R by Proposition 4.1.7. Let u € W*»()(Q).
Since Q is an extension domain, we find @ € W#*?()(R") with il wrpe) mny <
c|lullwr.re (). Due to Theorem 9.1.6 we can choose 4. € Cg°(R") with
Ge — @ in WFPO(R™). We set u. := 1ic|q. Then

[u = vellwire) (@) < @ = tellwrre) @mny — 0,

so ue € C* (ﬁ) are the required approximating functions. a

For arbitrary open sets we still can prove that smooth Sobolev functions
are dense. More precisely we have:

Theorem 9.1.8. Let p € P(Q) be a bounded exponent. If p € P°5(Q) or
p € A, then C>®(Q) N W*PL)(Q) is dense in WFPO)(Q), k € N.

Proof. Let u € WFP()(Q). Fix € > 0 and define Qg := @) and
Q= {x € O : dist(z,00Q) > %} N B(zg,m)
form=1,2,... and a fixed g € Q. We write
U = Qg1 \ﬁm,l form=1,2,....
Let (&) be a partition of unity corresponding to the covering (Up,), i.e.

&m € C°(Up,) and Y07 &n(x) = 1 for every x € Q (Theorem 1.4.7). Let
15 be a standard mollifier. For every m there exists d,, such that

spt ((&mu) *1s,,) C Um

and Theorem 4.6.4 yields, by choosing a smaller d,, if necessary, that

[(€mu) = (Emw) * s, [lwrser o) <27
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We define

o0
Ug 1= Z (Emu) * s, .
m=1
Every point x € Q has a neighborhood such that the above sum has only
finitely many nonzero terms and thus u. € C*°(Q). Furthermore, this is an
approximating sequence, since

00
||U_ua||Wk-,p(-)(Q) < Z vanU—(&nU)*iﬁémHwk,m-)(g) <eE. O
m=1

Another simple situation was considered by Harjulehto and Hasto [187],
who showed that smooth functions are dense on open intervals of the real line
irrespective of the variation of the bounded exponent. This result is based on
first approximating the derivative, which is an LP(") function in this case.

9.2 Density with Continuous Exponents

Zhikov [397] proved that log-Holder continuity is not a necessary continuity
modulus for density of smooth functions, but that in fact a slightly weaker
modulus will suffice. We present his results in this section. As far as we
know, the optimal modulus of continuity for density is unknown, although
Corollary 9.2.7 shows that Zhikov’s modulus of continuity is at least close to
optimal.

The next simple lemma shows that it suffices to prove the density of Lip-
schitz functions, since the density of smooth functions always follows from
this.

Lemma 9.2.1. Letp € P(Q) be bounded. If W1>°(Q) is dense in WHP()(Q),
then so are smooth Sobolev functions.

Proof. By the assumption, it suffices to show that every Lipschitz func-
tion can be approximated by smooth functions. Let u € W'P()(Q) be a
K-Lipschitz function. Arguing as in Theorem 9.1.1 and Corollary 9.1.4, we
may assume that u is bounded and has bounded support in R™. By McShane
extension [289] we may extend u as a bounded K-Lipschitz function to R™
and by using a suitable cut off function, that is one in spt u, we may assume
that the extension has a compact support in R™. Next, we let u. be a standard
mollification of u. Clearly u. — v and Vue — Vu almost everywhere. Since
ue € L>®(), and |Vu,| is bounded by K, and all functions vanish outside a
bounded set determined by the support of u, we see that the claim follows
by the theorem of dominated convergence. a
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Theorem 9.2.2 (Theorem 3.1, [397]). Suppose that p € P(R™) has a
modulus of continuity w which satisfies

1/2
/ s w(®) dt = 00
0

and that 1 < p~ < p* < co. Then smooth compactly supported functions are
dense in the Sobolev space WPC)(R™).

Let us briefly consider the condition in the theorem before moving on
to the proof. Suppose that p is log-Holder continuous. Then we may take
w(t) = ¢/log(e + 1/t). The integral in the previous theorem becomes

1/2 1/2 1/2
/t71+p7,u)(t) dt = /tflJrc/ log(e+1/t) dt > / t~Ye—Cdi = 0,
0 0 0

so the condition is satisfied. Moreover, some weaker moduli of continuity
satisfy the condition as well; for instance w with

, log(1/t)
P Oiogog(i/n ~ ¢

satisfies the condition if and only if 0 < ¢ < 1%.

We now proceed with the proof of the theorem. The proof largely follows
the arguments given in [397], although minor changes have been made in the
interest of clarity.

Proof of Theorem 9.2.2. By Theorem 9.1.2 we know that Sobolev functions
with compact support are dense. Hence it suffices to consider the case of a
function u € WHP()(R™) with support in the ball B(0, R). Thus we have
that u € WP (R") and the following calculations are justified. Define f :=
|u| + |Vu|. By dividing the function be a suitable constant, we may assume
without loss of generality that || f]|,.y < 207"/(2 4 2|B(0, R)|).

As usual, we introduce the level-sets of the maximal function:

E\Mf) :={z e R": Mf(z) > \}

for A > 0. We denote F\ = R™\ E(\, Mf). By [129, p. 255] we know that u
is cA\-Lipschitz in F), where the constant ¢ depends only on the dimension.
By McShane extension [289] we get a cA-Lipschitz function uy on R™ which
agrees with u on the set F). It follows that Vu = Vuy a.e. in F), and hence
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/HVu-vuﬂM@dx: /’ |V — Vuy [P da

R™ E(X\,Mf)
<c / |VulP@ dz + ¢ / N@) .
E(X,Mf) E(X,Mf)

Since |Vu| € LPO)(R™) and |E(\, Mf)| — 0, it is clear that the first integral
tends to zero as A — 0. So it remains to control the second term. We do this
by showing that there exists a sequence ();) tending to infinity such that

O(\) := / AP g — 0. (9.2.3)

E(X\i,Mf)

Then the previous inequality implies that Vuy, — Vu in LPO) (R™). Since p is
uniformly continuous and the functions vanish outside B(0, 2R), the Poincaré
inequality in B(0,2R) (Theorem 8.2.18) implies that uy, — w in LP)(R™).
Hence uy, is an approximating Lipschitz sequence, and claim then follows
by Lemma 9.2.1. We will show that there exists a continuous non-negative
function 6 such that

/9()\) d\ =00 and /0()\)@()\) d\ < o0,

where O is as in (9.2.3). If liminf)_o, ©(\) > 0, then ©()\) > ¢ > 0, so this
is not possible. Thus liminfy_,., ©(A) = 0, which implies the existence of a
suitable sequence ()\;) satisfying (9.2.3).

By the basic covering theorem (cf. Theorem 1.4.5) there exist disjoint balls
B; := B(xzi,r;), i < 1/10, such that {5B;} covers E(\, Mf) and

/fM>ABA
B;

for each i. We may split B; into a part where f < % and another part which
is contained in E(3, f). Hence

A

BinE(%vf)
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Note that we are now using the level sets of f, not of Mf. From this we

conclude that
A P 1 / fd
2~ [B] )

BiNE(3,f)

We combine this estimate with Holder’s inequality for p~ to deduce that

1

Ao (L /f”* dr )’ < |Bi 720 (9.2.4)
p— ; p L.
2 |Bl| ~ K3 b

B;

where we used that | f|l,- < 2(1 + [B(0, R)|)|| fllp() < 207" in the second
inequality. Define next p; := p;'Bi. For A > 1 we have

@(A)gZ/)\p(f” dr <5" ) MWiBi|<c)y / AP (2) di
i=1 i=1

=l5p, = ' BinEQR.f)

Since p has continuity modulus w, we have APi < eAP(@)+@Gmi) for o € 5B;.
Using this in the previous estimate gives

o <e Y A [ () de
=1

BiﬁE(%J)

From (9.2.4) we calculate 57; < A™P /™; then we see that w(5r;) < w(A™P /™).
Now our previous estimate becomes

() < exr® " MYT / AP (2) dae

1=1
BiNE(3.f)

1 p(x)—
gcm / A 2f(z)dx,

E(5.f)
where we defined 6(\) := ATLme ) Multiplying this inequality by 6(\)
and integrating with respect to A over [2, 00) gives

o0

70()\)9()\) dX < c/ / NP@=2 £ (1) daz dX.
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From this we continue by

/9()\)@ dx < c//v@)— )X p(3,p)(®) dz dA
2

2 Rm™
//AP(Z)_ Xp(3,p) (@) dAde
Rn 2
p(z)
s /m(f( PO — (@) X2y (@) da

Rn

Since 1 < p~ < pT < oo and f has bounded support, we conclude that the
right-hand side of the previous inequality is finite.

The change of variables ¢ = A™ /™ shows that the condition [ 6d\ = co
is equivalent with the assumption

1/2

/ e gy =

0

in the theorem, so we have found a suitable function ¢ and are thus done
with the proof. O

The next result, which is [397, Theorem 5.1], gives us an example of a
variable exponent Sobolev spaces in which not every function can be approx-
imated by smooth functions. Earlier examples are due to Zhikov [392] and
Haisto [212]. By a sector we mean a set of the type {x € B(0,1) : (x,z) > |z|}
for some vector z € R?\ B(0,1).

Theorem 9.2.5. Consider 2 := B(0,1) C R? and let Ay, As, A3 and Ay be

four disjoint sectors numbered in clockwise order. If p € P() with

/ 2|77 @ dz < 0o and / 2| 7P da < o0,
A1UA3 AxUA4
then smooth functions are not dense in W1P()(Q).

Proof. We use polar coordinates, (r, ), and denote 4;(R) =
denote by ©; an interval of f-values such that {(r,6): r € (0,1),
Let uw € C*°(£2). Then

R
O/ (r,0) dr 4+ u(0).
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Integration of the previous equation with respect to 6 over ©1 gives

/|u(R79)—u(O)|d9< / V| dr
O1

A1(R)

< / |VulP@ dr + / P @) g,

AI(R) Al(R)

where we applied Young’s inequality in the second step. By assumption,
|Vu|P@) =P (@) ¢ L1 so we see that

hm][\uR9|d0*u()

Since the average over arcs tends to u(0), the same holds for the average over
sectors, hence
li dz = u(0).
lm o Ju(x)]dr = u(0)
A1(R)

The same argument works for As(R), hence

lim |u(z)| dz = hm ][ x)| dx.
R—0

A1(R) AS(R

The last claim holds also for Sobolev functions that can be approximated by
smooth functions.

However, consider the function u(r,0) = ¥(#), where ¥ € C*(R) is a
2m-periodic function which equals 0 in A;, 1 in A3 and whose derivative is
supported in As U Ay. Then |Vu| < CT*lXAzuA4 where ¢ does not depend
on 7, and the assumption of the theorem implies that |[Vu| € LP()(Q). The
function u is bounded, hence in W'?()(Q). On the other hand,

0= 113111307[ |u(R,0)|do # }1%1310][ |u(R,0)df =1

[Sh @3

for this function. Thus, by what was said above, u cannot be approximated
by smooth functions. a

Example 9.2.6. Let B(0,1) C R? and let A;, i = 1,2, 3,4, denote the quad-
rants in B(0,1). The exponent is defined as p; > 2 in A; and As, and ps < 2
in Ay and A,4. Then clearly the assumptions of the previous theorem are satis-
fied. This was the first example of non-density, presented by Zhikov in [392].
A function u from the theorem which cannot be approximated by smooth
functions in this setting is shown in Fig. 9.1.
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Fig. 9.1 A function which cannot be approximated by a continuous function

Corollary 9.2.7. Consider B(0,1) C R? and let Ay, As, Az and Ay be four
disjoint sectors numbered in clockwise order. Let w be a modulus of continuity
and suppose that p € P(B(0,1)) satisfies p(x) := 2 + w(|z]) on A1 U A3 and
p(z) =2 —w(|z|) on Ay U Ay. If

1/2

/ IO ®® gt < o0,
0

then smooth functions are not dense in WP()(B(0,1)).

Proof. We check that the exponent p satisfies the conditions of the previous
theorem. We have

w(r)?

1 1
|x|7p/(w) dr = c/r*(%“’(r))/ rdr = c/rin(T)fW dr < oo.
A1UA3 0 0

The other integral is handled similarly. O

9.3 Density with Discontinuous Exponents®

We have seen in the previous section that we have a quite good understand-
ing of the modulus of continuity necessary for density results. However, it
turns out that we have density also in many other cases, including many
discontinuous exponents.
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One way to approach such exponents is to use smoothing by convolution
with an appropriately chosen, anisotropic kernel. This idea was first used
by Edmunds and Rékosnik [120] already in 1992 for exponents which satisfy
a suitable cone monotonicity condition. As described in Sect.9.1, the log-
Holder condition was later found to imply among other things density of
smooth functions. Thus it was not surprising that the cone monotonicity
condition could be weakened to a condition which says that the exponent
decreases at most as much as allowed by the log-Holder continuity condition.
This result was stated independently by Fan, Wang and Zhao [142] and Hésto
[214]. The proof below is from the latter article.

Lemma 9.3.1. Let B’ := B(0,7/6), B := B(0,1), é be a unit vector, and
let p € P(B') be bounded. Suppose that there exist K > 0, r € (0,1/12) and
h € (0,1) such that

K
log(e + 1/]z — yl)

p(y) —p(x) 2
for every x € B when y lies in the cone

U Bla+te ne).

o<tLr

Then for every u € WHPCO)(B') there exists a sequence (u;) in C*(B) N
WLPC)(B) such that u; — u in WHPCO)(B).

Proof. Let ¢ € C§°(B) be a non-negative function with fB 1 dx = 1. For an
integrable function u: B’ — R and ¢ € (0,7) we define

Rsu(x) = /u(:c + 9 (hz+é)yY(z)dz.

B

The usual integration-by-parts argument shows that Rsu is smooth in B.

For u € LPM)(B’) we show that ||Rsu — ul|,.) — 0. In fact it suffices to
show that g,(.)(Rsu —u) — 0, since p is bounded. Using that ¢ is bounded,
we estimate

op() (Psu =) = / | / (u(@ + 6 (hz + &) — u(w)) (=) dz‘p(m) dax
B

B

<c/(/|u(x+§(hz+é))—u(x)|dz>p(w) do = cl
B B

Let us denote B’ := B(z + 6¢,hd) and ¢ := min{p,,,py}. Using Holder’s
inequality for the fixed exponent ¢ and the fact that [, |u(y) —u(z)|?dy < 1
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for small enough ¢ (uniformly), we find that

1= / (c][ lu(y) — u(z)| dy)p(Z) dx
B B
<[ (f 1w - dy),,(z)/q dr
BS

B

p(z)/q
<c [y B/ ) - u(o)l?dy) da

(1) "7 ~0/1 £ fu(y) ~ (o) dy da
BS

<c

m\m

By assumption we have

— K > (x)_L
logle + 1/]z —y) = ") " logle + 1/0)

q=pgs = px)

Thus §7-7(*) is+bounded by a constant independent of § and x; of course,
ha—p) L pl-rT ¢(h) even without the assumption on p in the lemma.
Using this, we continue our previous estimate:

/(/|u(z—|—5(hz—|—é)) —u(x)|dz)p(w) dz

B B
<e [ Fluw) - u@tdy ds

B B$

:c//|u(x+(5(hz+é))—u(gc)|qudz.
B B

Now we continue as in the proof by Edmunds—Rékosnik. Fix € > 0. Since
1+ |u(z)[P™®) is an integrable function, we can choose 7 > 0 such that

/ 1+ [u(@)]P® de < /2
v
for every V' C B with |V| < 7. For a fixed z € B this implies that

/ 2+ u(w + 3 (hz + )P 040 4 ()P0 dr < e,
174
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for |V| < 7, since the translation of V' also satisfies |V 46 (hz+¢€)| < 7. Since
u is measurable there exists, by Luzin’s theorem, an open set U C B(7/6)
such that u is continuous in B(7/6) \ U and |U| < 7/2. By choosing § small
enough we get for all z,y € B\ U with |z — y| < § that |u(y) — u(z)| < e.
For z € B we denote by U, the set of those points x € B for which = € U or
x+ 9 (hz+é) € U. Note that |U,| < 7 for every z. We find that

// lu(z + 6 (hz + &) — u(x)|? do dz
B

B

<//epgdxdz—k//m(x—&-é(hz—&-é))—u(x)|qudz
B B

B U.

< c//max{s,sp+}dxdz+//|u(g:+5(hz+é))|P;s + |u(a)|Pss da dz
B

B B U,

< cmax{e, e} +//2 ¥z + 8 (hez + &))@t (het) |1y (2)P@) dg dz
B U.
< max{aser} + /Edz,
B

where, for the third inequality, we used that
Ju(@) "5 < 1+ [u(@) PP,

and similarly for |u(z + & (hz 4 é))[P5. Thus we have an upper bound which
tends to zero with €. To complete the proof of the lemma we still have to
show that ||Rsu — ul|; ) — 0 for a function u in the Sobolev space. This

follows easily by applying the LP()-result to u and |Vu| separately, since
V[R(su] = Rs [Vu] O

The idea of the next proof is to patch up the balls from the previous lemma,
following the proof of [120, Theorem 1].

Theorem 9.3.2. Let (2 C R™. Suppose that for every point x € ) there are
four quantities

€ (0, 3 min{1, d(z,00)}),
he € (0,1), & € S(0,1) and K, € [0,00) such that

K

p(z) —ply) > 710g(e+ ly —z|)
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for every point y € B(x,1,), where z lies in the cone

C(y) = U B(y + tﬁz, hmt)

0<t<ry

Then C(Q) N WLPC)(Q) is dense in WP ().

Proof. Let B, := B(x,7r;/10) for z € Q. By the basic covering theorem
(Theorem 1.4.5) we find a countable subfamily consisting of disjoint B} = By,
such that |J;2, 5B; = Q. We define B, = 6B and B} = 7B;. We note that
we still have

Us.-UB-a
=1 =1

and we see (by the disjointness of the balls B) that any point € Q is
contained in at most N balls B}. Thus there exists a partition of unity by
smooth functions v; such that ; are supported in B; and |V;| is bounded
by Li } 1.

Fix u € W0()(Q) and ¢ > 0. By Lemma 9.3.1 we can choose
v; € WHPO)(B;) N C™=(B;) such that

||u — UiHWl,p(-)(Bi) < 2_i€/L¢.
Define v := >~ ¥;v;. Since at most finitely many of the t; are non-zero in

a neighborhood of any point, we see that v is smooth. We easily calculate
that

M8

HU_UHWLP(’)(Bi) < s (u_vi)HWI»P(')(Bi)

s
I
—

<

“

@
Il
-

(1+Li>Hu—’UiHW1,p<.)(Bi) < 2e. O

Notice that if we set K, = 0 in the preceding theorem, then we regain the
result of Edmunds and Réakosnik.
A special case of the previous theorem is the following:

Corollary 9.3.3. Let r: Q — [0,00) be monotone in the sense of Edmunds—
Rdkosnik (i.e. satisfy the condition of the previous theorem with K, =0), and
let ¢ € P'°8(Q) be such that p:=q+7r > 1 a.e. Then C=(Q) NWP(Q) is
dense in WHPO)(Q).

Example 9.3.4. Consider the exponent shown in Fig.9.2: here we have
added the log-Holder continuous function 1 + x; + |z2| (x; refers to the
i-th coordinate of x) to the monotone characteristic function Xx{zeq: z,<0}
in the unit square Q. This exponent satisfies the assumptions of the previous
corollary.
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Fig. 9.2 The exponent p which is neither monotone nor continuous at the origin

As is shown by this corollary and example, the previous theorem is stronger
than just saying that the exponent is log-Hélder continuous in one part of
the domain and monotone in the rest — the exponent in the example satisfies
the assumptions of the theorem only because the exponent is allowed to be
either monotone or continuous within a single cone. This flexibility is needed
at the origin.

Another approach to the density question for discontinuous exponents is
to divide the domain into disjoint pieces €2;. Suppose we know that smooth
functions are dense in each W1P()(Q;). Does it follow that it is also dense in
the whole domain? This question was studied by Fan, Wang and Zhao [142].

In general the answer is negative, as shown by Example 9.2.6. In some
special cases, however, the answer is affirmative.

Theorem 9.3.5 (Theorems 2.4 and 2.7, [142]). Let p € P(Q2) be bounded
and suppose that there exist sets Q;, 1 =1,...,k, such that:

(a) Ewery §; is open and bounded, and the sets are pasrwise disjoint.
(b) @ =int (U, ).

(c) @\ Ule Q; has measure zero.

(d) 2 =Q\ Uj;éi Q;.

We assume that pla, € P°8(€;) and pgi < P, for alli < j.

Define, fori=1,....k—1, Q; = Q\U?:z'HQ_j and Q; = Q\ Q;. Also,
assume that each Q; and Q) has Lipschitz boundary, and Q:NQ; is an (n — 1)-
Lipschitz manifold. Then C>=(Q) is dense in W1P()(Q).

Let us next consider an example where Theorem 9.2.2 is not applicable.

Example 9.3.6. Let B(0,1) C R? and let A4;, i = 1,2, 3,4, denote the quad-
rants in B(0,1). The exponent is defined by p := E?:l ix 4, This exponent
is discontinuous on the coordinate axes, and does not satisfy a cone mono-
tonicity property at the origin. However, the conditions of Theorem 9.3.5 are
clearly fulfilled, and so smooth functions are indeed dense.
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Let us conclude this section by noting that the density of smooth functions
is invariant under a bilipschitz change of coordinates:
Recall that the mapping f: A — R"™ is said to be L-bilipschitz if

zle =yl <|f(@) = f(y)| < Lz —y]
for all z,y € A.

Proposition 9.3.7. Let Q@ C R™ and let f: Q — R™ be L-bilipschitz. Let
p € P(Q) be a bounded variable exponent such that C°(Q) N WHPO)(Q) is
dense in WPC)(Q). Define ¢ :=po f=1. Then C=(f(Q)) N W40 (f(Q)) is
dense in W10 (£()).

Proof. This is just a change of variables. Let v € WP()(Q) and define
v:=wuo f~!. We have

:Q17q()('0) :/|U(y)|Q(y)+|vv(y)|q(y) dy
Q

< [ (@P )+ |L9u@P )Ty @) do < 2759 1)
Q

It follows that if ¢; — u is an approximating sequence of smooth functions
in WP (Q), then 1; o f~1 is an approximating sequence of locally Lips-
chitz functions of the function v in W1HP()(f(Q)). Now the claim follows by
Lemma 9.2.1 ad

9.4 Density of Continuous Functions*

In this section we introduce a method which is based on convolution only in
the level-sets of the exponent; the results are from Héstd [214]. Once we
restrict our attention to the level-set of the exponent, convolution again
becomes a very natural operation which does not impose any additional
restrictions on the exponent. However, to patch up our approximations on
level-sets we have to assume that the level-sets are bilipschitz images of
parallel planes or concentric circles. In contrast to previous results, Theo-
rem 9.4.7 allows us to conclude only that continuous, but not necessarily
smooth, functions are dense.

Lemma 9.4.1. Let @ := (—1,1)" and let p € P(Q) be bounded. Suppose that
the exponent p depends only on the n-th coordinate. Then C(Q)NWP0)(Q)
is dense in WP (Q).
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Proof. In this proof dz, dm,_1(x) and dm;(z) stand for integration with
respect to the n-, (n — 1)- and 1-dimensional Lebesgue measures. We denote
the n-th coordinate of z € R" by x,, and use B := B(0,1)N{z € R": z,, = 0}
to denote the (n — 1)-dimensional unit ball which lives in the x,, = 0 plane.

Let u € Wl’p(')(Q) and assume first that u has compact support in Q. We
consider only £ smaller than the distance between the support of u and 9Q.
Let ¢: B — [0,00) be a standard mollifier on R"~1. We define an (n — 1)-

dimensional convolution by

ue(z) = / u(z + ey p(y) dmn1(y).

B

Then clearly u. is continuous (even smooth) in the plane orthogonal to the
xpn-axis. Consider two points differing in the x,, coordinate. Using that u is
absolutely continuous on almost every line parallel to the coordinate axes
(see, e.g., Theorem 11.1.12 below), we find that

Jue() — e+ 3e,)] = | / [z + ey) — ule + Sen + e9)(y) dmn1 (1)

< c/ lu(z + ey) — u(z + dep, + €y)| dmp—1(y)
B

é
< C//|V’u($+8y+ten)|dml(t) dmy,—1(y)
B 0

=c / |Vu(z + ez)| dz.
Bx[0,0/¢€]

Since |Vu| € L(Q), the last integral tends to zero as § — 0. Therefore u. is
uniformly continuous in the e,, direction as well, hence in all of Q.

It remains to show that u. — u in WHP()(Q). Denote by Q; the intersec-
tion of @ with the hyperplane {# € R™: x,, = t}. Since p is constant in Q)
(let’s call it p¢), we find by the continuity of the shift operator in the fixed
exponent Lebesgue space that

/ lu(z + 2z) — u(x)[Pt dmy—1(x) =: F,(t) — 0
Qr
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as z — 0 for those values of ¢ with u € LP*(Q, my—1). Clearly

Fuy(t) < / fu( + ey + [u(@) P dimny (z) = 2 / ()P dims (2),
Q1 Q¢

=:G(t)

so that [, Fi,(t) dt < 20p(.)(u) < oo. Therefore u € LP*(Qy, mp—1) for almost
every t € R and F., has an integrable upper bound G. Thus we find by
Fubini’s theorem that

/|u€ ) —u(z )|w>dx<c/][|ux+z)—u( WP dm,, 1 (2) da

Q eB

—f [ R@atdm, o)

eB R

Since F, — 0 and F, < G € L*(R) the inner integral tends to 0 as |z] — 0
by the theorem of dominated convergence. Hence it follows that u. — u in
O(Q).

The approximation result for the gradient is analogous, using the identity

Ve (z) = / V(e + en)l(y) dm1 ().

B

Therefore the previous argument applies to Vu, and so ||V (u — uc )|y — 0.
Thus u. € Wl’p(‘)(Q) approximate the compactly supported function wu.

Let then u € WHP()(Q) be a general, not compactly supported, function.
Let Q; be the cube centered at the origin with side-length 2 — 2!7¢. Define
As := Q2 and A; := Q; \ Qi—2 for larger i. Then we can find a partition of
unity by Lipschitz functions ; such that ; is compactly supported in A;.
Let L; > 1 be the Lipschitz constant of ;. The function ;u has compact
support in @, so the previous argument implies that there exists v; € @
supported in A; such that [[vyu — vl p) < 27%/L;. Then v = 222 v; 18
continuous and

lu = vl pey < Y Nl —villipey < > (1+Li)27%/Li < 0
1=2 1=2

Remark 9.4.2. The original proof of this result which appears in [214] was
erroneous. The claim u. — u was not correctly proved. This passage of the
proof has been replaced above with a new and correct one.
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Remark 9.4.3. If p~ > 1, then we can say a bit more about the continuity
of u.: in the previous proof we derived the estimate

|ue(x) — ue(z + den)| < ¢ / |Vu(z + ey)|dy.
Bx[0,5/¢]

Since |Vu| € LP (Q), this implies, by Holder’s inequality, that

|ue(x) — ue(z + dey)|

1

celpxp8 ([ Wl an) <o

Bx[0,6/¢]

so that u. is (1 — p%)—Hé')lder continuous on compact subsets of Q.
By Proposition 9.3.7 we have

Corollary 9.4.4. Let Q := (0,1)™ and let f: Q@ — R™ be L-bilipschitz. Let
q € P(Q) be a bounded variable exponent which depends only on the n'
coordinate. Define p := qo f~1. Then C(f(Q)) N W PO)(£(Q)) is dense in
WP (£(Q)).

If an exponent has a strict local extremum, then it will never satisfy the
assumptions of the previous corollary. For that we need a different model.

Lemma 9.4.5. Suppose that the bounded exponent p € P(B(0, R)) depends
only on |z|. Then C(B(0,R))NW14P0)(B(0, R)) is dense in WP()(B(0, R)).

The main idea of the proof is the same as of the proof of the previous
lemma. It is consequently omitted. As before, Proposition 9.3.7 gives

Corollary 9.4.6. Let f: B — R™ be L-bilipschitz in B := B(0,R). Let
q € P(B) be a bounded exponent which depends only on |z|. Define p :=
qo f~1. Then C(f(B))NW'PO(f(B)) is dense in WHPO)(f(B)).

We can combine the results from the corollaries in this section. The state-
ment of the following theorem is quite complicated, but the intuition behind
it is simple. We must be able to split the domain into regular pieces with
sufficient overlap, such that every piece comes from one of the previous corol-
laries. Notice that the partition of unity need not be uniformly bilipschitz.
This means that we can also handle cases where the regularity of the exponent
decreases toward the boundary of the domain.

Theorem 9.4.7. Let Q@ C R™ be open and let (§2;) be an open covering of Q
with a subordinate partition of unity by bilipschitz functions v; such that the
number of indices i for which ;(x) > 0 is locally bounded. Suppose further
that for every i the set §; satisfies the conditions of Corollary 9.4.4 or 9.4.6.
Then C(Q) NWEPO)(Q) is dense in WP (Q).
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Proof. Denote the bilipschitz constant of ¢; by L;. Fix u € WHP()(Q) and
e > 0. By Corollary 9.4.4 or 9.4.6 we conclude that C(Q;) N WhP()(Q;) is
dense in WP()(Q;). Therefore we can choose v; € C(€;)NWHP) () so that
lu—villwroe)o,) <€27°/Li. Then v = Y772, 1hyv; is continuous and satisfies

o0 o0

lu=vllpey < 3 (= v)lwrsoray < S0+ Lollu = villwrsor o) < &
i=1 i=1

which proves the assertion. a

Remark 9.4.8. If the bilipschitz mappings in Theorem 9.4.7 could be
replaced by homeomorphisms, then the result would be essentially sharp,
since it would cover all cases except when the exponent has a saddle-point,
which seem to be the only cases of non-density.

We consider next some examples which show that the results in this section
apply in some cases when the previous ones do not.

Example 9.4.9. Let Q := (—1,1)? and define p(z) := 2— (log(100/|z2|))
for some a > 1. This exponent is shown in Fig.9.3. A bilipschitz deforma-
tion of the exponent p(z) = 2 + (log(100/|z2[))” " is shown in Fig.9.4.

Corollary 9.4.4 allows us to conclude that continuous functions are dense in
WHP()(Q) in both cases.

Example 9.4.10. Define p(z) := 2 — (log(1/|z])) * for some a > 1. Then
Lemma 9.4.5 allows us to conclude that continuous functions are dense in
Wl’p(')(B), whereas the other results are not applicable. Another example is
given by p(z) := 2+ sin(1/|x]).

Fig. 9.3 The exponent p with a ridge
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Fig. 9.4 The exponent p with a through

9.5 The Lipschitz Truncation Method*

The purpose of this section is to show that a weakly convergent sequence of
Sobolev functions can be approximated by a sequence of Lipschitz functions
such that certain additional convergence properties hold. This approximation
property holds for a large class of domains 2. We say that a bounded domain
Q C R" has a A-fat complement, A > 1, if

[B(z,m)| < A[B(z,7)\ Q

for all z € 90 and all r € (0,diam ). Note that a bounded domain 2 C R"
with Lipschitz continuous boundary has this property.

The proof of the following theorem can be found in Diening, Malek and
Steinhauer [102, Theorem 2.3]. It is based on the ideas from Acerbi and
Fusco [2] and Landes [262], or the monograph May and Ziemer [280]. We
roughly speaking restrict v to the set {—0 < v < 0} N {M(Vu) < A} and
denote by vg x the McShane extension (cf. [289]) of this restriction to R™, for
the exact definition see the above references.

Theorem 9.5.1. Let 2 be bounded with A-fat complement. Letv € Wol’l(Q).
Then for every 6, X > 0 there exist truncations vy € Wy '™ () such that

0,
cAMN,

HUO,A”Loo(Q) <
||V”9,/\||Loo(9) S

where ¢ only depends on the dimension n. Moreover, up to a set of Lebesgue
measure 2ero

{ver #v} C {Mv >0} U{M(Vv)> A}.
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Our version of fatness is slightly different than that used in [102], but it
implies the desired condition. We then move on to the truncation result itself.

Theorem 9.5.2. Let 2 be a bounded domain with A-fat complement and let
peEAorpePs(Q) withl <p- <pt < oco. Letver’p(‘)( Q), fixd >0
and let K > |[v|lw1.00)()- Then there exists a sequence (A;)5, with

22j < )\J g 22j+1

and functions v; € Wol’oo(Q) such that the following hold for all j € N:

0,
cl AC()K)\‘

||Uj||L0<>(Q) <
||vUj||Loo(Q) <
_ g

¥

1% X203 | o0y < c0 2 3 lollrog +2777F
Hij X{w#v}HLmJ(Q) Sa ACO K (g 2% vl ooy + 217?&)
and, up to a set of measure zero,
{v; #v} C{Mv >0} U {M(Vv) > co K \;}.
Here cg denotes the operator norm of the maximal operator in Lp(')(R") and

c1 is the constant from Theorem 9.5.1.

Proof. If p € P'°%(Q) then we extend it by Proposition 4.1.7 to the whole
space and denote it again by p. Moreover, by Theorem 4.4.8 we obtain

p € A. We extend v by zero outside of Q2 and obtain v € Wol’p(‘)(R”) (The-
orem 8.1.14). The assumptions on p imply that the maximal operator is
bounded (Theorem 5.7.2) and thus

||Mv||LP(')(R") + HM(VU)HLP(')(]R") < <o ”vHWLp(-)(]Rn) Sk,

so that ”coK”L”” + 1% COK HLPU (@ < 1. Next, we observe that for
g € LPO)(R™) with ||g||Lp(.)(Rn 1 we have

oo 2711

> > /Qkp(x)x{zwgw}dx

j=1 k=27 Rn

S Z /2 " X ralgly do = Z /22 P X cpglcaiy da

k:l]Rn kanzk
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i o}

=2 /Qkp(x)x{%qg\@iﬂ}dx <2y /Qip(z)x{2i<|g|<2i+l}dfc
i=1 k=1 gn i=1 gy

<2 / lg(@)[P™ dx < 27
R’n

This inequality implies, in p+articu1ar, that each term in the outer sum on the
left-hand side is at most 2P . Since the inner sum has 27 terms, we can find
for every j an index k; € {27,...,277! — 1} such that

o (z T
/2kyp( )X{\g\>2kj} de < 2P 9,
Rﬂ,

%, and denote \; := 2%,

By construction it is clear that 22 < A < 22" The previous inequality can
be written as

Let us choose the indices k; for the function g =

T t_j +
X X feorosay dr <2 =]
R‘VL
By Lemma 3.2.5, this yields
1A X480 (T 0) 50k} | oo ey < €5 (9.5.3)

For each j € N we apply Theorem 9.5.1 with § and co /K \; and denote v; :=
Vg,coK ;- Lhe theorem directly implies the following conclusions:

||ijLOC(Q) <60 and HijHLw(Q) <cerAcoK )y,
and, up to a set of measure zero,
{v; #v} C {Mv >0} U {M(Vv)>coK A}
Obviously the second inequality implies that
VVj X (w0} ||Lp<-)(Rn) S AcK|A; X{Uﬁév}”mw(m)'

Thus it remains only to estimate |A; X {v; ) The set inclusion

#v} HLp(~) (Rn
above implies that

12 Xgw, 203 | oo gy < I3 Xgaros 0301w 0> eyl oo ) -
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Then we estimate, using also (9.5.3),
1% Xar0>0) U (a1(T0)>co kA | oo

)\.

< gj H(9 X{Mv>9}||Lp(.)(Rn) + H)‘j X{M(V'U)>COK)\j}HLp(~)(R’n)
)\,

< 7] [ Ml poc) @y + €5

which combined with the continuity of the maximal operator completes the
proof. a

We next show how the theorem can be applied to a sequence to yield nice,
uniform conclusions.

Corollary 9.5.4. Let Q2 be a bounded domain with A-fat complement and let
pe€AorpePsQ) withl <p~ <pt < oo. Let v* € Wol’p(')(ﬂ) be such
that v* — 0 weakly in Wol’p(')(Q). Set

o k
K = sgp“v ||W5,p(,>(m < 00,
Vi = ||Uk||Lp<->(Q) —0.

Then there exists a null-sequence (g;) and for every j,k € N there ezists a
function v%7 € W, *() and a number Ay j € [22],22]“] such that

klim (sup||vk’j |Lm(9)) =0,
o0 N jeN
2J+1

[V || ooy S CAK Ay ScAK2Y

NN

lim sup H)"w X{v’“"#vk}HLm»(Q) 5>
k—oo

N

lim sup HVvk’j X {vksi v €5

k

PR }HLP(-)(Q)
The constant ¢ depends only onn, p~, pT and the A-constant of p. Moreover,
for fized j € N, Vok7 — 0 in L*(Q) when s < co and VoFI = 0 in L>(Q)

as k — oo.

Proof. The compact embedding Wol’p(')(Q) < LPO)(Q) (Theorem 8.4.2)
and v — 0 imply that v* — 0 in LPO)(Q) and K < oo. Setting 6y := VK
we can apply Theorem 9.5.2 to each function vy with 6. The statements are
an immediate consequence of the assertions in that theorem since v, — 0,
0 — 0 and 74/0; — 0. It remains only to prove the claims regarding the
weak convergence of the gradient.
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If ¢ € C§° (), then

‘/Vvk’jwdx = ’/vk’dede
Q Q

Clearly this tends to zero as k — co. Since C§°(Q) is dense in L¥ (Q) for
s’ € [1,00) it follows that (VoF7,¢) — 0 as k — oo, for all ¢ € L¥ (Q). By
definition of weak (star) convergence, this means that Vo7 — 0 in L*(Q)
when s € (1,00) and Vo*7 5 0 in L>®(Q) when s = co. The case s = 1
follows from the case s = 2 and the embedding L?(Q2) — L(Q). O

<O [IVY[L1 (@) -



Chapter 10
Capacities

Capacities are needed to understand point-wise behavior of Sobolev functions.
They also play an important role in studies of solutions of partial differential
equations. In this chapter we study two kinds of capacities: Sobolev capacity
in Sect. 10.1 and relative capacity in Sect. 10.2. Both capacities have their
advantages. The Sobolev capacity is independent of the underlying set, but
extremal functions are difficult to find. The situation for relative capacity
is the opposite and it is a Choquet capacity for every measurable expo-
nent. For a constant exponent, our definitions of the Sobolev and relative
capacities coincide with the classical ones. In Sect. 10.3 we compare the capac-
ities with each other and in Sect. 10.4 with the variable dimension Hausdorff
measure. Later in Sect.11.1 we define a capacity based on quasicontinuous
representatives.

10.1 Sobolev Capacity

In this section we define the Sobolev capacity. The results are based on [194]
by Harjulehto, Héasto, Koskenoja and Varonen. Further studies of variable
exponent capacities are contained in Alkhutov and Krasheninnikova [20],
Harjulehto and Latvala [211], and Mashiyev [284].

Definition 10.1.1. Let p € P(R™) satisfy p(z) € [1, 00) for almost every .
For £ C R™ we denote

Spy(E) :={u € WHPO(R™) : 4 > 1 in an open set containing E & u > 0}.

Functions u € Sp.)(£) are said to be p(-)-admissible for the capacity of the
set E. The Sobolev p(-)-capacity of E is defined by

Cyy(E):= inf 3 = inf PE) | VulP®) de.
v (E) ueslj(l_)(E)gl’p(')(u) uES’lpr(l_)(E)/|u| Vel o
Rﬂ.

In case Sy (E) = 0, we set Cp(.y(E) = oo.

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 315
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-10,
(© Springer-Verlag Berlin Heidelberg 2011
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If u € Spy(E), then min{l,u} € Sy )(E) and 7y, (min{l,u}) <
01,p(y(u). Thus it is enough to test the Sobolev capacity by u € Sp(.)(E)
with 0 <u < 1.

The Sobolev p(-)-capacity enjoys all relevant properties of general capac-
ities; specifically, it will be seen that Cy(.)(E) defines a Choquet capacity if
1 < p~ < p" < co. We start with some properties that hold for arbitrary
measurable exponents p : R — [1, 00).

Theorem 10.1.2. Let p € P(R™) with p(x) € [1,00) for every x. The set
function E — Cy\(E) has the following properties:

(C1) Cp(y(0) = 0.
(C2) If E1 C Es, then Cp(.)(E1) < Cp(.)(EQ).
(C3) If E is a subset of R™, then

Cp()(B) = blrclfU Cp(y ().
U open

(C4) If By and Es are subsets of R™, then
Cp(,)(El U Ez) + Cp(.)(El n EQ) < Cp(,) (El) + Cp(.)(EQ).

(C5) If K1 D Ko D -+ are compact sets, then
Zliglo Cp(y (Ki) = Cp(y ( ﬂ Ki)'
i=1

Proof. Since the constant function 0 belongs to Sp.y(), assertion (ClI)
follows.

To prove (C2), let Ey C Ez. Then S,)(E1) D Sp)(E2), and hence by
definition

2 = Cpy(Ea).
uESy () (E1) Qp(~)(u) () (E2)

inf
UGSP(.)(EQ)

To prove (C3), fix E C R™. By property (C2),

Co() (E) < Ubing Gy (U)-
open

Fix ¢ > 0 and a function u € Sp(.)(E) so that 0, ,,.y(u) < Cp()(E)+e. Denote
U:=int{u > 1}. Then E C U, and Cp,(y(U) < 0y p(.y(u) < Cp(y(E) + ¢, and
thus the claim follows as € — 0.



10.1 Sobolev Capacity 317

To prove (C4), let € > 0. Choose u1 € Sp()(E1) such that 7y ) (u1) <
Cp(y(E1) + ¢, and uz € Sp(y(F2) such that 9y ,)(u2) < Cpy(E2) + . We
have max{ui,us} € Sp)(E1UEs) and min{uy, ua} € Sp.)(£1 N E2), and, by
Theorem 8.1.9,

/ |V max{us, us} ") do + / IV minfur, us} P da
R™ Rn

=/|Vu1|”(z) dx—|—/|Vu2|p(z) dx.
Rn R"l

This and an analogous for g, (max{u1,u2}) + 0.y (min{u1, u}) yields

Cp(y (B U Ez) + Cpy (E1 N E2) < 0y () (u1) + 0y () (u2)
< Cp(y(Br) + Cpy (B2) + 2¢,

from which (C4) follows as ¢ tends to zero.
To prove (C5), let K1 D Ky D --- be compact sets. Since ()2, K; C Kj
for each j = 1,2,..., property (C2) gives

O ( N Ki) < im Gy (K).
i=1

To prove the opposite inequality, choose an open set U with (), K; C U.
Because every K; is compact (so that ), K; is compact, as well), there is a
positive integer k such that K; C U for all ¢ > k. Thus

lim Cp(.)(Ki> < Cp(.)(U),

71— 00

and by property (C3)

Lim Gy (Ki) < G ( N K>
i=1

This completes the proof. a

A set function which has the properties (C1), (C2) and (C3) from the pre-
vious theorem is called an outer capacity. Theorem 10.1.2 thus yields that the
Sobolev p(-)-capacity is an outer capacity. In order to get the remaining Cho-
quet property (that is, (C6) in the next theorem) we need extra assumptions
for the variable exponent.



318 10 Capacities
Theorem 10.1.3. If p € P(R") with 1 < p~ < p™ < oo, then the set
Junction E — Cy\(E) has the following additional properties:

(C6) If By C Ey C --- are subsets of R™, then

Jim Gy (UE>

(CT7) For E; CR", i € N, we have

Cp(.) ( U EZ> < Z Cp(.)(Ei).
=1

i=1
Proof. To prove (C6), denote E := ;= E;. Note first that (C2) implies that

lim Cpy (Ei) < Gy (E). (10.1.4)

7—’00
To prove the opposite inequality we may assume that lim; .., Cp(.y(E;) < oo.
Let u; € Spy(Ei) and @y oy (ui) < Cpy(E;) + 27° for every i € N.
Since W1P()(R™) is reflexive (Theorem 8.1.6) and since the sequence (u;)
is bounded in WP()(R™), there is a subsequence of (u;) which converges
weakly to a function u € W1P()(R™). We obtain by the Banach-Saks prop-
erty (Corollary 8.1.7) that = ™ u; — u in the Sobolev space W1P()(R™)

-2
as m — oo. We write v; := ](]+1) > 741 ui and obtain

J* J i
1 1 1
gl <|ED> wl 4lagen ) w
i=1 Lp(-) i=1 Lp(-) i=j+1 Lp(+)
J i
<1 lz . LZ
J||J =12 ’
=1 ,P(-) i=1 Lp(+)

which converges to zero as j goes to infinity. Thus v; — u in W1PO (R™).
Since Ej; is an increasing sequence, it follows that u; > 1 in an open set
containing E; for every j < i. Hence E; C int{v; > 1}. By the convexity of
the modular and (C2) we obtain

52
1o () < 5557 D / i P®) 4 [V P e
t=j+1 R™

<SUp 2y (. (i) < sup (Cpy(B:) +27%) < lim Cp((E;) +277.

i2j izj i—00
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By considering a subsequence, if necessary, we may assume that
Vi1 —vjllipe) <277, We set

o0
wj 1= v+ Z [vit1 — vil,
i=j

and observe that w; € WL”(‘)(]R"). Since w; = Sup; > ; vi, we see that w; > 1

in the open set
o0

Jint{v: > 1} S E,

i=j
SO w; € Sp(.)(E). This yields Cp(.)(E) < El,p(-)(wj) for j =1,2,... We also
find that

lw; = vill1pe) < D Ivig1 = villipe) < Y278 =271,
= i=j
and hence
Elm(‘)(wj —vj) =0 asj— oo.
Therefore
C

p(-)(E) < jlggo @1,;;(-)(“’3’) = jlirgo@,p(-)(vj)

< lim lim Gy (E;) +277 = lim Cpy(E)).

J—00 i—00

The previous inequality and inequality (10.1.4) yield property (C6).
It remains to prove (C7). From (C4) it follows by induction that

k k [eS)
Co() ( U E) <D Cpy(E) <Y Co (E)
=1 =1 =1

for any finite family of subsets E1, Fs, ..., Fy in R™. Since Ule E; increases
to U;2, Es, (C6) implies (C7). -

Remark 10.1.5. The assumptions of Theorem 10.1.3 can be relaxed: we
need only that p~ > 1 holds locally, see [195].

By the definition of outer measure (cf. [184]), properties (C1), (C2),
and (C7) of the Sobolev p(-)-capacity yield:

Corollary 10.1.6. If p € P(R") with 1 < p~ < p™ < oo, then the Sobolev
p(+)-capacity is an outer measure.

A set function which satisfies properties (C1), (C2), (C5), and (C6) is
called a Choquet capacity. A set E C R™ is capacitable if
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su C,(K)=C, (FE)= inf C,(U).
sup - Gy (K) = Cp( (B) o »()(U)
K compact open

For a Choquet capacity every Suslin set is capacitable [73]. The definition of
Suslin sets can be found, for example, in [154, Sect.2.2.10, p. 65]. For us it
is enough to know that each Borel set is a Suslin set. Thus we obtain the
following result:

Corollary 10.1.7. Let p € P(R™) with 1 < p~ < pt < oo. Then the set
function E — Cpy(E), E C R", is a Choquet capacity. In particular, all
Borel sets E C R™ are capacitable.

We can derive a weak form of the subadditivity (property (C7)) even if we
dispense with the lower bound assumption on the variable exponent p.

Proposition 10.1.8. Let p € P(R™) be bounded. If every E; is a subset of
R™ with Cpy(E;) =0, i € N, then

Co() < U E> =0.
i=1

Proof. Fix € € (0,1). Since modular and norm convergence are equivalent
(Theorem 3.4.1), we can find functions u; € Sp(.y(E;) with [u;|1 ) <e27%
Define v; := u1+. . .4u;. Then (v;) is a Cauchy sequence and since W P() (R™)
is a Banach space (Theorem 8.1.6) there exists v € W1 P()(R") such that
v; — v. By Lemma 2.3.15 we have for a subsequence (v;) that v; — v almost
everywhere. Define U; := int{u; > 1}. Since vj;|y, > 1 for j > 4, we conclude
that v|y, > 1 a.e. Since | J E; C |JU;, and the latter set is open, we find that
v € Spy( Uiz Ei ). On the other hand

(oo}
oo < Jim il oo < 3 luillpo < 3e27 <
i=1 =1

This and Lemma 3.2.4 implies

G (U B:) < 21y (0 < ol <2
i=1
which yields the claim, as € tends to zero. O

Lemma 10.1.9. Let p € P(R™) be a bounded exponent and assume that
C>®(R™) N WIPC)(R™) is dense in WHPO(R™). If K is compact, then

ueS>

Coy(K) = _int [ ) 4 |vulr @ d,
p(‘>(K)Rn

where S (K) := Sp() (K) NC*(R™).
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Proof. Let u € Sp(_)(K) with 0 < u < 1. We choose a sequence of functions
@; € C®(R™) N WHPO)(R™) converging to u in WP()(R™). Choose an open
bounded neighborhood U of K such that v = 1 in U. Let v € C*(R"),
0 < ¢ < 1, be such that ¢» =1 in R™\ U and ¢ = 0 in an open neighborhood
of K. Then the functions t; := 1 — (1 — ¢;)¢ converge to u in WHP()(R?)
since u —; = (u — ;) + (1 —9)(u — 1) = (u — ;). This establishes the
assertion since 1; € S;E’_)(K). O

Proposition 10.1.10. Let E C R™ and let p,q € P(R™) be bounded with
p=q. If Cp(,)(E) =0, then Cq(.)(E) =0.

Proof. Let n € C§°(B(0, R+ 1)) be a cut-off function with n =1 in B(0, R),
0<n<1and |Vy <2 Let u € Sy(ENB(0,R)). Then uny € L1 (R™)
since by Corollary 3.3.4 we get

||U77||Lq<->(Rn) = ||UTI||Lq<->(B(o,R+1))
<2(1+ B0, R+ D)) lull oo (B0, R+1))-

Since V(un) = nVu + uVn, we find that

||V(U77)||Lq<~>(Rn) = ||V(U77)HL‘Z('>(B(O,R+1))
< 2|ullwra0) (B(0,R+1))
<41+ [BO, R+ D))l 50,541
< 4(1 +|B(0,R+ 1)|) lullwrpe) @ny-

Since 7 is one in B(0, R) we obtain that un is greater than or equal to one in an
open set containing ENB(0, R). Thus we have un € Sy (ENB(0, R)). Taking
a minimizing sequence from S,y (ENB(0, R)), we get Cyy(ENB(0, R)) =0
for every R > 0. Since E = U2, (E N B(0,4)), Proposition 10.1.8 yields the
claim. O

We close this section by showing that a lower estimate for the capacity of
a ball can be easily derived from a suitable test function.

Remark 10.1.11. Let B(z,r) C R™ with r < 1. Assume that p € P°8(R")
is bounded. Let u be a function which equals 1 on B(x,r), 3 — 2|y — z|/r on
B(z,3r/2) \ B(x,r) and 0 otherwise. The function u is not a suitable test

function for Cp.)(B(z,7)) but for every € > 0 the function (14 ¢)u is. Thus

— +_ +_
Co(y(B(@,1)) < (1+€)” 0ro0)(Ba,2ry (@) + (1 +) Do) (B(a,2r) (V).
For the first modular we obtain, since r < 1, that

B0 (B2 (W) < |B(z,2r)] < er™ < er™ 7P
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For the second modular we calculate

Op(y(Vu) <c / rPW) gy
B(z,2r)
<ec / T_pg(x,zr) dy — crn_pg(zﬂ'r‘)_

B(z,2r)

_ ot
Since p is log-Holder continuous we obtain r" PB@2n < ¢ P*)  Letting
e — 0 we see that

C,

oy (B(z,1)) < crP@),

10.2 Relative Capacity

In this section we introduce an alternative to the Sobolev p(-)-capacity, in
which the capacity of a set is taken relative to a surrounding open subset of
R™. This section is based on Harjulehto, Hast6 and Koskenoja [193].

Definition 10.2.1. Let p € P(f2) and suppose that K is a compact subset
of Q. We denote

Ry (K, Q) :={ue WEPO@Q) N Co(Q): u>1on K and u > 0}

and define

capy.y (K, ) = uER:(r.l)f(K’Q)@p(_)(Vu).
Further, if U C Q is open, then we set

cap,(U, Q) := sup cap;(_)(K, ),

KcU
compact

and for an arbitrary set F C 2 we define

cap, .y (E,9) == Echl}fcsz cap, (U, Q).

U open

The number capp(_)(E, Q) is called the wvariational p(-)-capacity of the con-
denser (E, ) or the relative p(-)-capacity of E with respect to €.

If p is bounded we may use a different set of test functions familiar from
the constant exponent case.
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Proposition 10.2.2. If p € P() is bounded, then

(K= ik [ 1w az,
p(- s
Q

where Rp(.)(K, Q) :={uc WO (@Q)NCy(Q): u>1 on K}.

Proof. Since Ry (K,Q) C Rp(_)(K, ) we obtain infueép(.)(K’Q) 0p(o(Vu) <
cap;(_) (K, ). To prove the opposite inequality fix e >0 and let u € R,y (K, Q)
be such that 9, (Vu) < inf ez k.9 0p(y(Vu) te. Thenv = (1+¢e)u > 1
in K. Thus

capy (K, Q) < (1+ 5)p+§p(.)(vu)

< (1+5)P+( inf 2 (,)(Vu)+€),
wE Ry (KQ) 1

from which the conclusion follows as € — 0. O

It is not clear form the definition that cap;(‘)(K, Q) and capp(,)(K, Q) give
the same value for any compact set. Next we show that they are the same
i.e. we show that the relative capacity is well defined on compact sets. Note
that the test function set Rp(.) does not work in this proof if p is unbounded.

Proposition 10.2.3. Let p € P(Q). Then cap;(_)(K, Q) = cap,((K,Q) for
every compact set K C €.

Proof. The inequality cap;(_) (K, Q) < capy(y (K, Q) follows directly from the
definition. To prove the opposite inequality fix € > 0 and let u € Ry,.)(K, Q)
be such that 7,.)(Vu) < cap;(_)(K,Q) + €. Then u is greater than one in

U = u~%(1,00), which is open, since u € Cy(f2), and contains K. Thus u is
also greater than one in every compact K’ C U, and it follows that

cap,(y (U, Q) < 0y (Vu).
This implies that
Capp(A)(Ka Q) < Capp(-)(U7 Q) < Cap;(-)(Kv Q) +e,

from which the conclusion follows as € — 0. O

We want to show that the variational capacity has the same basic proper-
ties as the Sobolev capacity even without the assumption 1 < p~ < p* < 0.
Let us record the following immediate consequences of the definition:
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(C1) cap,,(0,9) = 0;
(C2) If By C By C Q C Oy, then cap,)(E1, Q1) < capy(.(F2, 22); and
(C3) For an arbitrary set E C Q

cap,() (£, Q) = Ecirl}fCQ cap,.(U, Q).

U open

Thus the relative p(-)-capacity is an outer capacity.
The proofs of the following properties (C4) and (C5) are the same as the
proofs of the properties (C4) and (C5) in Theorem 10.1.2.

Theorem 10.2.4. Suppose that p € P(Q). The set function E +— cap,.
(E,Q) has the following properties:

(C4) If K1 and Ko are compact subsets of Q, then

capp(,)(Kl UK>, Q)+ capp(,)(Kl NK Q) < capp(_)(Kl, Q)
+ cap,,(.) (K2, ).

(C5) If K1 D K2 D -+ are compact subsets of §2, then

Jim capy, () (K5, @) = capy, < fLs Q)

i=1

To prove the next property, we need the following lemma, which is based
on iterated use of (C4).

Lemma 10.2.5. Suppose that p € P(Q2) and E1,...,E, C Q. Then

k k
capy.y ( U E;, Q) — capy(.) ( U A;, Q)
i=1

=1

<Y (Cappc)(Ei’ Q) — cap,( (4i, Q))

i=1

whenever A; CE;,i=1,2,...,k, and capp(,)(Uf:1 E;, Q) < 0.

Proof. Assume first that each E; and each A; is compact. Note that if K’ € K
and F' are compact subsets of €, then it follows by properties (C2) and (C4)

that ,
capy,(.y (K U F, Q) + cap,,y (K, Q)

< capy() (K U (K U F),Q) + cap,, (K N (K'UF),Q)
< cap, (K, Q) + cap,,(K' U F, Q)
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or, equivalently,
Capp( )(K U F Q) — Capp( )(K U F Q) capp( )(K Q) capp(‘)(K/, Q)

By choosing E1 = K and A; = K’ = F we obtain the claim for k = 1. We
prove the claim for £ > 2 by induction. Using the previous inequality we
obtain

k-1

k k
“APp() ( U Ei, Q> — Capy( ( U Ay, Q)
=1 i=1
U Ai) U EkQ)

k—1
= cap,,) << U El> U Ek,Q> — cap,(, <(
i=1 i=1

k—1
+ cap,(. (Ek U U AZ-,Q) — capy(.) (Ak U U AZ-,Q>

=1 =1
k—1

k—1
= capy() ( U E) ~ CaPy() ( U Ai’Q)
i=1

i=1
+ cappy (Ek, Q) — cap,() (Ar, Q).

By the induction assumption we obtain

k
capy,(.y ( U E;, Q) — capy(, ( U A;, Q)

i=1
k—1

<D (Cappm(En ) — capy,(. (4, Q))

i=1
+ capp( ) (B, ) — cap,(.) (Ak, Q)

Z (capp() (E;, Q) — capp(.)(Ai,Q))

Thus the assertion of the lemma is proved if all E; and A; are compact sets.
Assume now that each E; and each A; is open. Let ¢ > 0. We choose
compact sets F; C A; such that
capy(.) (Fi, Q) = capy(4i, Q) —¢

and a compact set K C |J, E; such that F; C K for every i = 1,...,k and

cap,,. )(K ) > capy(. < U E;, Q) —c.
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We define

K;:={x € KNE,:dist(z,0F;) > §}
where § := min { dist(K, R"\U2, E;), dist (Fy, 0A;), . .., dist(Fy, 0A;) }. Now
we have F; C K; and K = Ule K. Using the previous case we get

k
capy(.) < U E;, Q> — capy(.) ( U A;, Q)
< capy(,) <UK“Q) capy,.) (UFZ,Q>+€

k

< Z (capp(.)(Ki, Q) — cap,,((F3, Q)) t+e
i=1
k

< Z (Capp(,)(Ei, Q) — cap,.y (4, Q)) +(k+1)e.

i=1

Letting ¢ — 0 we obtain the claim for open sets F; and A;.

Assume now that F; and A; are arbitrary sets. Let € > 0. We choose open
sets U; such that E; C U; and cap,.)(Ui, Q) < cap,.y(E;, Q) + € for every
i =1,...k. Then we choose open sets V such that A; C V; C U; and

k
capy,(.y < U VZ,Q) < capy(, (U Ai,Q> +e
i=1
Now it follows by the previous case that
k
capy,.) ( U E;, Q) capy,.) ( U A;, Q)
i=1
k k
< capy() ( Ju, Q) — capy() ( U )

i=1
k

< Z (Capp(-)(Ui7Q) cap,(.) (Vi )
i=1
k
< Z <capp(_)(Ei,Q) cap,(.)(4i, ) ) (k+1)e
i=1

Letting ¢ — 0 we obtain the claim for arbitrary sets F; and A;. This completes
the proof. a



10.2  Relative Capacity 327

Theorem 10.2.6. Let p € P(Q). The set function E +— cap,,(E,$) has
the following properties:

(C6) If Ey C Eo C --- are subsets of 0, then

lim cap,,.)(Es, ) = cap,(. ( U E;, Q>

1—00

(C7) For E; C Q, i € N, we have
cap,(.) ( U E;, Q) < anpp(_)(Ei, Q).
i=1 i=1
Proof. Denote E :=|J;2, E;. Note first that (C2) implies

lim cap,,.)(£;, Q) < cap,) (£, Q).

1—00

To prove the opposite inequality we may assume that lim cap,.)(E;, ) < oo.
1— 00

Consequently, it follows by (C2) that cap,,.,(£;, ) < oo for each i. Fix e > 0
and choose open sets U; such that F; C U; C 2 and

cap,(.) (Ui, Q) < cap,y(Ei, Q) +e27 ¢

Using Lemma 10.2.5 we derive from this

k
capy,.) (UU,,Q) — capy(. <UE1,Q> < Zs2‘i <e.
i=1

If K c UjZ, U; is compact, then K C Ulf:i U; for some k, and we have

cap,(.) (K, Q) < cap,, (U U'“Q) < capp.) (U El,Q> +e

i=1 i=1
= capp(,)(Ek, Q) + € é kli)nolo Capp(.)(Ek, Q) + &,

where we used that Ule E; = E). Since Ulo; U; is open, we obtain that

cap,,(.)(E, Q) < cap,(, <U U“Q> = SUp capy. ) (K, Q)

i=1
< klinolo Ca‘pp(A)(Elm Q) +e,

where the supremum is taken over all compact sets K C |J;-, U;. So (C6) is
proved.



328 10 Capacities

The proof of property (C7) is exactly the same as the proof of prop-
erty (C7) in Theorem 10.1.3. O

In analogy with Corollaries 10.1.6 and 10.1.7 we have

Corollary 10.2.7. If p € P(Q)), then the relative p(-)-capacity is an outer
measure and a Choquet capacity. In particular, all Borel sets E C € are
capacitable, this is,

K, Q)= E. Q)= inf U, Q).
sup. capy() (K, $2) = cap,() (B, Q) = | mf cap,(U,Q)
K compact U open

In contrast to the Sobolev capacity, where 1 < p~ < p™ < oo was needed
for these properties, here we need only measurability of the exponent p.

As has been explained in Chap. 9, smooth functions are not always dense
in the variable exponent Sobolev space. However, when they are, we can use
the usual change of test-function set. The proof is the same as in the Sobolev
capacity case, Lemma 10.1.9, and hence omitted.

Proposition 10.2.8. Suppose that p € P(Q) is a bounded exponent and that
C>®(Q) NWLPO(Q) is dense in WHPC)(Q). If K C Q is compact, then

capp() (K, $) = ueRé’?(fK,Q)/ Vu@P d,
Q

where R§°(K,Q) :={ue C5(2) :u>1on K}.

Using a suitable test function, it is easy to obtain an upper estimate for
cap,)(B(z,r), B(z,2r)).

Lemma 10.2.9. Let p € P8(Q) be bounded. For every ball B(xz,2r) C Q
with r < 1 we have

capy() (B(z,r), B(z,2r)) < cr" P,

where ¢ depends on n and the log-Hdolder constant of p.
Proof. Let u be a function which equals 1 on B(z,r), 3 — 2|y — z|/r on

B(x,3r/2) \ B(x,r) and 0 otherwise. Since u is a suitable test function for

the capacity of the pair (B(z, ), B(x,2r)) (Proposition 10.2.2), we find that

cap,(y(B(x,r), B(z,2r)) < 8,y (Vu) < ¢ / ) dy

B(z,2r)

+ +
<ec / r PB(z,2r) dy = cr" PBz2r)

B(z,2r)

_ 7t
Since p is log-Holder continuous we obtain 7" P52 L ¢ P@), 0
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The following proposition gives a lower bound for cap,,(. (B(x,r), B(z, R)).
In particular we prove that

cap,, (B(x, ), B(x,2r)) > c(n,p) 1" (")

for p(z) < n. The result is from Alkhutov and Krasheninnikova [20, Proposi-
tion 5.2].

Proposition 10.2.10. Let p € Plog(B(x, R)) satisfy 1 < p~ < pT < oo.
Assume that B(x,r) C B(x, R). If p(z) # n, then

J— — ]_ 1—20(12) p(z)—n p(z)—n 1_p(1)
cap,()(B(z,r), B(z, R)) > ¢ %’ Beyn  pelon
If p(x) = n, then
n R\1-n
cap,()(B(z,r), B(z, R)) > clog (?) .

In both cases the constant depends only on the dimension n, p and R.

Proof. We assume without loss of generality that z = 0. We change to
spherical coordinates z = (9, w) with |w| = 1. Then we have

R
B (2)
Capp(')(B(Ovr)vB(07R)) 2 inf / /’g_z P gn—l dg dw

9B(0,1) T

where the infimum is taken over continuous Sobolev functions u with compact
support in B(0, R) being equal to one on B(0,7). We are therefore led to
minimize the integral

R
/ 1Y (0)[P@ 0" " do

among functions 1 € WP (r, R) with ¥(r) = 1 and ¢(R) = 0. It is clear
that we can assume ¢’ < 0 when looking for the minimizer. Let (¢;) be a
minimizing sequence. Then it is bounded in W1P()(r R). Since the variable
exponent Sobolev space is reflexive (Theorem 8.1.6), we find a subsequence,
denoted by (v;) again, converging weakly to 1» € WP()(r R) and by the
weak (sequential) lower semicontinuity of the modular (Theorem 3.2.9) we

have
R

R
/|¢/(9)|p(g)9n71d9gili}rgo/wg(gﬂp(g)gnfl do.

r
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By the Banach-Saks property, Corollary 8.1.7, we find a sequence (¥;) of
convex combinations of 1; converging to t in W?()(r, R), and hence 0 <
1 < 1 and

B R
/|1//(g)|p(g)gn_1 do = Z_lggo/|\p;(g)|p(@)gn—1 do.

Since each ¥; is a linear combination, we find fTR Ul(0)do > 1. This yields

er Y/'(0)do > 1 and thus ¢ is the minimizer. Using ¢" ! dp as a measure,
we obtain as in the proof of Lemma 13.1.3 that p(0)(¢)'(0))P(@~! is a con-
stant almost everywhere. Thus it follows that every radial minimizer has a
derivative of the form .
¢ \ -1
&0) = (=),

(o)

where the constant ¢ depends on the direction. Since 1 < p~ < pt < 0o and
er |¢]do = 1, we obtain

) 1
C 2 min {17 F } .
From now on we assume that this lower bound is used in the definition of &.

By the log-Holder continuity of p we obtain |€[P(¢«) > ¢[£[P(0). We therefore
conclude that

R
capy ) (B(0,1), B0, R)) > ¢ / / €(0)P© o do duw
9B(0,1) T

R
20/\5(9)\”(0)9"‘1619

Hoélder’s inequality gives

B n 1 R 1
»(0) 1-n p(0)’
1</|€|d9 < </|fp(0)9n_l dg) </QP<0)1 dg) .

T

Raising this to the power p(0) and rearranging gives

7 . 1-p(0) 8
(/@P“’“ d@) < /I&Ip(o)pnﬂd@-

r
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Thus we obtain

R

B 1-n 1—p(0)
capy()(B(0,7), B(0, R)) > ¢ </Q<> dg> .

T

By a simple computation we obtain

)—n
i 1-n ! 0) 1 ||R£<(‘))> O |, for p(0) #n,
/ 0701 dp = r(0
4 log (%), for p(0) =
Combining these estimates yields the claim. ad

10.3 The Relationship Between the Capacities

The following two theorems associate the Sobolev p(-)-capacity and relative
p(+)-capacity. Specifically, we give sufficient conditions on the exponent p that
sets of capacity zero coincide. This section is based on Harjulehto, Hasto and
Koskenoja [193].

Lemma 10.3.1. Assume that p € P(R™) is bounded. If Q is bounded and
K C Q is compact, then

Co (K) < cmax{capp(i)(K, Q)F,capp(,)(K,Q)},

where the constant ¢ depends on the dimension n and diam(€Q).

Proof. We may assume that cap,.,(K,) < oo. Let u € Ry)(K,) be a
function with o,.)(|Vu|) < co. Let us extend u by zero outside of ) and set
v := min{1l,u}. Slnce u is greater than one in an open set containing K we
obtain that v € Sp,.)(K) and thus

Cor(K) < [ 1o@)P®) + V(e da

< / (@)@ + [Vu(z)P® da
RTI,

Since 0 < v < 1, we have

J1@r® do< [ jp@)de < [ jutz))do.
Q Q Q
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Using the classical Poincaré inequality in L'(2) and the embedding LP() ()
— L'(Q) we obtain that

[lu|lr < ediam(Q)||Vul; < cdiam(Q)(l + |Q|) HVuHLp(.)(Q).

Since Lemma 3.2.5 implies

1
IVl s @y < masx { B, (Vu) 7, 3,0, (Va7 },

the result follows by taking a minimizing sequence. ad

Theorem 10.3.2. Assume that p € P(R") with 1 < p~ < p* < oo. If Q is
bounded and E C 2, then

Cp(y (E) < emax{cap,.(E, Q) ,cap,y (E, )},

where the constant ¢ depends on the dimension n and diam(€Q).

Proof. Let E C € be a set with cap,.,(£,(2) < oo. By the definition of
cap,(.y (£, §2) there exists open sets U; D E with cap, .y (Ui, ) — cap,)(E, Q)
as i — o0o. Let U := ;2 U;. Then U is a Borel set and hence by the Choquet
property (Corollary 10.1.7)

Co() (B) < Gy (U) = sup Cy (K)

where the supremum is taken over all compact sets K C U. Using Lemma
10.3.1 and the Choquet property (Corollary 10.2.7) we obtain

1
Cp(y(E) < cs;p max{cap,.,(K,Q)r", cap, (K, )}
< emax{cap, (U, Q)#,capp(,)(U, )}

Since cap,,.) (U, Q2) = cap,.y (£, ) the claim follows. ]

Remark 10.3.3. Assume that p € P(R") with 1 < p~ < p* < oo is such
that the Poincaré inequality holds, for examplep € Awith 1 < p~ < pt < 0.
We have, using the notation of Lemma 10.3.1,

”v”LP() ) X ”uHLP() o) < CHVUHLP(')(Q)-

Thus the proofs of Lemma 10.3.1 and Theorem 10.3.2, and Lemma 3.2.5 yield

+

¥

Cp(y(E) < cmax{capp(_)(E,Q) scapyy (B, Q)r™ },

p

where ¢ depends on n and the constant in the Poincaré inequality.
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To get the converse implication we need to assume that continuous
functions are dense in the variable exponent Sobolev space.

Proposition 10.3.4. Let p € P(R™) be a bounded exponent. Suppose that
WLPO(R™) N C(R™) is dense in WYPO(R™). If E C Q with Cyy(E) = 0,
then cap,,.y(E, Q) = 0.

Proof. Let K C € be compact with Cp,.)(K) = 0. By the density of con-
tinuous functions, it follows as in Lemma 10.1.9 that the set of admissible
functions in the definition of the Sobolev p(-)-capacity can be replaced by the
subset Sg(,)(K) := Sp()(K) N C(R™). Therefore we may choose a sequence
(u;) of functions belonging to Sg(_)(K) such that [uilly1.re)@ny — 0. Let
1 € C5°(N2) be a cut-off function that is one in K. It is easy to show that nu;
is in Ry (K, ), so we obtain cap,,.,(K, ) = 0.

Let £ C Q with Cp)(E) = 0. Since the Sobolev capacity is an outer
capacity, there exists a sequence of open sets U; D E with Cp)(U;) — 0 as
i — oo. Let U := ;2 U; N Q. Then U is a Borel set containing E which
satisfies Cp(.y(U) = 0. By the Choquet property (Corollary 10.2.7) we obtain

cap,, () (£, ) < capy (U, Q) = sup capy,( (K, Q)

where the supremum is taken over all compact sets K C U. By the first part
of the proof we obtain cap,.)(K,) = 0 and hence the claim follows. O

Theorem 10.3.5. Let p € P(R™) be a bounded exponent and suppose that
WLPO(R?) N C(R™) is dense in WP (R™). Let B be a ball. For E C B we
have

Capp(,)(E7 2B) <c¢ (1 4+ max { diam(B)_p;B,diam(B)_p;B }) Cp(,)(E),

where the constant ¢ depends only on p™.
Proof. Let K C B be compact. As in the previous proof we note that

Sg(,)(K ) can be used as admissible functions for the Sobolev capacity. Fix

u € SS(,)(K). Let n € C§°(2B) be a cut-off function that is one in K and

|Zn| < ¢ diam(B) L. Tt is easy to show that nu belongs to Rp(_)(K, 2B). We
obtain

/ IV (un)P® da
2B

</|77Vu|p(””) dm+/|uV77|p(z) dx
2B 2B

. .

< p(x)d C Pap C Pap / p(x)d .
/ [Vul™ do + max { (diam(B)> ’ (diam(B)) ful”*" dz
2B 2B

By taking a minimizing sequence we obtain the claim for compact sets.
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Let £ C B. Since the Sobolev capacity is an outer capacity, there exists
a sequence of open sets E' C U; C 2B with Cpy(U;) — Cp)(E) as i — oo.
Let U := (2, U;. Then U is a Borel set with Cp,.y(U) = Cp(.)(E). By the
Choquet property (Corollary 10.2.7) we obtain

cap,.) (&, 2B) < cap,y(U,2B) = sup cap,(.)(K,2B)

where the supremum is taken over all compact sets K C U. By the first part
of the proof and property (C2) of the Sobolev capacity we obtain

capp()(E 2B) < c sup Cp)(K) < cCpy(U) = cCpy(E),
KCU

where the constant ¢ is the one from the first part of the proof. O

10.4 Sobolev Capacity and Hausdorff Measure

In this section we study how the Sobolev p(-)-capacity relates to the Hausdorff
measure. We start with some trivial conclusions which do not really use the
variability of the exponent.

The following lemma follows easily from the definition of the capacity.

Lemma 10.4.1. Let p € P(R™). Every measurable set E C R™ satisfies
[El < Gy (E).

Proof. If u € Sp.)(E), then there is an open set U D E such that v > 1 in U
and hence

[El <UL S @y (w) < 01y ().

We obtain the claim by taking the infimum over all p(-)-admissible functions
for E. O

The s-dimensional Hausdorff measure of a set £ C R"™ is denoted by
H4(E), see [129, Sect. 2.1] or [288] or Definition 10.4.4 which is classic when
s is a constant function.

Proposition 10.4.2. Suppose that p € P(R™) is bounded, and let E C R™.
If Cpy(E) =0, then H*(E) =0 for all s >n —p~. If HrP' (E) < o0, then
Cp(y(E) = 0.

Proof. 1f Cy)(E) = 0 we obtain by Proposition 10.1.10 that C},-(E) = 0.
But we know from [129, Theorem 4, p. 156] that this implies the first claim.

It follows from [129, Theorem 3, p. 154] that Cp+(E) = 0. And thus the
second claim follows by Proposition 10.1.10. (]
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Corollary 10.4.3. Suppose that p € P(R™) satisfiesn < p~ < pT < oo, and
let E C R"™. Then Cpyy(E) =0 if and only if E = {).

Proof. Since H' is a counting measure [129, Theorem 2, p. 63], the implica-
tion ‘=" follows directly from Theorem 10.4.2. The implication in the other
direction is (C1). O

Next we define the variable dimension Hausdorff measure that has earlier
been used in Harjulehto, Hast6 and Latvala [199].

Definition 10.4.4. Let s: R™ — (0,n] be a continuous function. We define
the variable dimension Hausdorff measure by first letting

M (E) = inf { 3 diam(B;)*"): E C | JB;, diam(B;) < 5},

where z; is the center of the ball B;, and then taking the limit:

HO(B) := lim H:O(E).

Note that the limit exists since for ¢’ < ¢ we have Hj(‘)(E) < Hg/(‘)(E).
This construction is just a special case of a measure construction due to
Carathéodory, hence H*(") is a Borel regular outer measure [154, Sect. 2.10.1,
p. 169].

There is some degree of arbitrariness in choosing the value of s at the

center of the ball. We can similarly define lower and upper variable Hausdorff
measures by taking the limit 6 — 0 of

H(E) = inf { > diam(B;)"5:: E € | By, diam(B;) < 5}

and

H(E) = int { Y diam(B,)*> : E C | By, diam(B;) < 5}.
However, we have the following uniqueness result:

Proposition 10.4.5. If s: R™ — (0, n] is log-Hélder continuous, then

e H*O(EB) < H*O(B) <’V (B) < ea H°O(E)

for every E C R™. The constants c1 and co depend only on the log-Holder
constant of p.
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Proof. For any x € R" and r < 1/2 we have
- +
1 < diam(B(z, 7))’ B@n "*Ban L e

by the log-Hélder continuity condition, so the claim follows. a

The following lemma is a modification of [129, Chap.2.4.3, Theorem 2,
p. 77].
Lemma 10.4.6. Let p € P(R™) be bounded and s: R™ — (0,n] be continu-
ous. Then

He) ({x ER": liriljélprfs(x) / |fIPWdy = oo}) =0

B(z,r)

for every f € LPC)(R™).
Proof. Let A > 0 and
Ey = {a: e R™: limsupr @ / fP@dy > ’\}'

r—0

B(z,r)

Let > 0. For every z € E) there exists 7, < d such that

1fPWdy > Ars@),

B(z,rz)

By the basic covering theorem (Theorem 1.4.5) there exists a countable
subfamily of pair-wise disjoint balls B(x;,7,,) such that

Ex c | B(@i,5ra,).

i=1

Since F C E) for all A > 0, we obtain

Hy(E) <e Yl <o 30 a! / FPY) dy

B(m,rli)

<ext [1srdy
RTL

and by letting § — 0

H(E) gcxl/mfﬂ(y) dy.
Rn

This yields the claim, since A can be chosen arbitrary large. a
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Theorem 10.4.7. Let p € P8(R") be bounded and let s: R™ — (0,n] be
continuous and satisfy s > n — p. If Cpy(E) = 0, then H*(E) =

0
Proof. Let u; € WHPO(R™), i € N, be such that E C int{u; > 1} and
will1,pey < 277 We write u := ), u; and note that u € WhrO)(R™). For
every natural number k and x € E we find r such that u;(y) > 1 for every

i=1,...,k and almost every y € B(x,r). Thus we conclude
lim sup ][ udy = oo. (10.4.8)
r—0
B(z,r)

Suppose that x is such that

limsup r~ Ee) IVull o) (B 2,y = € < 00.

r—0

Next we choose R € (0,1) so small that

s()
HVUHLP() (B(z,r) < crrl=)

for every 0 < r < R. Denote B; := B(z,27'R). By the classical Poincaré
inequality and Holder’s inequality, we obtain

f i — (u g(i+Dn / hu — (),

Bita
< 270 19y dy < 27 11| Lo

B;

dy

|<u>Bi+1 -

(Bi)

Lemma 4.5.3 and the log-Hélder continuity yield ||1| . By S (2 “iR)Y @) o
Thus

Lo s 4 2 _p@its@)-n
<e2” (o +56) 2 g P

| <’LL> Bit1 — <U> B;

Hence, for k > j we have

k—1 —1
_sp@)ts(z)—n
|<U’>Bk - <U>Bj| < Z |<U>qu+1 - <c 22 e
=3

and thus ({u)p,) is a Cauchy sequence since s > n — p. We obtain

lim sup ][ udy < o0,

r—0

B(z,r)
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which yields by (10.4.8) that « ¢ E. Thus we conclude that
"o _s@)
B {o € R" s limsupr™ 55 |Vl oo e,y = 50}
For r < 1 we obtain by the log-Hoélder continuity of p that

@) e
@ [Vl o) (Bayry) < |rT 70O |V“|||Lp<-)(3(m,r))'

Since p is bounded the norm is finite if and only if the modular is and hence
we conclude

E C {x € R™ : limsup rs(@) / |Vu|p(y) dy = oo},
r—0

B(z,r)
and the claim follows by Lemma 10.4.6. a

Theorem 10.4.9. Let p € PP8(R™) with 1 < p~ < pt < 00. If E C R,
then
C.

p

()(B) < eHrextn=rO0} (),
Here the constant ¢ depends on n and p.

Proof. Fix 6 > 0. We cover the set E by balls (B(z;,r;))2,, where x; € E
and 7; < min{d, 1}, for every ¢ € N. Using the same test function as in the
proof of Lemma 10.2.9 we obtain

C

'o(-) (B(zi,71)) < crPi)

When p(z;) > n the previous estimate is bad and hence we derive a better
one. Using max{2 — |z — z;|,0} as a test function we obtain

Cpy (Blxs, 1)) < (27" + 1) B(0,2)]

for r; < 1. Thus the subadditivity of the capacity (C7) yields

Cpy(B) <D Cyy(Blai,m)) < ¢ Y min{r! 700 1},
=1

=1

The claim follows by letting § — 0. O



Chapter 11
Fine Properties of Sobolev Functions

In this chapter we study fine properties of Sobolev functions. By definition,
Sobolev functions are defined only up to Lebesgue measure zero and thus it
is not always clear how to use their point-wise properties. We pick a good
representative from every equivalence class of Sobolev functions and show
that this representative, called quasicontinuous, has many good properties.
Our main tools are the capacities studied in Chap. 10. Our results general-
ize classical ones to the variable exponent case. In Sect.11.1 we show that
each Sobolev function has a quasicontinuous representatives under natural
conditions on the exponent p and define a capacity based on quasicontinuous
functions. In Sect. 11.2 we study different definitions of Sobolev spaces with
zero boundary values. We continue by studying removable sets for Sobolev
spaces in terms of capacity in Sect.11.3. Then in Sect.11.4 we show that
quasievery point is a Lebesgue point of a Sobolev function when p is globally
log-Holder continuous. We end this chapter in Sect. 11.5 with an example
which shows that for more general exponents this is not the case.

11.1 Quasicontinuity

We show that each Sobolev function has a quasicontinuous representative
if p is log-Hélder continuous. Then we define the Sobolev capacity using
these representatives. Since we use the Sobolev capacity we have to assume
1 < p~ < p™ < oo. This section is based on [194,196,202] by Harjulehto,
Hésto, Koskenoja, Varonen and Martio.

Definition 11.1.1. A claim is said to hold p(:)-quasieverywhere if it holds
everywhere except in a set of Sobolev p(-)-capacity zero. A function u : Q@ — R
is said to be p(-)-quasicontinuous if for every e > 0 there exists an open set
U with Cpy(U) < € such that u restricted to 2\ U is continuous.

Let u and v be quasicontinuous. It is clear that u+wv, au (@ € R), min{u, v}
and max{u, v} are quasicontinuous.

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 339
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-11,
(© Springer-Verlag Berlin Heidelberg 2011
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The following lemma and theorem give sufficient conditions for the exis-
tence of a p(-)-quasicontinuous representative.

Lemma 11.1.2. Let p € P(R") satisfy 1 < p~ < p+ < oo. For each Cauchy
sequence with respect to the WHPC)(R™)-norm of functions from C(R™) N
WLPC)(R™) there is a subsequence which converges pointwise p(-)-quasievery-
where in R™. Moreover, the convergence is uniform outside a set of arbitrary
small Sobolev p(-)-capacity.

Proof. Let (u;) be a Cauchy sequence in C(R™) N W1P()(R"). We assume
without loss of generality, by considering a subsequence if necessary, that
lug — witill1,py) <47% @ € N. We denote

Uy i={z € R" : |ui(x) — uip1(x)] > 27},
for i € N and

i=j

Using Proposition 8.1.9 it is easy to show that v := 2¢|u;—u; 1| € WP (R?)
and by assumption we have [v]l,.) < 27% Since g,y (u) < [lully) if
][y < 1, it follows that

Co(y(Ui) 10y (v) < 21t — iy [|1py <277

The subadditivity of the Sobolev p(-)-capacity (Theorem 10.1.3 (C7)) implies
that

Cpy (V3) <Y Cpy(Un) < Y277 <217,
i=J i=J

Hence we obtain

Vj) < lim Gy (V) = 0.

Jj—00

Cp(')(

—

Il
—

J

Since (u;) converges pointwise in R” \ﬂ;‘;l Vj, we have proved the first claim
of the lemma. Moreover, we have

k—1

k—1
() — (@) < 3 u(a) — u (@) < 327 < 21!
1=l

i=l

for every x € R™ \ V; and every k > [ > j. Therefore the convergence is
uniform in R”\ Vj. a
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Theorem 11.1.3. Let p € P(R") with 1 < p~ < pt < oo be such that
C(R™) N WLPO(R™) is dense in WEPC)(R™). Then for each u € WHP() (R™)
there exists a p(-)-quasicontinuous function v € WYPC)(R™) such that u = v
almost everywhere in R™.

Proof. Let u € WHPO(R™). Tt follows from the density condition that there
exist functions u; € C(R™)NW1PO)(R™) such that u; — w in WHPO(R™). By
Lemma 11.1.2 there exists a subsequence that converges uniformly outside a
set of arbitrarily small capacity. But uniform convergence implies continuity
of the limit function and so we get a function continuous restricted outside a
set of arbitrarily small capacity, as was to be shown. a

We recall the following lemma. For the proof of (a) we refer to [233]; (b)
follows directly from (a) by using it for the function max{u — v, 0}.

Lemma 11.1.4. Let p € P(R") with 1 < p~ < pT < 00, and let u and v be
p(+)-quasicontinuous functions in R™. Suppose that U C R™ is open.

(a) If u=v almost everywhere in U, then u = v p(-)-quasieverywhere in U.
(b) If u < v almost everywhere in U, then u < v p(-)-quasieverywhere in U.

Corollary 11.1.5. Let p € P'°8(Q) with 1 < p~ < pT < oo. Then for every
u € WHPO)(Q) there exists a p(-)-quasicontinuous function v € WHP)(Q)
such that uw = v almost everywhere in Q.

Proof. Let z € Q and let (¢;) be a sequence of C5°(£2) functions that equal
one in ; := {z € Q : dist(z,0Q) > 1} N B(z,i). Then uy; belongs to
WHPO(R™) and wih; = u in Q;.

By Theorem 11.1.3 there exist quasicontinuous functions v; € WP (R™)
such that v; equals to u; almost everywhere in R™. Let j > i. Since v; and
v; coincide almost everywhere in €;, they coincide p(-)-quasieverywhere in
Q; by Lemma 11.1.4 (a). Let £ > 0 and V; C R™ be such that v; restricted to
R™\ V; is continuous, v; coincides with v; 1 in ;1\ V; and Cp(y(V3) < 27,
Set 4(x) = v;(xz), where i € N is the smallest number with = € B(z,4) and
dist(z, 002) > % Then @ equals to v almost everywhere in ), o restricted to
Q\ |U; Vi is continuous and

Cr) (UV) <GV <. 0

We next consider a Sobolev p(-)-capacity in terms of p(-)-quasicontinuous
functions.

Definition 11.1.6. For p € P(R"), 1 < p~ < pt < o0, and E C R™ we
denote

Cpy(E) ==  inf /\u|p(w) + |VulP®) dz
u€Sp() (B
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where

§p(_)(E) = {u e WHPO(R™) : u is p(-)-quasicontinuous,
u > 1 p(-)-quasieverywhere in E,andu > 0}.

We use the convention that ép(‘)(E) = oo if §p(.)(E) =0.

Note that we can always calculate the infimum over quasicontinuous func-
tions that are one quasieverywhere in FE: this is not restrictive, since if u
is quasicontinuous and greater than or equal to one in F, then min{u, 1} is
quasicontinuous and equal to one quasieverywhere in FE.

Lemma 11.1.7. Let p € P(R") with 1 < p~ < p* < oo, and let E be a

subset of R™. Suppose that u € §p(.)(E). Then for every ¢ € (0,1) there
exists a function v € Sy (E) such that 0y ) (u—v) <.

Proof. Let § :==¢/(2F" (1 + 01,p()(1))), and let U C R™ be an open set such
that u restricted to R™ \ U is continuous and C,.)(U) < d. Moreover, let
w € Sp(y(U) be such that 9 .y (w) < 6§, and write v := (1 + §)u +w. It is
easy to show that v € W'P()(R™). The set

G:={xeR"\U:(1+u(z) >1}UuU

is open and contains E. Since v > 1 on G, we get v € Sp,.)(£). Moreover we
obtain

01 p(y(u—v) = / lw(x) + 6 u(@)|P® + |V(w(z) + 6 u(z))[P® dx
Rn

+ T
< 2P (Ql,p(-)(w) + 6" Ql,p(-)(u))
<2 (0407, (w) <e.

O

Next we show that if continuous functions are dense in the Sobolev space,
then we can calculate the Sobolev capacity by using the quasicontinuous
representatives.

Theorem 11.1.8. Let p € P(R") satisfy 1 <p~ < pt < oo and E C R™.

(a) We have Cpy(E) < é’p(.)(E).
(b) If CR™)NWEPO(R™) is dense in WHPO(R™), then Cp(y (E) = Cy(y (B).
Proof. The first claim follows by Lemma 11.1.7.

For the proof of the reverse inequality, assume that continuous functions
are dense in W'P()(R"). Let E C R". Take u € S,(.\(E) and let U D E
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be an open set such that v > 1 on U. By Theorem 11.1.3, there exists a
p(+)-quasicontinuous function @ in R™ such that u = @ almost everywhere in
R™ and thus @ > 1 almost everywhere in U. Lemma 11.1.4 (b) yields @ > 1
p(+)-quasieverywhere in U. Hence @ > 1 p(-)-quasieverywhere in F and thus

@ € Sp(y(E). This yields Cp)(E) < Cp(y(E), and combining this with the
first claim gives Cp)(E) = ép(‘)(E). O

Next we show that every quasicontinuous Sobolev function satisfies a weak
type capacity inequality.

Corollary 11.1.9. Let p € P(R") satisfy 1 < p~ < pT < oo. If
u € WHPO(R™) s a p(-)-quasicontinuous function and X > 0, then

Coy({ € R™ : Ju(@)| > A}) <81y (%)

Proof. Since |u| is quasicontinuous and |u|/A is greater than one in the set
{z € R™ : Ju(x)| > A}, we obtain the claim by Theorem 11.1.8 (a). O

Also the relative capacity can be calculated over quasicontinuous functions.

Theorem 11.1.10. Let p € P(R™) with 1 < p~ < pt < oo be such that
C°(Q) is dense in WP (Q) and let K C Q be compact. Then

cap,(.y (K, Q) = inf/|Vu|p(r) dx,
Q

where the infimum is taken over all p(-)-quasicontinuous functions u that
belong to Wl’p(‘)(Q), have compact support in ), and are greater than or
equal to one p(-)-quasieverywhere in K.

Proof. By definition, Propositions 10.2.2 and 10.2.3

inf/ |Vu|P®) da < cap, (. (K, ).
Q

For the opposite inequality, let u € W) (Q) be a quasicontinuous function
that has compact support in © and that is greater than or equal to one p(-)-
quasieverywhere in K. Let u restricted to Q \ U be continuous and let w be
a test function for U. Let n € C§°(Q2) be a cut of function that is one in the
support of u. Let ¢ > 0. We can easily calculate that if Cp,)(U) < & then
01.,p(-) (M) < ce, where the constant c is independent of U. As in the proof
of Lemma 11.1.7 we obtain that (14 ¢&)u+ wn is greater than or equal to one
in an open set containing K. Then using the density of smooth functions and
the method presented in the proof of Lemma 10.1.9 we obtain a sequence
of C§°(2) functions that are greater than or equal to one in an open set
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containing K and converging to (1 + €)u + wn. The claim follows since (1 +
€)u + wn converges to u as € — 0. O
For the future use we present a sharpening of Lemma 11.1.2.

Lemma 11.1.11. Let p € P(R"™) satisfy 1 < p~ < p™ < oo. Suppose that
(u;) is a Cauchy sequence of p(-)-quasicontinuous functions in W1PC)(R™).
Then there is a subsequence of (u;) which converges pointwise p(-)-quasi-
everywhere to a p(-)-quasicontinuous u € WP (R™).

Proof. There is a subsequence of (u;), denoted again by (u;), such that

o N

ZQW ||ul — ui+1||1,p(.) < 1.

i=1
For i € Ndenote E; := {z € R" : |u;(x) —u;y1(x)| > 27} and F} := Uiz, Ei.
Clearly 2% |u;—u;11| € §p(.)(Ei) and hence using Theorem 11.1.8 (a) we obtain

Cp(y(Ei) < /(2i\uz‘ — w1 )P + |V (2 u; — wi )P da
RTL

—
<2 0y oy (Ui — uigr).

Using the subadditivity of the Sobolev p(-)-capacity (Theorem 10.1.3 (CT))
and the unit ball property Lemma 3.2.4 (a) we obtain

o0 oo ; b
CurF3) < 3 Cur (B < 3527 By ey - )
=i i=i

= +
g 22”) ||’U,7 — Ui—&-l”l,p(‘)-
i=j

Since (p; Fi, C Fj for each j, the monotonicity of the Sobolev p(-)-capacity
(Theorem 10.1.2 (C2)) yields

Cor ( () Fie) < lim Gy (Fy) =0,
k=1

Moreover, (u;) converges pointwise in R™ \ ﬂ;il F;, and so the conver-
gence p(-)-quasieverywhere in R” follows. Let u be this pointwise limit. Since
W1P()(Q) is a Banach space (Theorem 8.1.6), we obtain u € WP (Q).

To prove the p(-)-quasicontinuity of u, let ¢ > 0. By the first part of this
proof, there is a set F; C R"™ such that Cp\(F;) < 5 and that u; — u
pointwise in R™ \ Fj. Since every w; is p(-)-quasicontinuous in R", we may
choose open sets G; C R", i € N, such that Cp(Gi) < 55 and uilgm\q,
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are continuous. Setting G := Ul G; we have

(@) =Gy (U @) < 5,
=1
and .

Cp(,)(Fj UG) < Cp(,)(Fj) + Op(.)(G) < 5

+ €

— =¢.
2
Moreover,

k—1

k—1
(@) — uk(@)] < Y Juile) = win (2) < Y270 <2
i=l

=l

for every x € R™\ (F; UG) and every k > [ > i. Therefore the convergence is
uniform in R \ (F; U G), and it follows that u|gn\(r,ue) is continuous. This
completes the proof. a

We close this section by studying the continuity of Sobolev functions on
curves. A function u: Q — R is absolutely continuous on lines, denoted by
u € ACL(R2), if u is absolutely continuous on almost every line segment in
parallel to the coordinate axes. By almost every line segment we mean that
intersection of lines, that contains a line segment where u is not absolutely
continuous, and (n — 1)-dimensional hyperplane has zero Hausdorff (n — 1)-
measure for every direction. Note that an AC'L function has classical partial
derivatives almost everywhere.

An ACL function is said to belong to ACLP()(Q) if u, |Vu| € LPO)(Q).
Since W20 (Q) — W.21(Q), we obtain the following theorem by [129,

loc

Chap. 4.9] or [399, Theorem 2.1.4].

Theorem 11.1.12. Let p € P(Q). If u € ACLP)(Q), then it has classical
partial derivatives almost everywhere and these coincide with the weak partial
derivatives as distributions so that uw € WHPO(Q). If u € WHPO(Q), then

there exists v € ACLPC)(Q) such that u = v almost everywhere. In short,
ACLPO(Q) = WO (Q).

The above theorem can be generalized to the case of curves. As in the
constant exponent case, it is possible to show that every Sobolev function is
absolute continuous on almost all rectifiable curves, see Harjulehto, Hésto,
and Martio [202] for details.

11.2 Sobolev Spaces with Zero Boundary Values

In this section we study different definitions of variable exponent Sobolev
space with zero boundary values in an open subset of R™. This section is
based on Harjulehto [186].
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Recall that W(f P0) () is the closure of compactly supported Sobolev func-

tions in the space W#*?()(Q). In Theorem 8.1.13 it is proved that Wéc’p(')(Q)
is a Banach space.

The following definition for another Sobolev space with zero boundary
values uses C§°-functions.

Definition 11.2.1. Let p € P(Q) and k € N. The space Héc’p(')(Q) is defined
as the closure of C§°(Q) in W*r()(Q).

Clearly Hg’p(')(Q) C Wok’p(') (Q). The following theorem presents the basic
properties of H(]f’p(')(ﬂ).

Theorem 11.2.2. Let p € P(Q). Then Hg’p(')(Q) is a Banach space. If p

is bounded, then Hg’p(')(Q) is separable and if 1 < p~ < pT < oo, then it is
reflexive and uniformly convez.

Proof. Since H(]f’p(') (Q) is a closed subspace of W#*?()(Q), separability, reflex-
ivity and uniform convexity follow from Proposition 1.4.4 and Theorem 8.1.6.
O

The following proposition shows that Definition 11.2.1 is natural if smooth
functions are dense in the Sobolev space.

Proposition 11.2.3. Let p € P(Q) be bounded such that C>(Q)NW*r)(Q)
is dense in WEP()(Q). Then Hg’p(')(ﬂ) = Wéﬁ’p(')(Q).

Proof. We prove only the case k = 1, the proof for the general case is
similar. Clearly H&’p(')(Q) C Wol’p(')(Q). To show the other inclusion, fix
u € WHP()(Q) with a compact support in Q. Let ¢ € C§° () be such that
0 < v < 1andy =1 in spt(u). By assumption there exists a sequence
(u;) € C=(Q) N WHP()(Q) converging to u in WHP()(Q). We show that
Yu; — u in WHPO(Q). First we estimate

llu — ;|

1) S 1w —willpey + s — Puillype)-

The first term on the right-hand side converges to zero as i tends to infinity.
The function in the second term is zero in spt(u). We obtain

i = duillwree @) = llui = Yuillwree @spuy) < @) uillwrro @spe(u))

= c(¥)||ui — ullwr.ro (@\spt(u))»

and thus the second term also converges to zero as i tends to infinity.

Since each u € VVO1 P (‘)(Q) can be approximated by compactly supported
Sobolev functions, we find a sequence in C§°(§2) converging to u. Thus we

obtain Wy (Q) c Hy"Y (). O
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We obtain the following corollary by Proposition 11.2.3 and Theorem 9.1.8.

Corollary 11.2.4. If p € P°8(Q) is bounded, then
Hy?(Q) = w5 ().

Note that max{1 — |z|,0} is in Wy *°(B(0,1)) but it can not be approx-
imated by C'-functions and it does not belong to Hy">(B(0,1)). Thus the
restriction p™ < oo in the previous corollary is natural. In Sect. 11.5 we give
an uniformly continuous exponent p for the spaces Hé P (')(Q) and WO1 P (')(Q)
differ.

In Lemma 8.1.14 we showed that each u € Wéc’p(')(Q) has a zero extension
to R™ \ Q. Next we generalize this result for k = 1.

Corollary 11.2.5. Let p € P(Q) with 1 < p~ < pT < oo be such that
C=(Q) N WEPO(Q) is dense in WHP)(Q). Then for each u € Wol’p(')(ﬂ)
there exists a p(-)-quasicontinuous i € WHPC)(R™) that equals u almost
everywhere in Q0 and zero p(-)-quasieverywhere in R™ \ ).

Proof. Let u € Wol’p(')(ﬂ). Then by Proposition 11.2.3 we find a sequence
(v;) from Cg°(Q) converging to u in WHP()(Q). Clearly (v;) is a Cauchy
sequence in W1P()(R™). By Lemma 11.1.2, (v;) has a subsequence that con-
verges pointwise quasieverywhere and uniformly outside a set of arbitrary
small capacity. Thus the limit function @ is quasicontinuous and zero quasi-
everywhere in R™ \ Q. O

Theorem 11.2.6. Let p € P(R") satisfy 1 < p~ < pt < oo. If the func-
tion u € WHPC)(R™) is p(-)-quasicontinuous and zero p(-)-quasieverywhere in

R™\ Q, then u € Wol’p(‘)(Q).

Proof. We show that u can be approximated by Sobolev functions with com-
pact support in Q. If we can construct such a sequence for max{u, 0}, then we
can do it for min{u, 0}, as well. Combining these results proves the assertion
for u = max{w, 0}+min{u, 0}. We therefore assume that u is non-negative. By
Corollary 9.1.4 we may assume that u is bounded and has compact support
in R™.

Let 6 > 0 and let U be an open set such that u restricted to R™ \ U
is continuous and Cp\(U) < 4. Let E := {z € R"\ Q : u(z) # 0}. By
the assumption we have Cp)(E) = 0. Let ws € Sy)(U U E) be such that
0 <ws <1and Elﬁp(_)(wg) < 6. Then ws = 1 in an open set V' containing
UUE. For 0 < & < 1 define u.(x) := max{u(z) — &,0}. Since the function
u is zero at © € 90\ V and wu restricted to R™ \ V is continuous, we find
ry > 0 so that u. vanishes in B(x,r;) \ V. Thus the function (1 — ws)ue
vanishes in B(z,r,) UV for each x € 90\ V, which yields that it vanishes in
a neighborhood of R™ \ Q2. We have



348 11  Fine Properties of Sobolev Functions
llu = (1= ws)uell1p) < llu—uellipe) + llwsuell1pe)-

Since

[l = tell1,p) < Ellxsptullpe) + [IX0<u(@)<er Vullpc),

we see that this term goes to zero with . Since v is bounded we find that

By ws0) < [ los(e)u@P do+27 [ ws( ) [Tua) P do
R‘VL Rn

o / Vws () [P [u(z)[P@ da
R’n

< (21’+ +1)0 sup {|u(w)|p("’”)} o0 /wg(x)p($)|Vu(x)|p(g”) dx.
rER™

R™

Since ws — 01in LPO)(R™), as § — 0, we can choose a sequence w; which tends
to 0 pointwise almost everywhere. Then [, ws (z)P@)|Vu(2)|P®) dz — 0 by
the dominated convergence theorem with |Vu|P(*) as a dominant. Therefore
01,p()(wsru) — 0 and so also |lwsully p) — 0 as &' — 0. Thus we see that
1—ws)ue —uase d — 0.
We have shown that uw can be can be approximated by functions in
Whr()(Q) with compact support in  and thus the claim follows. O

Assume that p € P(R") satisfies 1 < p~ < pT < oo. A function u belongs
to Qé’p(')(Q) if there exists a p(-)-quasicontinuous function @ € W12()(R")
such that u = @ almost everywhere in Q and @ = 0 p(-)-quasieverywhere in

R™\ Q. The set Qé’p(')(ﬂ) is endowed with the norm
[ullgrrer gy = Nlllwrre @ny-
Qo ()

This definition of a Sobolev spaces with zero boundary values, which is com-
mon in the theory of metric measure spaces is due to Kilpeldinen, Kinnunen
and Martio [234].

It easy to show that Qé’p(')(Q) is a closed subspace of WP()(R"), and
hence it is a separable, reflexive and uniformly convex Banach space. It follows
from the definitions that Hé’p(')(ﬂ) C Qé’p(‘)(Q). Using also Theorem 11.2.6

we obtain L) » L)
Hy" () € Q" () c Wy PP (9).

Under the assumptions of Corollary 11.2.5 (in particular if p € P'°8(Q) with
1 <p” <pT <o) we have

Hy?O(6) = Q47 (9) = Wy 7V ()

by Proposition 11.2.3, Corollary 11.2.5 and Theorem 11.2.6.
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The last theorem of this section shows that if the complement is fat, then
for a function from WP() it is enough to have zero boundary values in the
W, '-sense to belong to Wol’p(‘).

Theorem 11.2.7. Let Q) be a bounded domain with a fat complement in the
sense that there exists a constant ¢ such that

|B(z,r) \ Q| = ¢|B(z,7)]

for every x € 02 and v > 0. Let p € P°8(Q) satisfy 1 < p~ < pT < oo. If
we WHHQ) NnWLPO(Q), then u € WP (Q).

Proof. We first extend p outside 2 so that the assumptions of the theo-
rem hold in R™ (Proposition 4.1.7). We denote the extension still by p.
Since u € W, (Q) we get that the extension by zero belongs to W1 (R™)
(Lemma 8.1.14). Thus w has distributional derivatives in R™ and therefore
u € WHPO(R™). Let @ be the quasicontinuous representative of u (Theo-
rem 11.1.3). By Theorem 11.4.4 the quasicontinuous representative is given by

Since wu is zero almost everywhere in R™ lﬁ we find by Lemma 11.1.4 that
@ is zero p(-)-quasieverywhere in R™ \ Q. By Theorem 11.2.6 we obtain

u € Wol’p(')(Q) once we have shown that

lim udy =10

r—0

B(z,r)

for quasievery z € 9. Clearly it is enough to verify the last statement for |u|.
Let © € 99Q. Using the fatness of the complement we obtain by [261,
Lemma 3.4] or by [178, Lemma 3.8] that

/|u|dy<cr / |Vu| dy

B(z,r) B(z,r)

and furthermore by Holder’s inequality and log-Hélder continuity

uldy < e[ s (B VUl Lo (B (o))
B(z,r)
Ler' TV IVull o) (B2,
p(z)—n

7 p@) |Vu|‘

=cC

LrC) (B(z,r))
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Since p is bounded, it is enough to show that

/ rp?()zjn'P(y)‘Vu‘p(y) dy < crP® ][ IVulP@) dy

B(z,r) B(z,r)

converges to zero as r — 0 for quasievery z € 992 (in the inequality we used
log-Hoélder continuity of p) but this follows from Lemma 11.4.6. O

11.3 Exceptional Sets in Variable Exponent
Sobolev Spaces

Let E C Q be a relatively closed set of measure zero. By W) (Q\ E) =
W1PL)(Q) we mean that the zero extension of every u € WHP()(Q\ E)
belongs to WP()(Q). In fact, since |E| = 0, we could extend u from Q\ F
to € in an arbitrary way. The essential question for the validity of the above
identity is whether a function from W'P()(Q\ E) has a gradient in the larger
set Q. For u € W20 (Q\ E), extended by zero to §, we know that

ou B o
/waajidxff/uaxid:ﬂ
Q Q

for every i = 1,...,n and for every ¢ € C§°(2\ E). In order for u to have
a gradient also in 2 we need this equation to hold also for ¢ € C§°(Q). If
WhrO)(Q\ E) = WP (Q), then E is called a removable set for W1r0)(Q).
This section is based on Harjulehto, Hasto, and Koskenoja [193]. We start
with some results for zero boundary values Sobolev spaces.

Theorem 11.3.1. Let p € P(R™) be such that 1 < p~ < pt < oo. Suppose

that E C § is a relative closed subset. Then Wol’p(‘)(Q) = Wol’p(')(Q \ E) if
and only if Cpy(E) = 0.

Proof. Suppose first that C,.y(E) = 0. It follows from Lemma 10.4.1 that
|E| = 0 so that the notation Wy?")(Q) = Wy*")(Q\ E) makes sense.
It is clear that Wol’p(')(Q \E) C Wol’p(')(ﬂ). Let u € Wol’p(')(Q) and let
u; € WHPO)(Q) be bounded functions with compact support in € such that
u; — u in WP (Q) (we may assume that u; are bounded by Lemma 9.1.1).
Let w; € S,()(E) be such that 0 < w; < 1 and w; — 0 in WHPO(R") and
also pointwise almost everywhere. We note that u;(1 — w;) has compact sup-
port in Q\ E and estimate ||u—ui(1—w;)||1,p) < [Ju—ull1,p0) + [[wiw; || 1,p0)-
The first term tends to zero by the choice of u;. For the second term we calcu-
late [Juiw;|l1p0) < lw;Vuillpey + [[willsol|will1,p()- Since |Vau;| € WPO(Q)
and w; — 0 a.e., dominated convergence implies that ||w;Vu;l[,.y — 0 as
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J — o0. Thus [Ju;w;||1 p.) — 0 as j — oo. Hence we have found approximations

of u with compact support, so u € Wol’p(')(Q \ E).
To prove the other implication, let zy € € and let ¢g € N be such that
dist(zo, R™\ ) > % For i > ip we define

1
Q; := B(xg,1) N {x € 0 dist(z,R™\ Q) > —_}
i
and u; : R™ — R by
ui(x) := dist(z, R™ \ Qg;).

Then u; € Wl’p(')(Q) is continuous and wu; > % in £ NQ;. By assumption,
u; € W0 Pl (Q\E) Fix i and let v; — u; be Sobolev functions with compact
support in © \ E. Since 3i(u; — vj) is greater than 1 in a neighborhood of
E N Q;, we obtain Cp()(E'NQ;) < 0p 5 (3i(u; —v5)) — 0 as j — oo. Thus

Cp(y(ENK;) = 0, and property (C7) of the Sobolev p(-)-capacity yield

Cp(-)(E):Cp(-)(U (ENQ,) ) Z EﬂQ O
i=1

Next we consider the problem of removability in the variable exponent
Sobolev space WP()(Q) without the zero boundary value assumption. The
proof given in terms of the Sobolev p(-)-capacity follows the proof in the
fixed-exponent case from [219, Chap. 2].

Theorem 11.3.2. Let p € P(R™) satisfy 1 < p~ < pT < oo. Suppose that
E C Q is a relatively closed set. If E is of Sobolev p(-)-capacity zero, then

whrO(Q) = whrO(Q\ B).

Proof. Let Cpy(E) = 0 and let u € WP (Q\ E). Assume first that u
is bounded. Choose a sequence (v;) of functions in S,.)(E), 0 < v; < 1,
such that v; = 1 in an open neighborhood U; of E, j € N, and v; — 0 in
WP()(R™) and also pointwise almost everywhere. Since u and 1 — v; are
bounded functions we find that u; := (1 — v;)u € WHPO)(Q\ E). Moreover
uj =0 in U; and thus u; € WP0)(Q). We easily calculate

QP()(Q)(W ] / IV ((v; — v;)u) "™ dx
Q\E
< / (|vj| + |v¢|)p(z)|Vu|p(ac) dx + / (IVv,| + |vvi|)p(m)‘u|p(w) de
O\E A

< [ Gl + ol 9P do 2 sup ) [ (o] + V0 da
O\E O\E



352 11  Fine Properties of Sobolev Functions

Clearly the second integral tends to zero as ¢, j — co. Since p is bounded and
0 < v; <1 for every i, we easily see that 2r" |Vu[P(®) is a majorant of the first
integrand which do not depend on ¢ and j. Since v;(z) — 0 for almost every
x € R", this implies, by the theorem of dominated convergence, that the
second integral tends to zero as 4, j — oo. Hence 0, q) (IV(ui —uj)|) =0
as i, j — oo. The same holds for 9,,(.y(q) (ui —u;), so (u;) is a Cauchy sequence.
Since WP()(Q) is a Banach space, we see that the limit u of (u;) belongs to
this space too.

The same Banach space argument also allows us to get the general case
from the case of bounded functions proven above, since bounded Sobolev
functions are dense in the Sobolev space (Lemma 9.1.1). O

Remark 11.3.3. The assumption Cp)(E) = 0 in Theorem 11.3.1 can be
replaced by capp(_)(E, Q) =0, see Theorem 10.3.2 and Proposition 10.3.4.

In Theorem 11.3.2 removability of a relatively closed set E C  with
measure zero can be characterized also in terms of relative p(-)-capacity. In
fact, with respect to the relative p(-)-capacity of E C €, the assumption
p~ > 1 is not needed to prove that WHP()(Q) = WP()(Q\ E). This can
be shown similarly to the proof of Theorem 11.3.2 if assumed that £ C  is
compact with cap,.)(E,2) = 0.

Corollary 11.3.4. Let p€ P(R"™) with 1 <p~ < pt < oco. Then WHPH)(Q) =
Wol’p(')(ﬂ) if and only if R™ \ Q has zero Sobolev p(-)-capacity.

Proof. Suppose first that Cp.y(R" \ ) =0. Note that WLPO(R?) = Wol’p(')
(R™) by Corollary 9.1.3. Theorems 11.3.2 and 11.3.1 now yield

WO(Q) = WHPOR™\ (R \ Q) = WO (R")
= Wy PO(R") = Wo PO R\ (R Q) = WP (@).

Suppose then that W1P()(Q) = Wol‘p(')(ﬂ). Let u = max{0, 2r — |z|} for
r > 0. Then ulg € WH*O(Q) = WIP(Q). Let u; — u in WH()(Q) have
compact supports in 2. Then v — u; is a test function for the capacity of
(R™\ Q) N B(0,r), hence Cpy((R™\ Q) N B(0,r)) = 0, and subadditivity
implies the claim. a

11.4 Lebesgue Points

In this section we consider Lebesgue points of functions in Sobolev spaces.
We proceed as follows: First we use a result that shows that the Hardy-
Littlewood maximal function of a Sobolev function is a Sobolev function.
This yields a capacity weak type estimate of the Hardy-Littlewood maximal
function. Using these results we prove that
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lim u(y) dy =: u™(x)

r—0

B(xz.r)

exists quasieverywhere for every u € W1»() (R™) and u* is the quasicontinu-
ous representative of u. Finally, we show that

lim, lu(y) — u*(z) P @ dy = 0 (11.4.1)
B(z,r)

quasieverywhere in {x € R™ : p(xz) < n}. Here p* is the pointwise Sobolev
conjugate exponent. A point satisfying (11.4.1) is said to be a Lebesgue point
for the Sobolev function u. This section is based on [189] by Harjulehto and
Hésto that generalizes the constant exponent proof of Kinnunen and Latvala
[237] to the variable exponent case.

In this section we use the centered Hardy—Littlewood maximal operator
that is calculated over balls. For every f € Li (R™) we denote

loc

M () = sup ][ F@)ldy.
r>OB($7r)

We need that M : LPO(R") — LPO(R") is bounded and hence we first
assume that p € A and later strengthen it to p € P'°8(R").

The following proposition is an adaptation to the variable exponent case
of results of Hajlasz and Onninen [183, Theorem 3], see also Kinnunen [236],
and Kinnunen and Lindqvist [238].

Proposition 11.4.2. Let p € A be such that 1 < p~ < pt < oo. If
u € WHPO(R™), then Mu € WHPO(R™) and [VMu| < M|Vu| almost
everywhere.

In the remaining part of this section we will adapt the proof of [237,
Theorem 4.5] by Kinnunen and Latvala to variable exponent spaces. For
simplicity of exposition, we split their result into two parts, Theorems 11.4.4
and 11.4.10. The proof of the former is nearly the same as in the constant
exponent case.

Proposition 11.4.3. Let p € A be such that 1 < p~ < p™ < co. Then for
every u € WHPO(R™) and every A > 0 we have

p+

1,17(-)}7

where the constant depends only on n, the A-constant of p, p~ and p*.

Cpy({z € R™ : Mu(z) > A}) < cmax{”%’

w5
INTOMIP
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Proof. Since Mwu is lower semicontinuous, the set {x € R™ : Mu(x) > A} is
open for every A > 0. By Proposition 11.4.2 we can use % = M5 as a test

function for the capacity. This yields

Cpy({z € R™ : Mu(x) > A}) <2y, (M;)
u

< maxc { a5

+

[1),11(')}.

Now the claim follows by Proposition 11.4.2 since M is bounded (Theo-
rem 5.7.2). O

A

e

-
1,p(-)

Theorem 11.4.4. Let p € A be such that 1 < p~ < pt < oo, and let
u € WHPC)(R™). Then there exists a set E C R™ of zero Sobolev p(-)-capacity
such that

u*(z) := lim u(y) dy

exists for every x € R™\ E. The function u* is the p(-)-quasicontinuous
representative of u.

Proof. Since smooth functions are dense in W'?()(R") (Theorem 9.1.6), we
can choose a sequence (u;) of continuous functions in WP()(R™) such that
|lu — will1,p() < 272 By considering a subsequence, if necessary, we may
assume that u; — u pointwise almost everywhere. For ¢ € N we denote

Ui::{xeR”:M(u—ui)(x)>2_i}, Vi::[jUj, and E::ﬁVj.

g=i i=1

Proposition 11.4.3 implies that Cp.)(U;) < c27%, the subadditivity of the
Sobolev capacity (Theorem 10.1.3 (C7)) implies that Cp()(V;) < ¢2'7% and
Theorem 10.1.2 (C2) implies that C,.)(E) = 0.

We next consider the relationship between u and u; outside these sets. We
have

1s(2) — upom| < f‘mmw—m@»@+ f fus(y) — u(y)| dy.
B(z,r) B(z,r)

Since u; is continuous, the first term on the right-hand side goes to zero for
r — 0, and so we get

i () = uj ()] < lim Sup [ui(2) = wpe. )| + lim sup [u; (@) = up(a.r)|

r—0

< M(u; —u)(@) + M(u; — u)(a).
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Thus we have |u;(z) — uj(z)| < 227% for 4,5 > k and * € R"\ Uy. It
follows that (u;) converges uniformly on R™ \ V; for every j > 0. Denote the
limit function, which restricted to R™ \ V; is continuous, by @. Since u; — u
pointwise almost everywhere, we obtain @ = u almost everywhere in R™ \ V.
If z € R™\ Vj}, then

|a(z) — liH(lJ UB(e,m| < |u(z) —ui(z)| + limsup |u;(z) — up(z,ml

r—0

< a(x) — wiz)| + 27

As i — oo the right-hand side of the previous inequality tends to zero. Since
the left-hand side does not depend on i, this means that it equals zero, so
that 4(x) = uw*(x) for all x € R™ \ V;, where u* was defined in (11.4.1).
Since this holds in the complement of every Vj, it holds in the complement
of F as well. Since F has capacity zero, we are done with the existence part.
Since @ restricted to R™ \ Vj is continuous for every j, the claim regarding
quasicontinuity is clear. a

Using the quasicontinuous representative of Sobolev functions it makes
sense to study Lusin type approximations: Harjulehto, Kinnunen and Tuhka-
nen showed in [209] that the quasicontinuous representative of a Sobolev
function coincides with a Hdlder continuous Sobolev function outside a
small open exceptional set. Roughly speaking the (p(-) — €)-capacity of the
exceptional set can be chosen to be arbitrary small.

Next we move to study the Lebesgue point property, (11.4.1), using the
quasicontinuous representative. We need global log-Holder continuity of p
instead of assuming p € A. Since r?(*)=PW) x~ 1 for x and y with y € B(z, ),
there exists a constant ¢ such that

1 . _ . _

p < liminf rP®) ][ r~PW) dy < lim sup r?®) f rPW dy < ¢ (11.4.5)

r—0 r—0
B(z,r) B(z,r)

for every z € R™.

Lemma 11.4.6. Suppose that p € P°8(R") satisfies 1 < p~ < pT < oo and
let u € WHPO)(R™). Then

Cp( ({x € R": limsup r?® ][ |Vu(y)|P(y) dy > O}) =0.

r—0
B(z,r)

Proof. Let § € (0,1), € > 0 and set

b, = {x e R™: limsupr(x) ][ \Vu(y)\p(y) dy > 5}-
r—0
B(z,r)
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For every x € E. there exists an arbitrarily small r,, € (0,0) such that

rE@) ][ |Vau(y)|PY) dy > e. (11.4.7)

B(z,rz)

By choosing smaller 7, if necessary, we may, on account of (11.4.5) and the
previous inequality, assume that

/ IVU(y)I”(y)dy>§ / r P dy, (11.4.8)

B(a,rz) B(a,r.)

where ¢ does not depend on x or 7.
By the basic covering theorem (Theorem 1.4.5) there exists a countable
subfamily of pair-wise disjoint balls B(x;,7,,) such that

oo
E. C U B(zi,5rz,).
i=1

Denote r; := r,, and B; := B(x;,7;). Using Remark 10.1.11 and the log-

Holder continuity, we obtain

Cp(-)(B($i757‘i)) < C’I“Zl_p(w) < C/ —p(y) dy.

B;

By subadditivity of the Sobolev capacity (Theorem 10.1.3 (C7)) we conclude

that N
E.) < ZCP(‘)(B(mi,E)TZ CZ/ —p(y) dy.
i=1

le

It follows from this and (11.4.8) that

Oy (E Z / Vu)Pdy =2 [ [Vu@P g, (1149

U;’ilBi

where the disjointness of the balls B; was used in the last step. We then find,
by the disjointness of the balls B; again and (11.4.7), that

|B\<Z

6P
o / Vuly)"® dy.

R

p(wz

/ |Vu(y)|? (v) dy
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Hence | U2, B;| — 0 as § — 0, which by (11.4.9) implies that Cp)(£:) =0
for every € > 0. Since

{(E € R™: limsupP®@ ][ |Vu(y)[PY) dy > 0} = U E.,
r—0 Ber) -1

the claim follows by the subadditivity of the Sobolev capacity. O

Theorem 11.4.10. Let p € PY8(R") satisfy 1 < p~ < pT < oo and let
u € WHPC)(R™). Then there exists a set E C R™ with Cp(y(E) = 0, such
that

im A July) - @) @ dy =0

i f uly) — (@) dy =0

B(z,r)

for every x € {x eER™: p(x) > n} \ E and for any finite ¢ > 1.

Proof. Define

E = {z cR": limsuprp(m) ][ |Vu(y)|p(y) dy > O}'

r—0
B(z,r)

Then Cp)(£) = 0 by Lemma 11.4.6. Assume first that p(x) < n. We show
that
lim sup rP(*) ][ [Vu(y)|PP dy =0 =

r—0
B(z,r)

lim sup ][ [u(y) — up el @ dy =0

r—0

B(z,r)

when p(x) < n, from which the claim clearly follows by Theorem 11.4.4, since
p € A by Theorem 4.4.8.

The Sobolev-Poincaré inequality (Theorem 8.3.1 and Example 7.4.2)
implies that

lu = () BllLr o By < clVul ooy (pys
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where we denoted B := B(x,r) and where the constant ¢ is independent of
B. We may assume that r is so small the p(-)-modular of Vu over B is less
than one, so we conclude that

1 1
@Lp*(-)(B)(U —(u)B) "B < cOr0) () (V) i

Hence we obtain

][|U(y) — (gl @ dy = e "0 gy (U — (u) B)
B

(rg)~
—n— +
< er "oy py(Vu) 75

(rp)~
+

(n—p(x)) LB —n v
—er PTRE (Tp(w) ][ \Vu(y)[P®) dy) ?

B

It suffices to show that r(»—P)@E)~/pf—n < casr — 0. Since (pf)~ =
(pgp)* we see that this is equivalent to

n(—n_p(f)p—f — >logr <c
n—Pp PR

at the same limit. By choosing the radius smaller if necessary, we may assume
that pg < n. We have

— + —
n—p()p n—ppp n _
0>——=L—-1> EL 1= ————(p—1h)
n—Pp Pp n—PpPp pp(n —pg)
1 _
2 n—l(pB_pE)
Thus
limsupn("_pf bp _ 1) logr < n/ limsup(py — pf)logr < ¢,
r—0 n—Pp Pp r—0

where the last inequality follows by the log-Holder continuity of p.

Assume now that p(z) > n and ¢ > n. Let § < n be such that
¢* = q. Assume that |B| < 1 is so small that § < pg. By the Sobolev-
Poincaré inequality (Lemma 8.2.13), Holder’s inequality and Theorem 3.3.1
we obtain
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i _1 Lyl 1
(f lu= (waltdy)" < c|BI 5| Vullsam < clB] " 75Vl

B 1

1_ 1
<c(+[B)IBI" 72 [ Vull o
1

1 _ 1
<c(L+[B)IBI*s 75 |Vl oo s)-

1 1

Since p is log-Holder continuous |B| "5 7B s uniformly bounded. By Theo-
rem 11.4.4 this yields the claim for ¢ > n as 7 — 0. For 1 < ¢ < n the claim
follows by Holder’s inequality. a

Remark 11.4.11. If p(z) > n in Theorem 11.4.10, then there exists 7, > 0
such that
WIPO(B(x, 1)) > Whnt®@=0/2(B (g r,)).

Hence u is continuous in a neighborhood of x and

lim esssup |u(y) — u*(x)| = 0.
r—0 yEB(z,r)

Theorems 11.4.4 and 11.4.10 imply the following corollary.

Corollary 11.4.12. Letp € P'°8(Q) satisfy 1 < p~ < pt < co. Assume that
u € WHPO)(Q). Then there exists a set E C Q with cap,(y(E,Q) =0, such
that u* exists for every x € Q\E, u* is the p(-)-quasicontinuous representative

of u,

lim lu(y) — u* (@)@ dy = 0

r—0

B(z,r)

for every x € {x € R": p(z) <n}\ E and

tim £ fuly) — @y = 0
B(z,r)

for every x € {:c eER™: p(z) > n} \ E and for any finite ¢ > 1.

Proof. All the claims have a local nature, so it is enough to prove them in
all open balls B with 2B C 2. Since the arguments are the same for every
claim, we prove only the first one.

Fix such a ball. We first extend p as p outside 2B so that the assump-
tions of Theorem 11.4.4 hold (Proposition 4.1.7). Let ¢ € C§°(2B) be a
cut off-function that is one in B. By Theorem 11.4.4 (¢u)* exists p(-)-
quasieverywhere. Since u* = (yYu)* for every x € B, we obtain by Propo-
sition 10.3.4 that u* exists in B outside a set of zero relative capacity. We
can cover 2 by countably many balls and hence the claim follows by the
subadditivity of the capacity. a
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11.5 Failure of Existence of Lebesgue Points*

In this section we will give an example of a uniformly continuous exponent
for which not quasievery point is a Lebesgue point. The example is from
Hasto [212].

We start by two technical lemmas.

Lemma 11.5.1. Let (a;)2, be a partition of unity and k > m — 1. Then

0o o0 1—
Za;nik > (Zifk/(m—l)) "
i=1 =1

Proof. Let (a;) be a minimal sequence of the sum Y 5 a7*. Fix an integer
¢ and consider the function

a— (a; + a)mik + (i1 — )™ (i + 1)k,

for —a; < a < a;+1. We find that this function has a minimum at a = 0 if
and only if

Fa" "t = (i + 1)Fal"T " (11.5.2)
Thus we find that (11.5.2) holds for every a;, ¢ > 1. This partition is given
by a; =i */(m=Vgg for i > 1 and ay = (350, i/ m=D)~1 and so we easily
calculate the lower bound as given in the lemma. O

Lemma 11.5.3. Let S be a subset of 0B(0, %) of positive (n — 1)-measure.

Let
C:= U [0, z].

zeS

Suppose that p € P(B(0, £)) is bounded and satisfies
loglog(1/]])

p(z) Z2n+(n—1+¢) log(1/|z])

in C for some fixed € > 0. Then
inf 0y py(u) 2 c(n,p™),

where the infimum is taken over all continuous functions u that satisfy u =0
in S, u=11in0 and |Vu| € LPO)(C).

Proof. We divide C into annuli, A; := {x € C: e™" < |z| < el 7} for i € N,
7 > 3. We set

dla) =+ (=140 D B (@),

=3
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Since ¢ < p we have |luf|q) < (1 +|C|)|lullp.) and thus

1 1 1
min {El,q(~)(u)F7@l,q()(u)qj} < (1+|C]) max {51,;;(-)(“)" s 01 () (W) PF }
Therefore we see that it suffices to show that gy ,.y(u) > c(n) for every u
that satisfies u = 0 in S, uw = 1in 0 and |Vu| € LIO)(C).

The next step is crucial in making this lemma work even with possibly
very irregular domains C. We estimate the gradient of u from below by
the radial component of the derivative: |Vu| > |0u/0r|. (We are using that
u is classically differentiable almost everywhere in C' by Theorem 11.1.12.)

Therefore 5 )
/\Vu(m)\q(x) dm}/‘%‘q dz.
r
c C

It is then easy to see that the function minimizing the integral should depend
only on the distance from the origin, not on the direction. If u is such a
function, then

1
/|Vu(x)|q(w) daz:/dmn_l/|Vu(rs)|q(rs)dr,
c 0

S

where s is any fixed element in S. Thus the problem at hand is essentially a
one-dimensional one.
Let e1 be the first coordinate unit vector. We choose r > 0 such that

mp—1(B(e1/5,r) NOB(0,1/5)) = my—1(5),

since S C 9B(0,1/5) this is clearly possible. Define S’ := B(e1/5,r) N
0B(0,1/5) and
C' = U [0, z].

xS’

Since my,—1(S) = my,-1(5’), the formula in the previous paragraph implies
that

/|Vu(:1c)|Q(x) dr = / \Vu(z)|1") de,
C (el

where u is radially symmetric.

Since the exponent ¢ is fixed on A;, we can use constant exponent
capacity estimates for each annulus. This turns out to equal ce’(%—") by
Lemma 8.2.15, where ¢; is the value of ¢ on A;. This means that if the func-
tion u increases by 1 from the inner to the outer boundary of the annulus
Aj, then g, (|Vul) > ce'(@=m) Therefore, if the function increases by a; on
A;, then the modular of its gradient is at least ca?iei(ql""). Thus we seek to
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choose the a;’s so as to minimize

c Z agiei(qi—n) =c Z agii”—HE, (11.5.4)
i=3 i=3

Let N be such that
g—n=Mn-1+¢e)—— <

for every i > N.
We write Zfigl a; = b. The total increment of the function over all A;’s
is at least 1 (by definition), so Y .=y a; = (1 — b). By the reverse Holder’s

inequality for sums and Lemma 11.5.1 we obtain

e’} N—-1 00
Zagiin71+€ > Z af+ + Z algiin71+s
=3 =3 i=N
N-—-1 4 0o
> ( Z ai)p (N o ]_)1—10+ + Z a?+5/3in—1+€
i= i=N
Bt s a: \n+e/3
= 4+ (1-b n+e/3 (_1) jn—1+e
RE e ;V b
b

O

We start with the unit disk D and divide it into the four quadrants. In
the example of Zhikov [392, Sect. 1], the exponent is defined to be a constant
s > 2 on quadrants A; and As and a constant o; € (1,2) on the remain-
ing two quadrants. In this case Zhikov proved that continuous functions are
not dense in W1()(D). We will start from this and construct a uniformly
continuous exponent for which the non-density still holds.

For technical reasons let’s actually take D := B(0,1/4). We further parti-
tion the first and third quadrants into three parts by lines through the origin,
see Fig.11.1. For 0 < £ < 1 we define an exponent ¢: D — [1,00) as follows:
On A} and A we set p(z) :== 2+ (1 +¢)logy(i)/i for |z] € [27%,217%). On A,
and Ay we set p(x) := 2 — (1 4 ) log, (logy(1/|x]))/logs(1/|x|). We extend
the exponent linearly to the remaining domain. The exponent is sketched in
Fig. 11.1.

Proposition 11.5.5. For the previously defined uniformly continuous expo-
nent p there exists a function u € Wl’p(')(B(O, i)) such that the origin has
positive p(-)-capacity but it is not a Lebesque point of u. Thus not quasievery

point is a Lebesgue point of u.
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Fig. 11.1 A contour sketch of the exponent p

Proof. Define an exponent ¢ € P(B) which equals p on 4; U...U A, and 2

otherwise. Note that ¢ is not continuous. Define the function u: D — [0, 1]
by

1 for x € Ay
() = xo/|x| for x € Ag
0 for v € As

x1/|x| for xz € Ay

where ¢ = (21, x2). The function is shown in Fig. 11.2. Since w is bounded, it
is clear that u € L) (D). We easily calculate |Vu(x)| = |z|~* for z € AsUA,.
Using the substitution s = log,(1/r) we calculate

1/4 1/4
/ V(@)% dy = = / P gy _ o / o~ (1+2) log, (logy (1/7))+Hlog (1/7) g,
D 0 0

= 7710g2/s*175ds = mlog(2)2 %! < .
2
Therefore |Vu| € L90)(D), and so u € Wh40)(D).
Let us next show that u cannot be approximated by a continuous function

in the space Wh4()(D). Let v € C(D) N WH40)(D) with v(0) = a. We will
use the estimate

lu = vllwrae oy 2 [0llwrae cag) + 11 = vllwrac ag)- (11.5.6)
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7

/////”//m I

084

064 .

044 - A 1
024" ""-==== =) 7 -0.5
0 X

-0.5 1

Fig. 11.2 A function u without the Lebesgue point property

By symmetry, we may then assume that a > 1/2 and consider only the first
term on the right-hand-side of this inequality.

We can estimate |Vv| from below by the radial derivative, which we will
denote by a prime. (Note that it makes sense to speak of the radial deriva-
tive, since v is classically differentiable almost everywhere in A5 by [359,
Theorem VIII.1.1].) Then we have

/Iv(m)lqm + [0/ (z)]1®) dx>/|U1($)|Q(a:)+‘v’1(m)‘q(z) dz,
Al AL

where v1 () := minyepo 4 v(y) and [0, 2] denotes the segment between 0 and .
We may therefore assume that v is radially decreasing. Let L be the subset
of 9B(0,1/5) N A5 where v(x) > 1/4. Then

/ (@) 1@ dz > 470" ™E), (B(1/5)),
AI

3

where m; denotes the 1-dimensional Lebesgue measure. On the other hand,
on S := (0B(0,1/5)N Aj) \ L the function v has value 1/4 or less. Therefore
the function ¢(x) := (v(z) — 1/4)/a is continuous, ¢(0) = 1 and ¢(x) < 0 for
x € S. Using Lemma 11.5.3, we conclude that

/|v’(x)|q<f> dz > cmi(9).
A/

3
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Combining these estimates we have shown that
Eq(~)(v —u) +040) (|V(v - u)|) >cmi(L)+ecmi(S)=2e>0

for all continuous functions v. Since @,,.y(u;) — 0 if and only if |lus|[,.) — 0,
this means that ||u—vl|; .y > ¢ > 0 for all continuous v. Therefore continuous
functions are not dense in WL‘I(')(D). But ¢ is not a continuous exponent,
so there is still some work to be done.

We want to show that changing the exponent from ¢ to p does not affect
the properties we just proved for W14()(D). Since p = g on Ay UAy, it is easy
to see that u € WHP()(D) (u is as defined before). On A} U A we have p > q.
We therefore have an embedding from LP() (A} U A%) to L9C) (A} U A%) whose
norm is at most 2(1+|D|) (Theorem 3.3.1). If v is a continuous function this
implies that

||U*U||W17q<->(,4' uAf)
lu—vllwiror sy 2 lu—vllwieo (aguay) = 201+ ‘D‘)l = 2> 0,

so we still can not approximate by continuous functions. Thus Wl’p(')(D) is
the Sobolev space we were trying to construct. Note that in our example we
have log, log, (1/2)
089 1081/ T
z) —p(0)| 7 ——————
lp(z) — p(0)] ozt

which is just barely worse than log-Holder continuity. Incidentally, we have
now proved the following result (cf. Example 9.2.6):

, (11.5.7)

There exists a variable erponent Sobolev space in a bounded domain
with uniformly continuous exponent such that continuous (or smooth)
functions are not dense.

We continue the proof. Let @ € Wl’p(')(D) be a function which equals u
almost everywhere. Then

tim () - a(0)] dy >
B(0,r)

Thg(l)m( / 11— a(0)| dy + / |a(0)|dy)>c>o,

A1NB(0,r) AsNB(0,r)
irrespective of the value of @(0). This proves that 0 is not a Lebesgue point

of any representative of wu.
We will show that Cp.y({0}) > 0. For this it suffices to show that

inf@Lp(,)(A,l)(v) JrELp(-)(Afl)(VU) =zc>0
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with a lower bound independent of r, where the infimum is taken over
functions in W1P()(A!) which equal 1 on the set B(0,7) N A}. In the set
A7\ B(0,3r) the exponent p is bounded away from 2, the dimension of
the space. Therefore the functions we are minimizing over are continuous in
A\ B(0, %r) We can then enlarge the set of functions we are considering
and take the infimum over functions in W'?()(A}) which are continuous and
equal 1 at the origin. But we showed beginning with inequality (11.5.6) that
precisely this infimum is positive, so we are done. O

Remark 11.5.8. Let u be the function from Proposition 11.5.5. Let n €
(Ofd (B(O,i)) be a cut off -function that is one in B(O,%). It is easy to
calculate un € VVLP(')(B(O7 i)) Moreover un belongs to Wol’p(')(B(O 1))

' 4
but not to Qé’p(')(B(O, %)) and not to H&’p(‘)(B(O, %))



Chapter 12
Other Spaces of Differentiable
Functions

We have considered spaces of measurable functions in the first part of the
book and spaces of functions with a certain number of derivatives in the
second part. In the final chapter of this part we look at more general spaces
with other kinds of differentiability.

Although it might at first seem esoteric and perhaps unmotivated to study
spaces of fractional derivatives, such spaces arise naturally in many contexts.
Probably the most prominent example is the so-called “loss of :-th of a
derivative at the boundary”. To describe the precise meaning of this state-
ment we recall the concept of trace spaces: By the trace of a function we
mean its restriction to a subset of the original set of definition. For a contin-
uous function this statement can be taken literally. For a Sobolev function
some more care is needed, especially if the subset has measure zero; see the
beginning of Sect. 12.1 for the exact definition.

According to classical constant exponent theory the restriction of a func-
tion u € W1P(Q) to the boundary behaves as if it possessed 1 — X derivatives
on 0f2. In the first section of this chapter we generalize this result to vari-
able exponents in the case of the half-space R’;‘H :=R" x (0,00) . This may
be thought of as a prototypical situation when the boundary is smooth or
Lipschitz.

When we work with unbounded domains it is often not natural to assume
that the function and the gradient belong to the same Lebesgue space.
To avoid additional, superfluous assumptions, we introduce homogeneous
Sobolev spaces in Sect. 12.2. These spaces are used in the study of PDEs
in Chap. 14. In Sect. 12.3 we consider the dual spaces of both homogeneous
and inhomogeneous Sobolev spaces, and show that the dual space can be
thought of as spaces of negative smoothness.

In the constant exponent case Besov and Triebel-Lizorkin spaces have
been studied both in the homogeneous and inhomogeneous case and with
both positive and negative smoothness. However, in the variable exponent
case only the theory of inhomogeneous Besov and Triebel-Lizorkin spaces
has thus far been developed. It is presented in Sect.12.5. These scales of

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 367
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-12,
(© Springer-Verlag Berlin Heidelberg 2011
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function spaces include Lebesgue, Sobolev, Bessel and trace spaces, and has
the advantage that it is closed under taking traces.

Let us now be a bit more precise about the meaning of a fractional deriva-
tive. Recall that the Schwartz class S consists of rapidly decaying smooth
functions. If f € S, the Fourier transform of f is the function Ff or f
defined by

FIE) = J(6) = / Flz) e=2mEw gy,
R7L

If f is sufficiently differentiable and (§ is a multi-index, then the Fourier
transform turns derivatives into multiplication by powers of & according to
the well-known formula:

F(95.1)(€) = (=2mi) /1 & f(&).

For &7 it is not necessary that 3 consist only of integers. Using this idea we
can define fractional derivatives and corresponding spaces. This is the basic
idea behind the Bessel spaces defined in Sect. 12.4.

Let us note here that some authors have also studied Morrey spaces with
variable exponents, but we will not deal with them here; see [23,303] for more
information on this topic.

12.1 Trace Spaces

As mentioned above, the trace of a function is in some sense a restriction of
the function to a subset of the original set of definition. Lebesgue functions are
only defined almost everywhere, so it makes no sense to look at the function
on a set of measure zero. A Sobolev function is, a priori, likewise only defined
up to a set of measure zero. However, as we have seen in Sect. 11.1, a Sobolev
function has a distinguished representative which is defined up to a set of
capacity zero. Therefore it is possible to look at traces of Sobolev functions
on sufficiently large measure-zero sets. Of particular interest is the trace of a
function on the boundary of the set of definition, which is usually possible,
since the boundary is typically of dimension at least n — 1, hence its capacity
is positive (Proposition 10.4.2).

The study of boundary trace spaces is very important in the theory of
partial differential equations. Indeed, a partial differential equation is in many
cases solvable if and only if the boundary values are in the corresponding trace
space.

Let us start by recalling the definition of a W' '-trace in the half-space.
By Rgﬂ we denote the closure of RZT!. For F ¢ WHH(RZT) N C(Rgﬂ) we
set Tr F' := F|gn. Then

Td
Fz,0) = — / (o 1) di
0
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for x € R™ and hence

F(2,0)] < /|VF(x,t)|dt.
0

Integrating this over x € R" gives |TrF| 1.y < ||VF||L1(R7>L+1). Thus
Tr: WHHRZT) N Cl(Rgﬂ) — LY(R") is a bounded, linear operator. Since
the set WHI(RZT) N Cl(RgH) is dense in WH1(RZ™), we can extend
Tr uniquely to a bounded, linear operator on Wl’l(RZH). The function
Tr F € LY(R") is called the trace of F.

Let Q C R"*! be a Lipschitz domain and let U € W1(Q). In a neighbor-
hood of a boundary point xy € 92 we have a local bilipschitz chart which
maps part of the boundary to R™. Thus the trace can be defined as in the
previous paragraph and transported back to 0f) using the inverse chart. In
this way we can define the trace TrU as a function in L{ (99). It is also
possible to define traces in more general domains such as (e, 00)-domains, cf.
[225, Chap. VIII].

Next we define the variable exponent trace space and show that it only
depends on the value of the exponent on the boundary, provided the exponent
is log-Hélder continuous.

Let Q € R™*! be a Lipschitz domain and let F € W, p(-)(Q) be a function.
Since F is locally a Wh! function Tr F' is defined as a function in L{, (99)
according to what was explained above. Note that if F € W*?()(Q) N C(Q),
then we still have Tr F = F|pq. The trace space Tr WHP()(Q) consists of
the traces of all functions F' € W*P()(Q). The elements of Tr W*P()(Q) are
functions defined on 02 — to emphasize this we always use lowercase letters
for functions on 0f2, whereas uppercase letters are used for functions in €2
and R"*!. The quotient norm

Hf”Terap(')(Q) = inf {”FHWk,p«)(Q): Fe Wl’p(')(Q) and Tr F = f}

makes Tr W*2()(Q) a Banach space.

The first appearance of trace spaces using this definition in the context of
Sobolev spaces with variable exponents is in [104, 105], where the solvability
of the Laplace equation —Au = f on the half-space with given boundary
values is studied.

Notice that this definition allows us to treat the trace spaces as an abstract
object: we simply define the boundary value function space as consisting of
those functions which are the boundary values of some function. This is of
course not very useful in terms of understanding the trace space. Thus the
main purpose of this section is to provide an intrinsic norm for the trace
space, i.e. a norm which is defined only in terms of f and not in terms of its
extensions F'.
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Furthermore, intuitively we would expect that this intrinsic norm only
depends on p|sn and not on p on the whole domain 2. Nevertheless, the
definition of Tr W*?()(Q) above is dependent on the values of p on all of Q.
Throughout the book, we have seen that log-Holder continuity is often suf-
ficient for variable exponent spaces to behave in a very nice way. This turns
out to hold also with trace spaces:

Theorem 12.1.1. Let Q C R™"! be a Lipschitz domain, let py,ps € P8(R)
with p1|oq = palo, and let k = 1. Then Tr WFP1()(Q) = Tr WFr2()(Q) with
equivalent norms.

Proof. We prove the result for Q = RZH. The general result is reduced to
this by the chart mappings.

Define the lower half-space R := R™ x (—00,0). Set q(z,t) := pi(x,t)
for t > 0 and q(z,t) := pa(x,—t) for t < 0. Then ¢ € PP8(R"*1). By
Theorem 8.5.12 there exists a bounded, linear extension

g . W’C,p1()(R7;+1) N Wk’q()(Rn+l)7
Let R denote the reflection (Rv)(t,x) := v(—t,x). Then

|Rn+1

Wk,pl(‘)(R’Z*Fl) £, WhaO) (R R, WhRal) (Rr+ly == Wk,pz(-)(R§+l)

continuously. Since clearly Tr((REF) |R7>L+1) = Tr F (e.g. by the ACL property,

this proves Tr WFP1()(RZTY) < Tr WH»2()(RZTY), The opposite inclusion
follows by symmetry. a

Proposition 4.1.7 and Theorem 12.1.1 imply that the following definition
makes sense (up to equivalence of norms) for Lipschitz domains.

Definition 12.1.2. Let p € P8(9Q) and let ¢ € P8(Q) be an arbitrary
extension of p. Then we define an intrinsic trace space by

(T WhrO)(9Q) == Tr W10 (Q).

So far we have seen that the trace space on R™ does not really depend on
values of the exponent on R" ™1\ (R™ x {0}) if p is globally log-Holder continu-
ous. This considerably simplifies studying the space (Tr WP())(R™). Indeed,
for x € R™ and t € [0, 2] define ¢(x,t) := p(x). Then ¢ is globally log-Holder
continuous on R™ x [0,2]. By Proposition 4.1.7 we can extend ¢ to the set
RZ"! so that ¢ € P°5(RZ""). We have (Tr WHPO)(R") = Tr WhaO (R,
So we can as well assume from the beginning that the exponent p(x,t) is
independent of ¢ when ¢ € [0, 2].

Since we use balls in different spaces, we denote by B"(z,r) and B"**(z,r)
the balls in R™ and R"*!, respectively. Notice the difference between the
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spaces C§° (Rg“) and Cg°(RZ): in the former space functions simply have
bounded support, in the latter the support of the function is bounded and
disjoint from the boundary R of RZ*!,

Recall from Sect. 6.2 the definition of the sharp operator:

MﬁB"(z,r)f = ][ |f(y) - <f>B"(w,'r)| d%
B"(z,r)

1
loc

for a function f € L
the equivalence

(R™). Using the triangle inequality it is easy to show

Moot {0 - G)dyds <20, 00 (1213)

B (z,r) B"(z,r)
We define the trace modular oty p(.) by

1

onao 1) = [ U@ et [ [ (M s)" drar
2

0 R»

Obviously, oty () is @ modular. Thus

1 e .y == i {A> 0 ome iy (F/X) < 1}

is a norm.

The following theorem characterizes the traces of WHP() (RZ)-functions
in terms of an intrinsic norm.
Theorem 12.1.4. Let p € Plog(R;H) with 1 < p~ < pt < oo and let f €
LL (R™). Then f belongs to Tr W PC)(RZHY) 4f and only if [l ) < 00,
or, equivalently,

1
- p(z)
/|f(.%')|p( ) dx +// (%MﬁB"(z,'r)f) dz dr < oo,
R’Vl

0 Rm»

where p(x) := p(z,0). Moreover, ||f||y ., is equivalent to the quotient norm
||f||TrW1~P(-)(R’>‘+1)'

Before the proof of the theorem, we note that it directly generalizes to the
case of Lipschitz domains:

Corollary 12.1.5. Let Q C R" be a Lipschitz domain, let p € P8(Q) with
1<p <pt <ooandlet f €L (09). Then f € Tr WHPO)(Q) if and only
if
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[ ()
fxp(x)da:—i— 1Mun fp dz dr < oo,
B"(z,r)
o9 0 290

where the constant £ > 0 depends only on Q2. Moreover, | f||y, ., is equivalent
to the quotient norm || f ||y wi.pc) (q)-

Proof. 1t follows from the definition of Lipschitz domain that the boundary
of {2 can be covered by balls B; in such a way that there exists a bilipschitz
mapping G;: B; — R" with G;(2 N B;) C R% and G;(02 N B;) C R"~L.
Since the boundary is covered by a finite number of balls, we can choose
functions 1o € C§°(2) and ¢; € C§°(By) for j > 1 such that > 4¢; =1
in Q.

Suppose first that f € TrW'2()(Q), and let F € WHP()(Q) be such
that Tr F' = f. Then (Fy;) 0 G;' € WG O(RL) and Te(Fyy) 0 G5 =
(f¢;) o G;*. Hence

Jitse 065 P dx+// b () 061) T Vs

Rn 0 R™

is finite by Theorem 12.1.4. A change of variables y = Gj_1 (x) combined with
the fact that G; is bilipschitz yields

/|f¢g‘p dy+// lMgnyw) fwj))p )dydr<oo,

o0 0 o9

where x > 0 is the reciprocal of the bilipschitz constant. Combining the
estimates for all 7 > 1 yields the inequality on all of 012, since this set is
covered by the balls B;.

The proof of the converse implication is similar, and thus skipped. ]

To prove Theorem 12.1.4 we proceed as follows. First, for F € W1P() (RZT!)
and f := TrF we show that ||f||y ) < c||F||W1,p(.>(R;+1). Therefore, we
estimate |f| and M]gn(z pJ in terms of |F| and |[VF|. Second, for f € Tr
WPO)(RZT) we show the existence of some F € WUPO(RZT) with
TrF = f and ||F||W1,p(.)(Rg+1) < c|[fllqyp(y- We will define the extension
F by F(z,t) := (¢ = f)(z) for x € R™ and ¢t > 0, where (¢;) is a standard
mollifier family in R™. In order to estimate ||F\|W1,p<.)(R§+1) we need to esti-
mate |F| and |VF| in terms of |f| and MB
provide these estimates.

" (2,1) f. The following two lemmas
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Lemma 12.1.6. There exists a constant ¢ > 0, such that
M T F<er ][ IVE(€)|de
Bnt1((z,0),r)NRT!
for all z € R, v >0 and F € WH (B "+Y((2,0),7) NRZ™).

Proof. Since smooth functions are dense in WH1(B"1(z r)) it suffices to
prove the claim for smooth F'. As usual we denote f = Tr F = F|gn. Let us
estimate |f(x) — f(y)| for z,y € R™ by integrating the gradient over the path

=[z,¢JUC,y] for ¢ € RZT:

@)~ fy)| < / VF(©)] de. (12.1.7)

Define B, , := B" (25 + M&H 1, yl) N P, where P is the mid-point
normal plane of the segment [m y] and e,y is the unit vector in direction
n+1,andlet A, , = U(eBz,y ¢ Next we take the average integral of (12.1.7)
over ¢ € B, ,. This so-called Riesz potential estimate (e.g. [218]) yields

F@) — fw)l < e / VRE)|(je — €7 + |y — £ 7) de

Azay

Let z € R™ and r > 0. Using the previous estimate together with (12.1.3)
gives

M}ﬁ}n(z,,ﬁ)f <c ][ ][ / |VF(&)|t™ d¢ du dy, (12.1.8)
B (z,r) B™(z,1) Az,y

where £ = (w,t) € R" x R and we used that ¢ < min{|y — |, |x — |} when
€A,y

The set A, consists of two cones, one emanating from y and the other
from z, denoted by A/, , and A}, respectively. By picking the larger integral
we can replace A , by A y Or A’ . y by doubling the constant. By symmetry
it is enough to consider in the followmg the case with A, , replaced by A4/, .
We want to change the order of integration. So suppose that £ € A/, - Then
certainly & € B"t!(z,7). Also, ¢ lies in a cone emanating from y whose
direction depends on x — y. Thus we see that y lies in the cone emanating
from ¢ with the same base-angle but opposite direction. This means that for
a fixed £ the variable y varies in a ball B™(w, ¢'t) and ¢’ > 0 depends only on

the dimension n (recall that (w,t) = ). Hence
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Ml <o [ [ [ wr@) dedsay

B (z,r) B™(z,r) A’l,.’y
<erm [ xm@wE@en [ [ i
Bn+1((z70)1"”) B“’(w,c’t) B”(Z,T)
—er f xn©IVFEd .
BrH1((2,0),7)
Recall that if p € P8(R") and {v;} is a standard mollifier family, then

Pyx f — fin Wl’p(‘)(R”) for every f € Wl’p(‘)(R"). This follows by the
Lebesgue space result (Theorem 4.6.4) and V(f x ;) = (Vf) * 1.

Lemma 12.1.9. Let {¢1} be a standard mollifier family on R™. Let f €
L (R™) and define F(z,t) := (¢ * f)(x) for z € R™ and t € (0,00). Then
there exists a constant ¢ depending only on |||, ., and n such that

F(a,)] < cMmt>f,
VF(a,0)] < S Mb, o,

for all z € R™ and t € (0, 00).

Proof. Since || < ||¥|l 7™ XBn(0,), the first inequality is immediate.

Let T' = Ty denote an averaging operator where {Q} is the family of
dyadic cubes, whose side length is equal to its distance to R™ x {0}.

In the following we denote & := (z,t) € RZ*'. Since [, Vipdy = 0, we
obtain

VL F(€) = Vb f(z) = / Vot (2 — 9)(f () — () (o)) di.
RTL

We ise [V | < [[Vehl| ot X g (0.1) o derive [Vo F(x, £)]| < ct ™ M, o f.
For the t-derivative we need a slightly more involved calculation: for all a € R
we have

DF(E) = D[+ Y)(x) = Du((f — ) = 1) (@) = (F — ) »
- / { - %wt(m —y) = (Vawli(z —y) - y] (f(y) —a)dy,

12

Rn

where (V,9):(y) :=t7 "V (y/t). Setting a = (f) pn(z,+) we find that
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or@|< [ (vl + SV 1£6) = (Dpnia| dy

B (xz,t)
<Ol + IV [ 1) = P dy

B (x,t)

|f (W) = () Bro | dy-

C
]
B™(z,t)

<

Since |VF| < |V, F| + |0:F|, this completes the proof O
Thus we are ready for the proof of the main result of the section.

Proof of Theorem 12.1.4. Due to Theorem 12.1.1 and the discussion after it
we can assume without loss of generality that p(z,t) = p(z,0) = p(x) for
z € R™ and t € [0,2].

Let {¢;} be a standard mollifier family on R", and let f € L (R") with
||f||Tr7p(.) < 1, which by the unit ball property implies

(z)
/|f |N>dx+// (30, ) o <1

0 R»

We have to show the existence of an extension F € WP (RZTY) which
satisfies ||ﬁ||W1,,,<.)(RZ+1) < ¢, where ¢ is independent of f. As mentioned
above, we would like to consider the extension (x,t) +— ¢ % f(z). But in
order to avoid difficulties as ¢ — oo we cut off the part for large ¢. Let
n € C§°([0,00)) with x[0,1/2) < 1 < X[o,1]- Then our extension F is given by
F(z,t) == (0 * f)(z)n(t) = F(z,t)n(t), where we used the notation from
Lemma 12.1.9. B

We now estimate the norm of F in WP()(RZH!). Using Lemma 12.1.9
and noting that Mpn(, ) f < Mf(x), we find that

orro@eth (F / / P, dedt < o / Mf(2)"® da.
Rn

0 Rn»

Our assumptions on p imply that the maximal operator is bounded on
LPO)(R™) (Theorem 4.3.8). Since g,()(f) < 1, it follows from the previ-

ous inequality that QLP(.)(RZJA)(F) < c¢. It remains to estimate the norm

of the gradient of F. Using |VF| < |VF|n + |F||8y|, Lemma 12.1.9 again,
Mpn (g4 f < Mf(x), and the continuity of the maximal operator, we estimate
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1
= = (2)
orro ez (VE) = / / (VE (. t)" dudt

0 R»

1
//I1 Mo f dmdt—f—c(n)//‘Mf‘p(w) dwdt < ¢

0 R» 0 Rn»

Thus we have shown that F € W10 (RZT!). Furthermore, it follows easily
that f = Tr F, so we have proved one of the implications in the theorem.

To prove the opposite implication, we use the density of smooth func-
tions (Theorem 9.1.7) and restrict ourselves without loss of generality to
F e WhrO(RZT)NC>® (R’;rl). Replacing F' by F'n, where 7 is as above, we
see that it suffices to consider F' supported in R™ x [0, 1]. By homogeneity, it
suffices to consider the case ||F||W1.,,<.)(RZ+1) < 1 and to prove || f|mp) <c
for f := TrF. Since p is bounded, the latter condition is equivalent to
o1 p() (f) < ¢, which is what we now prove. We find that

£(2)] = |F(2,0)] < / 0,F (1) dt.
0

Hence using Holder’s inequality with respect to the variable ¢ for the constant
exponent p(x) we get

1
£ < [ o P .
0

Integrating this inequality over z € R"™ yields

1
Qp(~)(f) — /|f(x)|17(z) dzr < // |8tF(x7t)|P(z) dtdx < QL,)(_)(R;LH)(VF).
R’IL

R™ 0O

Thus we have bounded the LP() part of the trace norm.
Since f = Tr F, we get by Lemma 12.1.6 that

// (1045,f) p(x)dxdr
o : p()
c / / ( ][ |VF(§)|d§> dz dr

0 R™  Bn+1((z,0),r)nRET!
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<c/1/< ][ |VF(§)|d§)p($) dar dr

0 R™  Brti((z,r),2r)NRLT!

<c / (M(XR;+1|VF|)(z))p(Z)dz.

R™x[0,1]

Extending the exponent to the lower half-space by reflection, we immediately
see that p € Pl8(R"+1) and

j/(%Ménw)f)pmdfﬂd’“@ / (M (g \VFI)(z))p(z)dz.

0 Rn Rn+1

Since the maximal operator is bounded on Lp(')(R"'H), the right-hand-side
of the previous inequality is bounded by a constant, which concludes the
proof. O

In the final part of the section we work with the weaker assumption that
the exponent is such that smooth functions are dense in our Sobolev space (cf.
Chap.9). This means that we have to invoke a different machinery, in partic-
ular the capacity from Chap. 10. Recall that H, & P (')(R’;‘H) is the completion
of CZ°(RZM) in WP (RZH) whereas Wol’p(')(]R’;H) is the completion of
the set of Sobolev functions with compact support (cf. Sect. 11.2).

Lemma 12.1.10. If p € P(RZ™) is bounded and F € H&’p(')(R’;ﬂ), then
Tr F' = 0.

Proof. If F € Hg’p(‘) (RZ*1), then there exists by definition a sequence (¥;) C

Ce°(RZH) with F = lim;_oo ¥; in WHPO(RZTY). Since Tr ¥; = U;|gn = 0,

the claim follows by continuity of Tr : W'PO)(RZT) — Ty wheO)(RZT).
O

For the converse, we need to assume the density of smooth functions, which
is guaranteed e.g. for p € P8 (cf. Theorem 9.1.7). For a version with weaker
assumptions see [98].

Theorem 12.1.11. Letp € P5(RZ™") be bounded. Then F € W) (RLH)
with Tr F = 0 if and only if F € WePO (R2H),

Proof. Suppose first that F' € Wl’p(')(R;”“) with Tr F' = 0. We extend p
to RZ™! by reflection. Since W' PO (RZF) s WLI(RZT 0 K), for every
compact set K C R"*1, it follows by classical theory that F extended by 0
to the lower half-space R-"! is differentiable in the sense of distributions in
R™*1 and hence F is in WP (R"+1). Let 9 be a standard mollifier with
support in B""1(e,41/2,1/3), where e, is the unit vector in direction
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n+1. Then 1, * F has support in RZ*! and is smooth. Since p € P8(R"*+1),
it follows that ¢, * F — F in WP (R*1) as » — 0 (Theorem 4.6.4).
If nr is a Lipschitz function with xp,r) < nr < XB(0,2r) and Lipschitz
constant 2/R, then nrt, * F — 1, + F in WHPO)(R**1) as R — oo. Since
nrYr * F € CO(RZTY), it follows that F € H&’p(‘)(Rgﬂ). The converse
follows from Lemma 12.1.10, Proposition 11.2.3 and Theorem 9.1.7. a

We conclude the section by noting that the trace space inherits the density
of smooth functions from the ambient space.

Theorem 12.1.12. Suppose that C§° (]R;H) is dense in WP (RZTY). Then
Ce°(R™) is dense in Tr WP (R,

Proof. Let f € Te W'PO(RZHY) and let F € WHPO(RZT) be such that
Tr F = f. Then if ¥; € C5°(RL™) tend to F in WP (RLH), the definition
of the quotient norm directly implies that also Tr ¥; — f in Tr W20) (R,

O

12.2 Homogeneous Sobolev Spaces

When working with unbounded domains it is often not natural to assume
that the function and the gradient belong to the same Lebesgue space. This
phenomenon is well known already in the case of constant exponents as illus-
trates the following example. One easily checks that u(z) = |2| ™" is a solution
of the Poisson problem

—Au=0 in Q=R3\ B(0,1),
u=1 on 0f),
lllim u(z) =0.

Moreover, we see that V2u € L4(Q), Vu € L"(Q), and u € L*(Q) where
q € (1,00), r € (3/2,0), and s € (3,00), respectively. In particular v does
not belong to the Sobolev spaces W27 (Q), r € (1,3]. This example shows
that derivatives of different orders of solutions of the Poisson problem in
unbounded domains belong to different Lebesgue spaces. The very same phe-
nomenon occurs in Sobolev embedding theorems for unbounded domains. In
fact from Vu € L9(2) one can in general not conclude that v € L9(2). These
phenomena are the motivation for the introduction of homogeneous Sobolev
spaces.
For a domain 2 C R™, an exponent p € P'°5(Q), and k € N we define

DEPO(Q) = {u € LL(Q) : VFu e LPO(Q)}.
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The linear space DF:p() (Q) is equipped with the seminorm
ok
||U||f)k,p<->(g) = [V ull Leo) 0y

where V¥u is the tensor with entries d,u, |a| = k. Note, that [ull proerqy =0
implies that u is a polynomial of degree k — 1. Let us denote the polynomials
of degree m € Ny by P,,. It is evident that the seminorm ||- ||15k,,,(_)(9) becomes

a norm on the equivalence classes [u]; defined for u € ﬁk’P(')(Q) by
[u]p := {w e D"P(Q) : w—ue P},

Now we can define homogeneous Sobolev spaces D*?()(Q).

Definition 12.2.1. Let Q C R" be a domain, p € P'°8(2) a variable expo-
nent, and let k € N. The homogeneous Sobolev space Dk’p(‘)(ﬂ) consists of all
equivalence classes [u]; where u € 5’”7(')(9). We identify u with its equiv-
alence class [u], and thus write u instead of [u]. The space D*P()(Q) is
equipped with the norm

HUHD’C=P(-)(Q) = ||vku||LP('>(Q)'

The natural mapping i: C°(Q) — D®P()(Q): u ~ [u] implies that
Cg°(9) is isomorphic to a linear subspace of D*?()(Q). We define Dlg’p(') Q)
as the closure of C§°(Q) in D*?()(Q).

Remark 12.2.2. If v € DFP0)(Q) then VFu is a well defined Lebesgue
function, while Vlu, 0 < I < k, are equivalence classes (Lebesgue function
plus space of polynomials Py_;_1).

Theorem 12.2.3. Let Q@ C R™ be a domain and let p € P°8(Q). The

spaces D*P()(Q) and D{f’p(')(ﬂ) are Banach spaces, which are separable if
p is bounded, and reflexive and uniformly conver if 1 < p~ < pT < oo.

Proof. We prove only the case k = 1, since the general case follows along
the same line of arguments. Let ([u;]) be a Cauchy sequence in D*()(Q).
One easily checks that it is sufficient to show that for any v; € [u;] there
exists u € DP0)(Q) such that Vv; — Vu in LPO)(Q) as j — oo. By the
completeness of LP()(Q) we find w € (LP()(Q))" such that Vu; — w in
(LPO)(Q))™ as 7 — oo. Now we choose an increasing sequence of bounded
John domains €,, such that Q,, C Q, and Upenm = Q. For fixed m € N
we modify the sequence (vj) by constants c¢]* such that (v; +cJ")q,, = 0.

Using the embedding LP()(Q,,) < LP™ (Q,,) (Corollary 3.3.4) and Poincaré’s
inequality 8.2.13 for p~ we deduce that there exists a function A" such that
vj — " — h™ in LP () as j — oo. Moreover, we easily deduce that
Vh™ = w a.e. in Q,,. Thus h™ and h' differ only by a constant. Define
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™ = T — (hm>g~1. Then h™ = A! on € for m > I. Thus the function u
defined as u(z) := h™(z) if z € Q,, belongs to L () and satisfies Vu = w

a.e. in Q. This proves that D*?()(Q) is a Banach space.

By Theorem 3.4.4, LP()(Q) is separable if p* < oo and by Theorems 3.4.7
and 3.4.9, it is reflexive and uniformly convex if 1 < p~ < pt < co. Via the
mapping u +— Vu, the space DP()(Q) is a closed subspace of (LP)(Q2))".
Thus we can prove that D1P()(Q) is separable, if p* < oo, and reflexive and
uniformly convex, if 1 < p~ < p™ < oo, in the same way as in the proof of
Theorem 8.1.6.

The statements for Dé’p(')(Q) follow from the statements for D'P()(Q)

since Dy (Q) is a closed subspace of D2()(1), 0

The spaces D*?() (Q) and W*»() (Q) essentially do not differ for bounded
domains. More precisely we have:

Proposition 12.2.4. Let Q be a bounded John domain and let p € P'°%(Q).
Then we have the algebraic identity

DFPO)(Q) = Wk (Q) .

Proof. We show the assertion only for k = 1, since the case k > 2 follows
by iteration. Tt is sufficient to show that D*P()(Q) c WP()(Q). Since Q is
bounded, Corollary 8.2.6 implies that there exists a ball B C €2 such that for
each u € DO (Q)

= ) 5 o ) <  diam(Q)[ Vel ooy

which implies u € W20 (Q). ]

Remark 12.2.5. The previous lemma also implies that in the case of
unbounded domains each u € D*?()(Q) belongs to VVllZf(')(Q) if p € Plos(Q).
This follows by restricting the function u to bounded subdomains.

Remark 12.2.6. As in the previous proposition, one can deduce from the
density of C§°(Q) in DFPV(Q) and WIP)(Q), and the Poincaré inequality
with zero boundary values the topological identity Dg’p (‘)(Q) = Wéc P (')(Q)
for bounded John domains.

As in the case of classical Sobolev spaces we have that D®P()(R") and
D]Oc’p(')(R") coincide:

Proposition 12.2.7. Let p € P8(R") satisfy 1 < p~ < pT < oo and
let k € N. Then C$°(R") is dense in D*PC)(R™). Consequently we have
Dk,p(-)(Rn) _ D’gﬂ’()(Rn)
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Proof. First, consider the case k = 1. Let n € C§°(B(0,2)) satisfy 0 < np < 1
and 7|g(,1) = 1. For m € N we set A, := {z € R" : m < |z| < 2m} and
na,, (z) = n(m 12). One easily sees that there is a constant ¢ = ¢(n) such
that

[Vna,, ()] < em™ xa,, (z)

for all j € N. For u € D"?O(R™) we set up, := na,, (u — c2,) where &%, =
(u)a,,, so that

Vi = na,, Vu+Vna,, (u—c).
Note that the definition of wu,, is independent of the choice of the function
from the equivalence class of u. In order to show that u,, — u in D*?()(R")

for m — oo we observe that by the theorem of dominated convergence we
have

/ 11— a,, [PV do — 0.
Due to the Poincaré inequality (Corollary 8.2.6) and the properties of A,, we
get

cm 1HU—< )A mHLP(')(Am)

CHVUHLM ) (Am) 0

1Vna,, (w = () a,) | o) ey <
<

for m — oo. For m € N we choose ¢, > 0 and mollify u,, with a standard
mollifier (cf. Theorem 4.6.4) such that [[um — um * Ve, [ prooc) @y < M~
Obviously, the sequence (um, * ¥, ) belongs to C3°(R™) and converges to u
in DVPO(R™).

The case £ > 1 is treated analogously by subtracting higher order poly-
nomials defined by mean values of higher order gradients (cf. [356, proof of
Theorem 2.15, Chap. III], proof of Proposition 12.2.12). O

Remark 12.2.8. From the proof of the previous proposition it also follows
that C>°(R™) N DVPO)(R™) is dense in DVPO)(R™).

For the treatment of the Stokes system and general elliptic problems of
second order we also have to deal with trace spaces of homogeneous Sobolev
spaces at least in the case of the half-space RZH. Traces are defined in
Sect. 12.1 for functions from W) (RZ*!) and thus the notion of a trace of
a function from lN)L”(')(R’;ﬂ) is well defined. Consequently, the trace space
Tr(D'?C) (RZT)) consists of equivalence classes modulo constants of traces
of all functions F € D?()(R%1). The quotient norm



382 12 Other Spaces of Differentiable Functions

||f||Tr(D1m(->(Rg+1)) := inf {||F||D1,,,(_)(R7>L+1): Fepl,p(.)(R7>1+1) and Tr F = f}

makes Tr(DP()(RZ*)) a Banach space. The identity TrF = f is to
be understood as an identity of equivalence classes. Also for homogeneous
Sobolev spaces the trace space depends only on the values of p on 6‘R’;+1.
The proof is identical to that of Theorem 12.1.1 except that we use (8.5.14)
instead of (8.5.13) for the extension.

Theorem 12.2.9. Let p1,py € P'5(RL™) with pi|gn = po|n. Then
Tr DY O(RETY) = Tr DVP2O(RETY) with equivalent norms.

In application, as e.g. the Poisson problem, it happens that for a function
u € LL_(Q) one can show that Vu,VZu € LPO)(Q). Because of the spe-
cial nature of the homogeneous space this information is covered neither by

DY) (Q) nor by D?P0)(Q). Thus we introduce a new space containing the
full information.

Definition 12.2.10. Let 2 C R” be a domain and let p € P°8(Q) be a
variable exponent. The space D(LQ)’?’(')(Q) consists of all equivalence classes
[u]o with u € D20 (Q) N D2P0) (). We identify u with its equivalence class
[u]o and thus write u instead of [u]o. We equip D12)2()(Q) with the norm

lull pa.2eer @y = [IVUll oey @y + IV?ull Loy () -

Note that D(1:2)P()(Q) is a subspace of D*P()(Q) but not of D>P()(Q),
because it consists of equivalence classes modulo constants.

The natural mapping i: C§°(Q) — D1:2)20)(Q ): — [u]o implies that
Cee(Q) is isomorphic to a linear subspace of D12)P0)(Q). We define

DM (Q) as the closure of C°(Q2) in D120 (Q).
In the same way as in the proof of Theorem 12.2.3 one can show the
following fundamental properties of D(12):P()(Q) and D(()l’2)’p(')(Q).

Theorem 12.2.11. Let Q C R™ be a domain and let p € P'°%(8Y). The spaces

D(1’2)7p(‘)(Q), and Dél’z)’p(')(ﬂ) are Banach spaces, which are separable if p
is bounded, and reflexive and uniformly conver if 1 < p~ < pt < oco.

Proposition 12.2.12. Let p € P8(R") with 1 < p~ < pt < oo, and let
u € DO2PC)(R™). Then there exists a sequence (u,) C C§°(R™) such that
Uy — u in DAEDPO (R, Thus we have D122 (R = D§H220)(Rn),

Proof. The proof of the assertion uses the arguments and notation from the
proof of Proposition 12.2.7. We already know that

—~

na, (uw—d,) —uin DPPOR"),

U =14, (u—ch, — Z i) — uin D*PL)(R™),
i=1
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where 2 = (u)a, and ¢!, := (d;u)a,. Note that the definition of wu,, is

independent of the choice of the representative from the equivalence class
of u. To prove the convergence u,, — u also in DP)(R") it suffices to show
that

A(na,,ch i) = (Oma,,)ch,x; + mpch,6u — 0 in LPU)(R™).

Since |z;| < 2m in A,,, we have
i 2m
@, el oy < ][ O de [l oo,

< Ity Mooy 1200

<cllVullpocya,,) — 0

for m — oo, where we used Theorem 4.5.7. Analogously we get

il ey < 105l [,
A
<cllVullpecya,,) — 0

for m — o0o. As in the proof of Proposition 12.2.7 we choose for m € N num-
bers €, > 0 and mollify u,, with a standard kernel (cf. Theorem 4.6.4)
such that [[um — tm * Ye,, | pa.2.00) @ny < m~'. Obviously, the sequence

(U, * ¥2,,) belongs to C§°(R™) and converges to u in D12)P()(R™). 0

Remark 12.2.13. If we add to the assumptions of Proposition 12.2.12 that
u € LIO(R") with ¢ € P°8(R™), 1 < ¢~ < ¢t < oo, then we obtain that
the sequence (uyp,) C C§°(R™) converges also in L?O(‘;) (R™) to u. For that one
shows that ||77Amc9n||Lq<.)(Rn) < cllullpacya,,) — 0 for m — oo. Moreover,

for each fixed cube Q C R™, ||77Amcﬁnsci||Lq<,)(Q) < (@) fAm |Vu|dz — 0 as
m — o0, where we again used Theorem 4.5.7.

12.3 Sobolev Spaces with Negative Smoothness

In this section we study the dual spaces of Sobolev spaces. We show that
these spaces can be identified with Sobolev spaces of negative smoothness.
We consider both the homogeneous and inhomogeneous case.

Definition 12.3.1. Let Q@ C R” be a domain, let p € P8(Q) satisfy
1 < p~ < p" < oo and let £ € N. We denote the dual spaces of the
inhomogeneous and homogeneous Sobolev spaces as follows



384 12 Other Spaces of Differentiable Functions
WrrO(Q) .= (WEPO(Q))* and D FPO(Q) := (DFPO ()",

Note that under the assumptions on p in Definition 12.3.1 the space
Wé’p (')(Q) and H(I;’p © () coincide by Corollary 11.2.4. In particular, C§°(£2)
is dense in W(f’p (‘)(Q).

Proposition 12.3.2. Let Q C R" be a domain, let p € P8(Q) satisfy

1 <p <pt < ooandletk e€N. For each F € WFPO)(Q) there exists
fo € LPO(Q), |a| < k, such that

(Fouy=>" /faaaudx

la|<k G
for allu € W(f’p,(')(Q). Moreover,

1P ly—emor iy = 3 Iall oo -

o] <k

Proof. For u € Wok’p/(')(ﬂ) we define Pu := (9,u) € (LP'O(Q))N®) where
N(k) is the number of multi-indexes o with |a] < k. Clearly P maps
Wéc’p/(')(ﬁ) into a closed linear subspace W of (LP'()(€2))N®) and we have
| Pul (s gy = Nlllyrco g if we equip W (Q) with the equiv-
0

@ = > lal<k 10atll 1oy (). By the Hahn-Banach
Theorem we can extend the bounded linear functional F* € W*, defined by
(F*, Pu) := (F,u) for all u € Wok’p/(')(ﬂ), to a bounded linear functional
F e (L7 O(Q))N®))* satisfying

alent norm |HUH|Wk,p'(-)
0

1E oo ey = Il < I gm0 - (12.3.3)

From Theorem 3.4.6 we deduce the existence of f, € LP()(Q), |a| < k, such
that

(Fov)= )" /fava dz

la|<k g

for all v € (L") (Q))N®), From this and the definition of F* we immediately
conclude that

(Fou) = (F*,Pu) = (F,Pu) = Y [ faOoudz
lal<k
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for all u € W(f P (')(Q). This proves the representation for F'. This represen-
tation together with (12.3.3), the equivalence of norms for (LP()(Q))* and
Lp/(')(Q) (cf. Theorem 3.4.6), and Holder’s inequality proves the equivalence
of norms in the assertion. a

Proposition 12.3.4. Let Q C R" be a domain, and let p € P°8(Q) satisfy
1 <p~ <pt <oo. Then C§°(Q) is dense in WFP()(Q), k € N.

Proof. Let F € W=%P()(Q). Then Proposition 12.3.2 implies the existence
of fo € LPO)(Q), |a| < k, such that

(F,u) = Z /faaaudx

la|<k o

for all u € Wg’p,(‘)(Q). Due to Corollary 4.6.5 there exists f1 € C5°(€2) with
| fo — fi”m(-)(g) <t We set F7 = Z|a|<k(_l)|a‘8afgz € C5°(£2), which
defines, due to the density of C§°(Q2) in Wég’p/(')(Q) (cf. Corollary 11.2.4), an
element from W~5P()(Q) through (F7, u) := o<k Jo fL0audz,ue C§° ().
One easily checks that ||F7 — Flly -kt < cj~' — 0 for j — oo and the
assertion follows. |

We have analogous statements of Propositions 12.3.2 and 12.3.4 in the case

of the dual spaces D~#?()(Q) of the homogeneous Sobolev spaces Dg’p(') Q).
The proof of the next proposition is completely analogous to the proof of
Proposition 12.3.2 and thus we omit it.

Proposition 12.3.5. Let Q C R" be a domain, let p € P8(Q) satisfy
1 <p <pt < oo andlet k € N. For each F € ka’p(')(ﬂ) there exists
fo € LPO)(Q), |a| = k, such that

(Fouy= Y /faaaudx

|Dt‘:kQ
for all u € Dg’p/(')(ﬂ). Moreover,

IF N p-rworiy = D Iall oo oy
la|=k

Remark 12.3.6. The last equality also implies that

(F, U>D*kvp<')(Q),D(’f”’,(')(ﬂ) == Z <aafa7U>D*(Q),Cg°(Q)
|a|=k

for all u € C§°(Q), i.e. the space D~#P()(Q) can be viewed as a subspace of
the space of distributions D*(£2).
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Recall that we denote the subspace of functions f € C§°(Q2) satisfying
Jo fdx =0 by C§%(92). For simplicity we restrict ourselves until the end
of this section to the study of the homogeneous Sobolev space D'P()(Q),
i.e. we consider only the case k = 1. For a function f € L] (), we define a
functional fby (f, u) = fQ fudz for u € C3°(2). From Proposition 3.4.14
we know that C§%(€2) is dense in Lg(')(Q). Next we show that this also holds

for D=1P0)(Q).

Proposition 12.3.7. Let Q be a domain and let p € P'°8(Q) with 1 < p~ <
pt < 00. Then C§%(Q) is dense in D=FP0)(Q), k € N.

Proof. Let F € D~%?()(Q). Then Proposition 12.3.5 implies the existence of
fo € LPO)(Q), |a| = k, such that

(Fouy= Y /faaauda:

lal=Fk g

for all u € Dg’p/(')(Q). Due to Proposition 3.4.14 there exists f1 € C5%(Q)
with |[fa = fill ey @) < Jt We set F/ .= Z|a\<k(_1)kaaf& € C§o(Y),
which defines through (F7 u) := Plal=k Jo fgaaudm, u € C§°(Q), an ele-
ment from D~%?()(Q). One easily checks that || F” —Fl p-rrcr ) < ci~t—=0
for j — oo and the assertion follows. ad

Let us restrict ourselves for the remainder of this section to the case k = 1.
Even though C§%(€) is dense in D~17()(Q) and LPY(Q) it is in general not
clear that it is also dense in D~1P()(Q) N Lg(')(Q). However we have the
following result:

Lemma 12.3.8. Let 2 C R™ be a domain, let p € P8() satisfy 1 < p~ <
pT < oo, and let A C Q be a bounded John domain.

a) The space Lp(') A) embeds into D~1PC)(A) which embeds into D~1P0)(Q).
0
We have

1100y < €0l s (ay < elcliam A ]y -

where we have extended [ by zero outside of A.

(b) If p™ < oo then for each f € Lg(')(A), extended f by zero outside of A,
there exists a sequence (fp) C C§Y(A) with fi — f in LPO(Q) and in
D=1r0)(Q).

Proof. The embedding D=2?()(A) « D=12()(Q) and first inequality in (a)
follow by duality from the obvious embedding D(l)’p(') (A) — Dé’p(') (). Using
Holder’s inequality and Poincaré’s inequality (Corollary 8.2.6) we find that
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<-]’cv? u>D—1.p(.)(A)7Dévp/(')(A) :/fde:/f(u_ <U>A) dx
A

A
< e(diam A) [[fll oy (ay VUl Lo )

for each v € C§°(A). This and the density of C§°(A4) in Dé’p,(')(A) prove
that f defines a linear bounded functional on D[l)’p ,(')(A) which satisfies the
inequality in (a). The density of C§%(A) in Lg(')(A) (Proposition 3.4.14)
together with the embedding in (a) proves (b). O

Remark 12.3.9. From the previous result and Proposition 3.4.14 it follows
immediately that for bounded John domains C§%(€2) is dense in D=0 (Q)N

LEO(Q) if p € P1o8(Q) satisfies 1 < p~ < pT < 0.
If the domain (2 has a sufficiently large and nice boundary it is not neces-

sary to require as in the previous results that the function f has a vanishing
integral. For simplicity we formulate the results only for the half-space RZ‘H.

Lemma 12.3.10. Let p € P8(RZ™) satisfy 1 < p~ < pt < oo and let
AC R’;H be a bounded John domain.

(a) The space LPC)(A) embeds into D~HPO(RETY) and we have the estimate
[l p-1p0 @rtry < (Al Lo a) s

where we have extended f by zero outside of A.
(b) If p* < oo then for each f € LPU)(A) there exists a sequence (fy) C
Cg°(A) with fr — f in LPO(REYY and in D=HPO) (R,

Proof. We choose g € ORZ™ and a ball B(z¢, R) such that A C B(xo, R).
We choose an appropriate ball B ¢ R%™ N B(xg, R) with |B| ~ | A| and note
that u|p = 0 for u € C°(R%). Now we use Lemma 8.2.3 and the Poincaré
inequality (Theorem 8.2.4 (b)) and obtain for f € LP()(A) that

b= [ fuds <l flmeriom e~ (Wl s
B(wo,R)

sc ||f||LP(')(A) ||quLP,(‘)(]R7>l+1)

for all u € C§°(RZ*!). This and the density of Cg°(RZ™) in Dé’pl(')(R§+1)
proves that f defines a linear bounded functional on D(l)’p ) (RZ*1) which sat-
isfies the estimate in (a). The density of C§°(A) in LP()(A) (Theorem 3.4.12)
together with the embedding in (a) prove (b). O

Proposition 12.3.11. Let p € P8(RZM) with 1 < p~ < pT < co. Then
C(‘)X’(R;H) and CZ° (R are dense in D~1PO) (R,
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Proof. The previous lemma implies that C’&‘E)(]R’;H) C CPREMY)

Ce R ¢ D=1PO)(RZT); hence the statement follows from Proposi-
tion 12.3.7. O

12.4 Bessel Potential Spaces*

Almeida and Samko [26], and Gurka, Harjulehto and Nekvinda [181] have
extended variable integrability Sobolev spaces to Bessel potential spaces
£>P() for constant but potentially non-integer o. The presentation in this
section follows the latter reference.

The Bessel kernel g, of order o > 0 is defined by

9o (T) 1=

2 o0
/ /efsfw%ws glammy/2ds g
2 S
0

The Bessel potential space with variable exponent L*P()(R™) is defined, for
p € P(R™) and « > 0, by

LOTOR™) = {gax f : [ L'IR™M)},
and is equipped with the norm
190 * fllcower@ny = 1 llp()-

If @ = 0 we put go * f := f and LOPO)(R™) := LPC)(R™).
The main result of this section is the following theorem.

Theorem 12.4.1. Ifp€ A with1 <p~ < pt < oo and k € N, then
£EPOR™) 22 W20 (R,

Before we prove the main theorem we need a few auxiliary results. Some
basic properties of the Bessel kernel g,, o > 0 are:

Jo 1s nonnegative, radially decreasing and ||gq||1 = 1,

ga() = (L+[*)™/2, ¢eR™,
9o * §o = Ja+a’s 04,0/ > 0.

For @ > 0 we define the measure p,, on Lebesgue measurable sets £ C R™ by

ta(E) := 0o(E +Zbak/gzk y) dy,
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where g is the Dirac delta measure at zero and b(«, k) = (_1)k(a£2) _
(7k,1!)k H;:é(% —4), k € N. Since

oo

> Iblas k)] < oo,

k=1

the measure pu, is a finite signed Borel measure on R™. For a = 0 we set
to = dg. The origin of the coefficients is in the Taylor expansion of the
function ¢ — (1 —¢)*/2, a > 0, t € (0,1]. Indeed, for 2 € R™ we have

|z|* ( 1 /2 2\ —2k/2
— = = 1——) =14+ g bla, k) (1 + /
1+ |$|2 — (CY, )( |$| ) )

which implies that

||

in(z) = /67151:'5 dpa(§) = 1+ [z2)e/2

Rn

for @ > 0. Obviously, this holds for a = 0, too. (For more details see [317,
p. 32] and [359, p. 134].)

We define the Riesz transform R;f, j =1,...,n, of a function f € S by
the formula

T 1)/2 i
ij(x) = % Elil(r)lJr / |y|yrf+1 f(x —y)dy.

ly|>e

Note that R; is a Calderén-Zygmund operator. Recall that (cf. [359])

FR)(E) = ‘Eﬁ 7).

Let 8= (B1,-..,0n) € N} be a multi-index. Then the multi-Riesz transform
R is defined by

Raf =Ry o-- 0RO f. (12.4.2)
For f € S it is easy to verify (cf. [317]) that

FRof©) = (52)" - () Fon

FRaD )6 = ()" (Z2)” Feo

F(DPf)(€) = (=2mi)lPl P f(¢),

where we used the multi-index notation ¢7 := ffl P
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Lemma 12.4.3. Suppose that p € A with 1 < p~ < pT < oo, a > 0 and
B € Ni. Then there exists a positive constant ¢ such that

9o * fllpey < el llpc)s
Il e * f||p(~) <c Hpr(‘)’
”RBpr(') sc Hf“p(‘)'

for f € LPO)(R™).

Proof. We noted earlier that g, is radially symmetric and decreasing. Fur-
thermore, ||lga|li = |lg1lli = 1. Hence g, is its own radially decreasing
majorant. It follows from Lemma 4.6.3 that

190 * Flloey < cllgallllfllpc)s

which yields the first inequality.
From the definition of p, we obtain that

pa* f(x) = f(@) + > bla,k) gar * f ().

k=1
Then the triangle inequality and the previous case complete the proof of the
second claim:

oo

ltta* Flloey < Ifllpey + D 1blas B)] g * Flluc
k=1

< (1 X @R 1l < el fll:
k=1

To prove the third inequality we note that by Corollary 6.3.13 and p € A
there exists a positive constant ¢ such that

IR fllpcy < el fllocy

for j = 1,...,n and f € LPO)(R™). Tterating this inequality completes the
proof. a

Proposition 12.4.4. Suppose thatp € P(R™) is bounded. Then the Schwartz
class S is dense in LPC)(R™), a > 0.

Proof. There is nothing to prove when a = 0. Let o > 0 and u € £*P()(R").
Then there is a function f € Lp(')(R”) such that u = g, * f. By density
of Cg°(R™) in LP)(R™) (Theorem 3.4.12) we can find a sequence (f3)5% C

Cs°(R™) C S converging to f in LP()(R™). Since the mapping f + go * f
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maps S onto S (cf. [359]), the functions u; := g * fj, 7 € N, belong to S.
Moreover,

”u - uj”t:avp(-)(]R") = Hf - fij(-) —0 asj— o0
and the assertion follows. O

Lemma 12.4.5 (cf. [317, Lemma 5.15]). Let f € S and k € N. Then

k

F=akx Y () Gkom # pm + (=2m)™ > () Ra(Df),

m=0 |8l=m

m)!

where (75) = Tl A

Proof. Using the binomial theorem for (£2 + ...+ £2)™ we derive

ITGEY (’g) &0 €2 f(6)

|B|=m

- (EL)" S ) F®Rs 0.

—2m
|B]=m

Then we use the binomial theorem for (1 + |£|?)¥ and the previous equation
to derive

1+ IeP) Z:( ) ()" > B FRADDE)

Next we note that (1_5'57'” o = = Gk(2)gk—m () fim (z). Thus we obtain

k
G > (5) Gem (@ fim () (=2m) ™ > () F(R(D?£))(©)
m=0

|Bl=m

by dividing the previous equation by (1+|¢|?)*. The claim follows by applying
the inverse Fourier transform. a

Lemma 12.4.6 (cf. [317, Lemma 5.17]). Let f € S, k € N and 3 € Njj,
|8| < k. Then

D (g * f) = (2m)1P g5 * i) * Rf-
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Proof. We again work on the Fourier side:

F(DP (g = £))(€)
= (=2m) ! €7gi(6) £ ()
= ) gt g (8) - ()™ 7@
= 2m)' 7 Gio—11(6) 111 (§) F(Rf)(©)-
The result follows by taking inverse Fourier transforms. a

Proof of Theorem 12.4.1. By Proposition 12.4.4 it suffices to consider the
case when f € S. Suppose first that f € £k’p(')(R"). Then there is a function
h € § such that f = gi * h. By Lemmas 12.4.6 and 12.4.3, and the definition
of the Bessel norm we obtain

1oy = D2 1D flloy = D 1D (gi W)l

|8I<k 18I<k
= > @D gy mys *Rph| .y < cllbllpy = cllfll oo @n)-
[BI<k

We next prove the reverse inequality. Let f € W*P()(R™). Then, by
Lemmas 12.4.5 and 12.4.3,

1k = | S g s (207 Y (Ra(D) H
m=0 |8]=m

< e Y D flloey = el fllkpiy: O
[BI<k

p(-)

12.5 Besov and Triebel-Lizorkin Spaces*

From a vast array of different function spaces a well ordered superstruc-
ture appeared in the 1960s and 1970s based on two three-index spaces: the
Besov space By, and the Triebel-Lizorkin space F}',. These spaces include
as special cases Lebesgue spaces, Sobolev spaces, Bessel potential spaces,
(real) Hardy spaces, and the trace spaces of these spaces. In this section we

introduce Besov and Triebel-Lizorkin spaces with variable indices, denoted
by B;‘((')), o) and F;(()) () In the constant exponent case the Besov space
was considered slightly earlier than the Triebel-Lizorkin space. However, for
variable exponent spaces the order was reversed — the reason for this is the
difficulty involved in having a variable secondary integrability index ¢, as we

explain below in more detail.
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Except as noted, the results on Triebel-Lizorkin spaces are based on work
by Diening, Hésté and Roudenko [100] whereas the results on Besov spaces
are from [24] by Almeida and Hésto. In addition to various variable exponent
spaces, these scales include also variable smoothness spaces studied, e.g., by
Beauzamy [41], Besov [46,47] and Leopold [265, 266].

In order to define these spaces we need some notation. For a cube @ let
£(Q) denote the side length of @ and z¢ the “lower left corner”. Let D be the
collection of dyadic cubes in R™ and denote by DT the subcollection of those
dyadic cubes with side-length at most 1. Let D, := {Q € D : £(Q) = 27"}.
Note that in this section ¢ is not used for the ®-function of the space but
instead as admissible in the sense of the following definition.

Definition 12.5.1. We say a pair (¢, ®) is admissible if o, ® € S(R™) satisfy
e sptp C{{ R : %g |€] < 2} and |¢(§)|>c>0when%< €] g%,
o spt® C {€ € R : [¢] < 2} and [(€)] = ¢ > 0 when [¢] < 2.

We set ¢, (x) :=2""¢(2x) for v € N and go(x) := ®(z). For Q € D, we set

QY20 (x — x ifv>1,
o) = {900t —x0)
1QI2®(x — xq) if v=0.

We define 1, and ¢g analogously.

According to [158], given an admissible pair (¢, ®) we can select another
admissible pair (¢, ¥) such that

~

O W(E) + Y P27 P(277E) =1 forall € €R".

v=1

Here, &)(x) = ®(—2z) and similarly for @.

For each f € S'(R™) we define the (inhomogeneous) ¢-transform S, as
the map taking f to the sequence (S, f)gep+ by setting (S, f)q = (f, vq)-
Here, (-,-) denotes the usual inner product on L?(R";C).

Using the admissible functions (p, ®) we can define the norms

1l = 12 00 % 1]

and | fllgy = |12 00 5 Il

Lp 1a’

for constants p,q € (0,00) and o € R. The Triebel-Lizorkin space F,

and the Besov space Bj , consist of those distributions f € S’ for which

| fllpa < oo and |[f|ga < o0, respectively. The classical theory of these
P, q P, q

spaces is presented for instance in the books of Triebel [362-364].
Throughout this section we use the following assumptions.
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Assumption 12.5.2. We assume that p,q € P°8(R") satisfy 0 < p~ <
pt < o0 and 0 < ¢- < q7 < oo. We also assume that o € L>®(R") is
non-negative, locally log-Holder continuous and has a limit at infinity.

For a family of functions f, : R” — R, v € Ny, we define

o0

va(‘T)Hzg(m = (Z fy(x)|q(w)> W).

v=0

Note that this is just an ordinary discrete Lebesgue space, since g(z) does
not depend on v. The mapping x — || f, ()]s is a function of z and can

(

be measured in LP(). We write L% ) to indicate that the integration variable

is x.

Definition 12.5.3. Let ¢,, v € Ny, be as in Definition 12.5.1. The Triebel-

Lizorkin space F;(S)q(.)(R") is defined to be the space of all distributions

feS with [|fll ey < oo, where
() a()

HfHFz?((-.))q(») = HH2Va(9:) 0, * f(;E)

Note that, a priori, the function space depends on the choice of admissible
functions (¢, ®). We soon show that, up to equivalence of norms, every pair
of admissible functions in fact produces the same space.

In the classical case it has proved to be very useful to consider discrete
Triebel-Lizorkin spaces f . Intuitively, this is achieved by viewing the func-
tion as a constant on dyadic cubes. The size of the appropriate dyadic cube
varies according to the level of smoothness. We now present a formulation of
the Triebel-Lizorkin norm which is similar in spirit.

For a sequence of real numbers {sg}g we define

The space f;((f)) ) consists of all those sequences {sg}¢g for which this norm

is finite. The discrete representation of Fi* | as sequence spaces through the

p-transform is due to Frazier and Jawerth [158].
One of the main results of Diening, Hésté and Roudenko [100] is the fol-

()

lowing isomorphism between Fp( )a() and a subspace of f;‘((-.)),q(-) via the S,

_1
2793 7 Isol Q172 xe

QeD,

||{5Q}Q||f§<<-5),q<«> - ‘

q(x) .
12 L£< )

transform. For a proof we refer to [100, Corollary 3.9].
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Corollary 12.5.4. Under Assumption 12.5.2,
al- ~ || S ol
”f”Fp(s)),q(» | S0f||fp((«>), a()

for every f € F ())q( )(]R").

With this kind of discrete representation, one can prove that F a(()) o )(R”)
is well-defined, see [100, Theorem 3.10] for details:

Theorem 12.5.5. Under Assumption 12.5.2, F;E()) ()(R") is well-defined,
, the definition does not depend on the choice of the functions ¢ and ®

satzsfymg the conditions of Definition 12.5.1, up to equivalence of norms.

We have seen in Chap.9 that smooth functions are dense in the variable
exponent space if pt < oo and p € P 8(R"). These conditions are also
sufficient for density in the Triebel-Lizorkin space. The proof follows easily
from the atomic decomposition of the space; we refer to [100] for this.

Corollary 12.5.6. Under Assumption 12.5.2, the space C§°(R™) is dense in

o) (R™)

p(')vqt) ’

The Triebel-Lizorkin scale F (() o) includes as special cases spaces with
variable differentiability or integrability which have been studied by various
authors. As a first result we show that Lebesgue spaces with variable exponent
are included.

Theorem 12.5.7. Let p € PY8(R™) with 1 < p~ < pt < oco. Then
FY ) o(R™) = LPO(R™).

Proof. Since C§°(R") is dense in LP()(R™) (Theorem 3.4.12) and also in
FIE)(_)’Q(R”) by Corollary 12.5.6, it suffices to prove the claim for all f €

C°(R™). Fix r € (1,p~). Then

HH‘PV * f”zg L70 (R7w) ~ ”f”L““O(]R”;w)a

for all w € A; by [260, Theorem 1], where the constant depends only on
the Aj-constant of the weight w. Thus the assumptions of the extrapolation
result, Theorem 7.2.1, are satisfied. Applying this theorem with F equal to

either

{(lpw = fllie, £) = f€C®RMY or {(£llow = fllz) = f € C(R™)}

completes the proof. O
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The next result states that the Bessel potential spaces studied in the
previous section are also included in the scale. Xu [371-373] has studied
Triebel-Lizorkin spaces with variable p, but fixed ¢ and «. We denote these
spaces by F;EU)Z(R”), they are also included in the Triebel-Lizorkin scale.
For the proof of the next result we refer to [100, Theorem 4.5].

Theorem 12.5.8. Let p € P8(R") with 1 < p~ < p* < c0.

(a) Fyiy ,(R") = F;?;";(R") if a € [0,00); in particular,
(b) Fy,),o(R") = LAPO(R™) if o € [0,00); in particular,

(©) FSy o(R™) = WPOR™) if o € No.

As an example of the power of having a unified scale of variable index
function spaces we consider another trace theorem. Recall that we saw in
Sect. 12.1 that the trace space of a first order variable exponent Sobolev
space is not a Sobolev space. The Triebel-Lizorkin scale does not have this
problem: it is, in fact, closed under taking of traces. For the proof we refer
to [100, Theorem 3.13].

Theorem 12.5.9. Let the functions p, q, and « be as in Assumption 12.5.2.
If a — % —(n— 1)max{% — 1,0} > 0, then

al)— 1
TI.FQ(') (Rn) —F Q) (")

n—1
p().4() o) R

Note that the assumption o — % —(n-1) max{% -1, O} > 0 is optimal
also in the constant smoothness and integrability case, cf. [157, Sect. 5]

Vybiral [367] has recently derived a Sobolev embedding in the variable
index Triebel-Lizorkin setting. In view of the above trace result, this gen-
eralizes Fan’s [134] and Liu’s [273] Sobolev-type trace embeddings in the
variable exponent setting. The following is his Theorem 3.5 from [367]:

Theorem 12.5.10. Let the functions pg,p1, qo,q1 and ag, a1 be as in
Assumption 12.5.2. If ag — plo =1 — pﬂl and (g — a1)” >0, then

ao(-) n a1 () n
Foa a0 R™) = F ey g (RT).

In the special case when ¢y = ¢1 = ¢, the assumption (g — 1)~ > 0
can be replaced by ag > «; [367, Theorem 3.4]. In particular, the choice
go = q1 = 2 gives, by Theorem 12.5.8 (b), that

L£0Po()(R?) Eal,pl(')(Rn>

ifao—%:al—ﬁanda()}al.

In order to define Besov spaces, we introduce a generalization of the iter-
ated function space £9(LP()) for the case of variable . We give a general
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but quite strange looking definition for the mixed Lebesgue-sequence space
modular. This is not strictly an iterated function space-indeed, it cannot be,
since then there would be no space variable left in the outer function space.

For all the remaining results in this section we refer to Almeida and
Hasto [24].

Definition 12.5.11. Let p,q € P(R™). The mized Lebesque-sequence space
29C)(LP()) is defined on sequences of LP()-functions by the modular

00ae) (Lo (fu)r) = imf{)\ >0 : 0y (f,,/)\q“) }

v=0

Here we use the convention A/ = 1. The norm is defined from this as usual:
1(fo)ulleaty (Lrcry := inf {,u >0 0pa0) (£r0) (55 (fi)v) < }

To motivate this definition, we mention that

||(fV)V||gq(Lp(-)) = HHf”Hp() va

if ¢ € (0, 00] is constant. Let p, ¢ € P'°8(R") with p~, ¢~ > 0. Then 004l (Lr())
is a semimodular. Additionally:

(a) It is a modular if p* < oco.
(b) It is continuous if p*, ¢ < co.

Of course, most importantly, o) (Lr)) defines a quasinorm.

Theorem 12.5.12. Ifp,q € P°8(R"), then |- | ¢at) (Lr0y s @ quasinorm on
0aC)(LP0)),

We are now able to state the definition of the Besov space without further
difficulties:

Definition 12.5.13. Let ¢,, v € Ny, be as in Definition 12.5.1. For « :
R™ — R and p,q € P'°8(R"), the Besov space B;‘((")) q(.)(R”) consists of all
distributions f € S&’(R™) such that

1 ey = = |22V, « f)”Hé‘I('>(LP(')) < .

p() a(-)

If p and « satisfy Assumption 12.5.2, then the Besov and Triebel-Lizorkin
spaces with equal primary and secondary indices agree:

®") = £y

a()
B p(), ()

(), 20 (R).
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In particular, the Besov spaces can also be used to describe the traces of
Sobolev functions.

The following independence of the basis functions-property holds under
weaker conditions than the corresponding one in the Triebel-Lizorkin case:

Theorem 12.5.14. Let p,q € PY8(R") and a be locally log-Hélder con-
tinuous and bounded. Then the space B;‘((.')) q(_)(R") does not depend on
the admissible basis functions p,, i.e. different functions yield equivalent

quasinorms.

The following two embedding theorems generalize the constant exponent
versions in the expected (and optimal) way:

Theorem 12.5.15. Let o, ag, a1 € L=(R™) and p, qo,q1 € P(R™).
(1) If go < q1, then

(R") — B0

al+) af-
B p(‘%ql(')(

p('.),qo(') R™).

(ii) If (ag — aq)” > 0, then

ao(+) n a1 ()
B0y a0y (R™) = By 4, (o (RY):

(iti) If p™,q* < oo, then

BOé( )

- . o) mm 8
P minfp().a()} R = Fp0y gy RY) = B

P(). a0 o), max(p().q()} B)-

Theorem 12.5.16 (Sobolev inequality). Let po,p1,q € P(R™) and ap,
ag € L*®(R™) with ap > aq. If 1/q and

= ofe) - pi(z)

are locally log-Hélder continuous, then

ao(+) n ai(+) n
Bpoya(r B = By a0y RY):

Kempka [232] has studied so-called micro-local versions of both variable
index Besov and Triebel-Lizorkin spaces. This setting includes also some
range of weights as well as slightly more general smoothness. However, he
does not include the case of Besov spaces with variable q.
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Chapter 13
Dirichlet Energy Integral
and Laplace Equation

For a constant g € (1, 00), the Dirichlet energy integral is
/|Vu(3:)|qu.
Q

The problem is to find a minimizer for the energy integral among all
Sobolev functions with a given boundary value function. The Euler—Lagrange
equation of this problem is the g-Laplace equation,

div(|Vu|??Vu) = 0,

which has to be understand in the weak sense. The energy integral and
g-Laplace equation have been widely studied, see for example [219,235,280].
The g¢-Laplace equation is a prototype of a non-linear elliptic equation. By
non-linearity we mean that if ¢ # 2 then the weak solutions do not form
a linear space. However the set of weak solutions is closed under constant
multiplication. By celebrated De Giorgi’s method and Moser’s iteration the
minimizers and the weak solutions are locally Holder continuous and satisfy
Harnack’s inequality:
supu < cinf u,
B B

where c is independent of u and the ball B.
The Dirichlet energy integral and the Laplace equation can be generalize
to the variable exponent case as

/ Vu(@)P@ dz and  div(p(a)|Vu(@)|P®~2Vu) = 0.
Q

It turns out that the minimizer exists for a given boundary value function
under mild conditions of p. The minimizers and the weak solutions are locally
Holder continuous when p is log-Hélder continuous with 1 < p~ < p* < oo.
Harnack’s inequality does not hold by the mentioned form: in the variable

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 401
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-13,
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exponent case the constant can not be independent of the function w. The
minimizers or the weak solutions are not scalable, i.e. Au need not be a
minimizer or a weak solution even if u is. These effects are visible already in
the one dimensional case where the minimizers need not to be linear as in
the constant exponent case.

In the first section, Sect.13.1, we study minimizers on an interval with
detailed proofs. In Sects. 13.2 and 13.3 we give a rough overview of properties
of minimizers and solutions of the prototype equality. In the last section,
Sect. 13.4, we generalize, with detailed proofs, Harnack’s inequality to all
elliptic type Laplace equations with growth conditions of a non-standard
form.

The material is selected by the personal taste of the writers; it concentrates
to the variable exponent Laplace equation from the potential theoretical
viewpoint and all results concerning Harnack’s inequality are included. In
particular this chapter does not include solutions to the obstacle problems,
e.g., [125,126,205,331], systems, e.g., [8,13,49,106,180,185,272,318,374, 382,
383,388, eigenvalues, e.g., [21,88,89,112,113,130,133,135,136, 145,259,290,
290,291, 381], parabolic equations, e.g., [9,36-39,71,257,324,379,380]; regu-
larity of solutions, e.g., [3,5,10,19,31,72,124,131, 146,147,150, 156, 182,276,
370,395,396, 398].

Existence and uniqueness of solutions has been studied in a large number
of papers. For instance:

o [139,143,368,385,389,390] deal with the one-dimensional case.

e [32,35,61, 80,132,170, 270, 282, 295, 322, 377, 384, 386, 387, 392] deal with
existence of solutions to the p(-)-Laplacian.

e [17,30,33,33,42,55,56,64,68,78,85-87,110,137,138,140, 144,151,160, 161,
170-173,175,220-222,273,274,292-294,320,321,333,349,354,375-377] deal
with existence related to more general equations.

A wider scope can be found from the recent surveys [201,297].

13.1 The One Dimensional Case

Let us start by stating the Dirichlet energy integral problem on an interval.
These results are mainly from [191]. We assume that the bounded interval
under consideration is (r, R). Since every element in the space WP()(r, R)
has a continuous representative, we assume that every Sobolev function is
continuous. We denote u € Wy™” ) (r, R) and say that u belongs to the variable
exponent Sobolev space with zero boundary values if it can be continuously
continued by 0 outside (r, R) (the extension is again denoted by u). Thus

w e WP (r, R) if and only if u(r) = u(R) = 0.

Definition 13.1.1. A function v € W'PO)(r, R) is a p(-)-minimizer for the
boundary values a and b if u(r) = a, u(R) = b and
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R R
/|u/‘p(y) dy < /|U/|p(y) dy
T T

for every v with u —v € Wol’p(')(r‘, R).

If p is a constant, then the minimizer is linear, u(z) = 2=%(z —r) + a.

The next example shows that the variable exponent adds some interest to
this minimization question.

Example 13.1.2. We define

3, for0<z<1/2
p(w):{ /

2, forl/2<z<1.

Suppose that u € VVI’I’(')(O7 1) is the minimizer for the boundary values 0
and b > 0. Denote u(1/2) = A.

Then u|(g,1/2) is the solution to the classical energy integral problem with
boundary values 0 and A, and u|(1 /2,1) is the solution with boundary values
A and b. Therefore these functions are linear, and so

(2) 2)\x, for 0 <z <1/2
u(z) =
224200 N (z—1/2), forl/2<z<1.

For this u we have the Dirichlet energy 4\3+2(b— \)2. It is easy to see that
the function A — 2A3+(b—\)? has a minimum at A = (/1 + 12b—1)/6, which
determines the minimizer of the variable exponent problem. The minimizing
functions for some b’s are shown in Fig. 13.1.

As can be seen in the figure, and confirmed by calculation, the minimizer
is convex if b > 2/3, concave if b < 2/3 and linear for b = 2/3.

It is in fact possible to give an explicit formula for the minimizer by solving
the corresponding Euler—Lagrange equation, as shown in the next theorem.
The formula is not quite transparent, however, so we prove some properties
of the minimizers later on. We start with preliminary results.

Lemma 13.1.3. Let p € P(r, R) be bounded and strictly greater than one
almost everywhere. If uw € WYPO)(r R) s a p(-)-minimizer, then p(z)
(u/(x))P@) =1 is a constant almost everywhere.

Proof. Suppose that p(x)(u(x))P®)~1 is not a constant almost everywhere.
Let then di < do be such that

Ay = {z € (r, R): p(a)|/ () P71 < du},
Ay :={z € (r,R): pla)|u (z) POt > da}
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Fig. 13.1 Energy integral minimizers

have positive measure. Let A} C A; and A) C Az be such that |A]]| = |A5| > 0.
Define f = XA/I — XA/Z.

Let 0 < & < 1. Using ||z + [P — |z|P| < p|lz+h| — |=||(|z+ k[P~ +|=[P~1)
and e !||u/ + e¢| — [v'|| < ¢ we obtain

[/ () + e€(@)[P) — o' ()P
3
x)““ ) +e€(x)] — [u'(x |‘(|u )+ e€(x )|p($)—1+|u/(x)|p(af:)—1>

5
< c(\u’(az)|p($)_1 + Ep(ﬂﬂ)—l) < c(|u’(x)|p(“) +e+1).

Since p is bounded |u/|P() € L(r, R) and the dominated convergence theorem

yields
H @) _ 1oy |P(®) i
plz) _ p(x
nm/'“ gt — u /p ) [P d
e—0 £
s T
<

< (di — do)] A < 0.

Note that £ is the classical derivative of v(x) := fr X4, — Xay dy. Since
v' is bounded and v(r) = v(R) = 0 we obtain that v € Wol’p(')(r, R).
Thus the previous inequality contradicts that u is the minimizer and hence
p(z)(u (2))P®)~1 is a constant almost everywhere. O

Lemma 13.1.4. Let p € P(r,R) be bounded and strictly greater than one
almost everywhere. Let uw € WYPO) (r R). If p(x) (v (2))P®) 1 is a constant
almost everywhere then u is a p(-)-minimizer for its own boundary values.
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Proof. Since p(x)(u'(z))P*)~1 is a constant almost everywhere we have for
every v with v —u € Wol’p(‘)(r, R) that

R
/p(x)(u/)p(a:)—l(v/ o u/) de = 0.

By the inequality [b|P > |a|P + pla|P~1(b — a) we obtain

R R R
/|v’|p(w) dr > /|u'|p("’”) dr + /p(x)(u')p("”)*l(v' — ') dz.

Since the last integral is zero we have

R R
/|u’|p(z) dr < / |v'|p(x) dzx. O

The next theorem gives an explicit form for the minimizers. The original
formulation in [191] included a mistake, so we reformulate the theorem here.

Theorem 13.1.5 ([191, Theorem 3.2]). Let p € P(r, R) be bounded and
strictly greater than one almost everywhere and let a,b € R, a < b, be the
boundary values at r and R. Then there exists a unique minimizer for these
boundary values if and only if there exists m > 0 such that

R 1
7 p(z)—1
b—a< / (%) dzr < oo. (13.1.6)

r

In this case the minimizer is given by

.
for appropriate m € (0,mm).

Note that for m we have

R 1
m p(y)—1
—_— dy=05-—a.
/ (p(y)>
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Proof. Let fy,(x) := (p(m) ) 7T We first show that m can be chosen so that

fr fmdx =0b—a. If m is such that fT fmdx = b— a, then m = m. Assume

then that fTR famdz > b — a. It is enough to show that m fTR fm dx is
continuous on [0,m]. Fix € > 0 and define

Ay ={z € (r,R): p(z) > A}.
We choose A > 1 such that

fmdr <e.

(r, R)\Ax

In A, the exponent is bounded from above and so we can choose a

1
p(r)—1
small real number d, m + |d| < m, such that fA)\ | fm — fm+d| dx < . Since

m— fTR fm dx is increasing, we find that

R
‘ Jm = fmtadx| < [ |fm — frgal do + (fm + fmaa) dx < 3e.
[ ——

(r R)\Ax

R : .
Hence m +— [ fn, dx is continuous.

Let f,, be such that [ fo,dz = b—a. If u € W'PO(r, R) is such that
fm = v and u(r) = a, then by Lemma 13 1.4 the function w is the minimizer
we are looking for. Define therefore u(z f fm(y)dy + a for x € (r, R)].
Since a < u < b, u € L") (r, R). Further7

-/ G5)
Therefore u € WHP()(r, R) is a minimizer.

To prove the other direction, let u be a minimizer. Then by Lemma 13.1.3
fm = v with fTR fm dy = b—a. So then (13.1.6) holds. Therefore the condition
is both necessary and sufficient.

Finally we show that the minimizer is unique. Assume that we have two

minimizers v and v with same boundary values. Since y — 3P(*) is strictly
convex when p(z) > 1,

R ~
m x
/ (— p() dl‘<OO.

1 ,p=)
—u' + = <

’ 1
2 2

1 1
_|u/|p(z) + 5|v/|1o(ﬂc)
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for almost every z € I with u/(z) # v/(z). The function fu + 1v has the
same boundary values than u and v. If the set {u/(x) # v'(z)} has positive
measure then

R
1 1
/\5“'*5“'

Since v is a minimizer, we have u/ = v’ almost everywhere. We obtain
uU="v. O

(=) ]
p(x
dr < — / |u/|p(“) dr + = / |U/|p($) dx = / |u’|;(l) dx.

The gradient of the minimizer is uniformly bounded if 1 < p~ < p* < oco.
Thus we obtain the following corollary.

Corollary 13.1.7. If p € P(r,R) with 1 < p~ < p* < oo then for every
a,b € R, a <b, there exists a unique minimizer with these boundary values.
The minimizer is given by

u(z) = / (%) T e,

s

for some constant m > 0.

The following example shows that the Dirichlet energy integral does not
always have a minimizer.

Example 13.1.8. For p(z) := 1+ z in (0,1) the minimizer does not exists
when the difference between the boundary values is large enough. Fix a = 0
and let m > 1. Then

1 1 1
d
/mﬂzl)*ldz = /m%dx > max{l,logm}/—x = 00.
x
0 0 0

Since p'/(1=P) lies between 1/e and 1, the condition of Theorem 13.1.5 is not
1
satisfied for b > fol p(x) T=r@ d.

Example 13.1.9. Using Theorem 13.1.5 we plot some minimizers of the
energy integral for p(z) := 1.1 + z in (0,1) (Fig.13.2). The left boundary
value is 0 and the number on the right is again the second boundary value, b.
It is easy to see that if we multiply a minimizer by a real number the result
need not to be a minimizer.

Next we study regularity of minimizers.

Corollary 13.1.10. If p € P(r,R) with 1 < p~ < pt < oo, then the
minimizers are bi-Lipschitz continuous.
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Fig. 13.2 Minimizers when p(z) = 1.1+

Proof. By Theorem 13.1.5, the minimizer has derivative (m/p(x))*/®)=1)
for some constant m > 0. Since

m p(wl)fl 1 1 1
@) <mr@-T < max{mr~ -1, mrF-1} < 00

and

m \ F@=T m\ P _ m\7==T [ m\ T
»(@) v S A7) B Ve >0

for all z € (r, R), it follows from the mean-value theorem that the minimizer
is bi-Lipschitz continuous. a

Corollary 13.1.11. Ifp € P(r,R) with 1 < p~ < p™ < oo, then the deriva-
tive of the minimizer is a-Holder continuous if and only if the exponent p is
a-Holder continuous.

Proof. Let us denote F(y) := (m/y)"/®=1. Then the derivative of the
minimizer equals F(p(z)). Since F is differentiable on (1, 00) we obtain

|F(p(x)) = Fpw)| = F'()p(x) — p(y),

where £ € (p(z),p(y)), by the mean-value theorem. It is easy to see that F’
is bounded and bounded away from 0 on [p~,p*], so that F(p(z)) possesses
the same degree of regularity as p(z). O

The next result shows that if we relax the assumption p~ > 1 then we are
a liable to lose a lot of the regularity of the minimizer.

Example 13.1.12. Let p(z) = 1 + (log(1/2))~! in (0,1). Fix the left
boundary value be 0 and let b > 0 be the right boundary value. We have
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1 1
1 1
/mﬂll)*ldx = /xilogmdx =—

1—logm
0 0

provided m < e, so condition (13.1.6) is satisfied for any b > 0. Therefore
the derivative of the minimizer is (m/p(z))"/®@=1 for some m > 0, by
Theorem 13.1.5. Thus for 0 < y < x < 1 we have

xr
ju(z) — uly)| = ‘/mflogmp(x)—mﬁ_ldx LT oy
1—logm
Yy
< (I _ y)lflogm
1—logm

We see that u is (1 — logm)-Ho6lder continuous. Moreover, if b is such that
m > 1, then the derivative is unbounded, hence not uniformly continuous.
Some minimizers are plotted in Fig.13.3. The number on the right is
again the second boundary value, b. The lower three curves are Lipschitz
continuous, the following two are 0.738- and 0.530-Holder continuous.

Theorem 13.1.13 (Harnack’s inequality, [200]). Let p € P(r, R) with
1<p <pt<oo. Ifue WO (r R) is a minimizer with boundary values
aandb, 0 < a<b, then

sup  u(y) <c inf wu(y)
yEB(z,r’) yEB(z,r’)

for every x € (r,R) and every v’ with 2B(z,r') C (r,R). The constant c
depends only on p~, pT, b—a, and R —r.

0.19 0.9407
0.8}
0.7}
0.6}

0.5¢

0.6296

04l 0.4275

0.3} 0.2779
02}

0.1}

0
0 0.10203040506070809 1

Fig. 13.3 Minimizers when p(z) = 1+ (- log(z)) !
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Proof. We note that t=%/*=1 lies between e~! and 1 for all t > 1. By
Theorem 13.1.5 we obtain

:L’Jrr' :v+r'

m \ F=T .
sup u = / <—> dy+a < /mmy)*l dy + a
B(xz,r’) p(y)
ks

r

1 1
<(z+r'—7r) max{mr’*fl,mp’*l} +a

and

’
r—rr

. m P(U%*l 1 o 1
inf u= / — dy+a>e” / mr»-1 dy + q
B(.r") p(y)
o

T

> (x — 7" —r)min {mﬁlfl,mpil } + a.
Since 2B(z,r") C (r, R), we deduce

x+r —r
— < 3.

z—r —r

Using this and the fact 1% < max{%5,1}, the supremum and infimum
. . c’'+a c
estimates yield

SUpPpB(z,r) U

1 a1
- <3emax{m P‘—l,mp‘—l}.
lnfB(w’,,,/)U

Here the constant m is from Theorem 13.1.5 and it depends on the boundary
values of u and p. Moreover m can be estimated in terms of p~, p™, b — a
and R —r. O

The following example shows that the constant in the Harnack inequality
can not be independent of the minimizer even if the exponent is Lipschitz
continuous. The example is from [208].

Example 13.1.14. We define

3 for 0 < o < 2;
p(x)—{ 2

3-2@x-1) fori<az<l.

Suppose that u, € W1P()(0,1) is the minimizer of the Dirichlet energy
integral for the boundary values 0 and b > 0 given by Theorem 13.1.5:

= j (%yb)))(l)l dy
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Fig. 13.4 Minimizers when p is Lipschitz continuous on the whole interval and constant
on (0, %]

Note that if b — oo then m(b) — oo. Three minimizers with m(b) = 2,4,8
are presented in Fig. 13.4.
m(b)

In (0, 3) the minimizer is linear, up(z) = / “52x. In (3, 2) the gradient

the midpoint of (%, %), the

5
of up, increases from @ to (%) ’L At %,

10
gradient of u;, equals (102L9(b)) " Hence

Let B := B (3,15) = (2,2). Then

10
m®) 1, 1 10m<b>)%0 10
SUPycp |us ()| S R W —5y L(E)Em(b)a% oo
infzep |up()| m(b) 2 8v3129
3 5

as b — oo.

Fan and Fan [139] have considered more complicated one-dimensional
variable exponent differential equations.
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Theorem 13.1.15 (Theorem 1.1, [139]). Let I := [0,7] C R and g €
C(I xRN RY), and suppose that there exists r > 0 such that zg(x,z) > 0 for
allz € T and z € RN with |z| =r. If p € C(I) and p~ > 1, then the equation

{(ullp(z ) =glaw), wel (13.1.16)

u(0) —uw(T) = u'(0) — u/(T) = 0,

has at least one weak solution uw € C*(I,RN) such that |u(z)| < r for all
zel.

We refer to the survey [201] for further variants of this result.

13.2 Minimizers

We start this section by discussing existence of minimizers for given boundary
values. Then we move to regularity of minimizers and Harnack’s inequal-
ity. These results are collected from many papers and for every theorem a
reference is given.

Definition 13.2.1. A function « € WP()(Q) is a minimizer for a boundary
value function w € WHPO)(Q) if u —w € Wol’p(')(Q) and

/|Vu|p(“")dx</|Vv|p(I) dx
Q Q

for every function v with u —v € Wol‘p(')(Q).

Theorem 13.2.2 ([196]). Let Q be bounded and let p € P(Q) with
1 < p~ < pt < oo be such that the p(-)-Poincaré inequality holds. Assume
that w € W'P0)(Q). Then there exists a unique minimizer for the boundary
value function w.

Let n 2 3, ¢1 € (1,n/(n—1)) and g2 € (¢},n). Hastd [213] constructed
a bounded domain {2, a continuous exponent p € P(2) with p~ = ¢; and
pT = ¢, and a boundary value function w € Wl’p(')(Q) such that there does
not exists a minimizer for the boundary value function w.

Note that if we had g2 < ¢f in the previous theorem, then a minimizer
would always exist, by Lemma 8.2.14 and Theorems 13.2.2, so in this sense
Theorem 13.2.2 is the best possible.

Theorem 13.2.3 ([213]). Let Q be bounded and let p € P(Q) with
1 < p- < pt < oo. Suppose that w € WHPO)(Q) N L>(Q). Then there
exists a unique minimizer for the boundary value function w.
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The proofs of Theorems 13.2.2 and 13.2.3 are based on a well known func-
tional analysis result: in a reflexive Banach spaces there exists an element
that minimizes every convex, lower semicontinuous and coercive operator.
The space W1P()(Q) is a reflexive Banach space by Theorem 8.1.6. Convex-
ity follows since ¢ — tP is convex for every 1 < p < co. Theorem 3.2.9 yields
lower semicontinuity. Therefore, we need only worry about coercivity. In this
setting coercivity means that |u||,.) — oo implies ||[Vul/,.) — oo. Clearly
this holds if the Poincaré inequality holds, see Sect.8.2. If the boundary
value function is bounded we may restrict our studied to uniformly bounded
Sobolev functions and use the Poincaré inequality in the constant exponent
case p = 1.

Assume that p is a bounded variable exponent with p~ = 1. For A > 1 we
set py := max{p, A}; we can find Dirichlet py(-)-energy minimizers uy for the
given bounded boundary value function f € W1s()(Q) for some § > 1. The
following result says that (uy) has a converging subsequence as A — 1. We
denote Y :={z € Q: p(x) = 1}.

Theorem 13.2.4 ([206]). Let p € P(Q) be bounded with p~ = 1 and let
(Aj) be a sequence decreasing to 1. Let (uy;) be a sequence of Dirichlet py, (-)-
minimizers in Q for a boundary value function f € WhPs()(Q) N L>®(Q), for
some & > 1.
Then there exists a subsequence (A\;) and uw € L™ () such that:
(a) un, — w in LPO(Q) for 6 € [1, 219);
(b) wx, = w in WP (Q\Y);
(¢) w is a weak solution of the p(-)-Laplace equation in Q\'Y (see the next
section for the definition of weak solutions).

If, in addition, p is log-Holder continuous and

1
lim |p(z) — 1]log —— =
o=y |z =yl
for every y € Y, then the limit function u belongs to a variable exponent

mized BV-Sobolev space in  and it minimizes the BV-Sobolev energy among
all functions with the same boundary values.

The limit function u form the previous theorem can be discontinuous as
presented in Fig. 13.5 that is from [206].

At the opposite limit, when p — oo, we have the following result, where
p* == min{p, A}, see also [270,281].

Theorem 13.2.5 ([200]). Let p € P(Q) withn < p~ < pt = oo. Assume
that f € WP (Q)N L= () with Jo |V f[P(®)dx < oo. Let uy be the Dirichlet
p*(-)-energy minimizer for the boundary value function f. Then there exist
a sequence (\;) converging to infinity and a function us € WHPC)(Q) such
that (uy,) converges locally uniformly to us in Q. Moreover, [, |Vt [P®) dz
is finite and |Vuso| < 1 almost everywhere in {p = oco}.
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Fig. 13.5 Four BV-Sobolev-minimizers for p(z) = 1 + |z| with different boundary values
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Fig. 13.6 A limit function and two solutions with A = 10, 100

The next example shows that Harnack’s inequality need not to hold for
the limit function uy in the form of Theorem 13.1.13. The example is from
[200, Example 4.9].

Example 13.2.6. We define p € P(0,1) by

_3
p(z) = {1—3;’ ] >

00, |z] <

NN T

and choose boundary values 0 and % Figure 13.6 presents the limit function
Uso (line) and p*(-)-solutions with A equal to 10 (dot) and 100 (dash). Note

that the limit function us equals 0 on (—1,—1).

Next we study continuity of the minimizer and its gradient. A function
F:QxR" — R"is a Carathéodory function if x — F(z,z) is measurable
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for every z € R™ and z — F(x,z2) is continuous for almost every x € Q. Let
F:Q xR" — R" be a Carathéodory function such that

¢z P® < Pz, 2) < e(1+[27)

for some ¢ > 1.

Definition 13.2.7. A function v € I/Vli’cl (Q) is a local minimizer of F if
|Vu| € LPO)(Q) and

loc

/F(m,Vu)dm< /F(&Vu—&—Vib)dx

spt 1 spty
for every ¢ € W11(Q) with compact support in .

Every minimizer from Definition 13.2.1 satisfies the conditions of Defini-
tion 13.2.7.

In the excellent series of paper, Acerbi, Coscia and Mingione proved the
fundamental C1® regularity for the model equation [4,79] and extended it
to more general equations and systems [5,7,8]. We refer here only some their
theorems and recommend reader to look the nice survey of Mingione [297].

Fan and Zhao showed [147] that if the exponent is continuous and 1 <
p~ < pT < oo, then every local minimizer of F' is locally bounded. Their
proofs are based on De Giorgi’s method.

Theorem 13.2.8 ([4, 147]). Let Q be bounded and p € P8(Q) with
1 < p” < p" < oco. Then every local minimizer of F is locally a-Hdlder
continuous for a € (0,1) depending the log-Hdlder constant of p.

The proof of Acerbi and Mingione [4] gives also a slightly different version
of the previous theorem. Namely if for every z € ) we have

Ip(z) — p(y)|log|z —y| = 0 asy — z,

then every local minimizer of F' is locally a-Holder continuous for every
O0<ax<l

Using the higher integrability of the gradients of local minimizers of F,
Coscia and Mingione show that in some cases the gradients are continuous.

Theorem 13.2.9 ([79]). Let Q be bounded and p € P(Q) be a-Hélder con-
tinuous with 1 < p~ < pt < 00 and 0 < a < 1. Then every local minimizer
of F has locally 3-Hdélder continuous derivatives for some 5 < «.

Corollary 13.1.11 shows that in Theorem 13.2.9  can not be strictly larger
than a.



416 13 Dirichlet Energy Integral and Laplace Equation

Definition 13.2.10. A function u € Wli’cp(') (€) is called a quasiminimizer if
there exists a constant x > 1 such that

/ |Vul|P®) do < k / IV (u+ v)|P® da
{070} {0120}

for every open set DCC § and for every v € WP()(D) with compact support
in D.

In the previous section we noted that a constant multiple of a minimizers
need not be a minimizer. If u is a quasiminimizer with a constant x, then —u
is also a quasiminimizer with the same constant, and if & € R then au is a

e e . + - - ¥
quasiminimizer with a constant max{a? ~P k,aP P k}.

If u € W'PO)(Q) is a quasiminimizer and x = 1, then u is a minimizer
in a sense of Definition 13.2.1 for its own boundary values. Examples of the
quasiminimizers:

o Local minimizers and minimizers with a given boundary value function of

p(+)
/ [VaP™
p(x)
Q

o . +
These are quasiminimizers with constant Z—.
o Local minimizers of a Carathéodory function with a growing conditions

HzP@ < F(z, Vu) < 2P,

These are quasiminimizers with constant c2.

Fan and Zhao studied quasiminimizers in [148]. They proved higher inte-
grability for gradients and showed that each quasiminimizer is locally Hélder
continuous. Their proofs are based on De Giorgi’s method.

Theorem 13.2.11 ([148]). Let Q be bounded and p € PY8(Q) with
1 < p~ < pt < oo. Let u be a quasiminimizer. Then u is locally Hélder
continuous and |Vu| € Lp(')JrE(Q) for some € > 0.

loc

Harjulehto, Kuusi, Lukkari, Marola and Parviainen [210] extend works of
Fan and Zhao [147,148] and showed that De Giorgi’s method can be fully
adapted to the variable exponent case.

Theorem 13.2.12 (Harnack’s inequality, [210]). Let Q be bounded and
p € P%(Q) with 1 < p~ < pT < oo. Let u be a nonnegative p(-)-
quasiminimizer in §2. Further, we consider only cubes Q so small that
10Q C Q,
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/|u|p(y) dy <1 and /|Vu|p(y) dy < 1.
Q Q

Then there exists a constant ¢ such that

esssupu(y) < c(essinf u(y) + diam(Q)).
yeQ YeQ

The constant ¢ depends on n, p(-), q, s > pTOQ — P1og: the quasiminimizing
constant and the L™*(10Q)-norm of u.

Since p is uniformly continuous we may choose the radius of @ so that
ns < p~, and hence the L™ (10Q)-norm of u is finite. Note that Harnack’s
inequality implies that u is continuous, for the proof see [18]. For bounded
quasiminimizers the result can be write in a slightly different form:

esssup u(y) < c(essinfu(y) + diam(Q)®)
yeQ yeQ

for any a > 1, where the constant ¢ depends on n, p(-), ¢, a, the quasimini-
mizing constant and the L*°-norm of v [210].

13.3 Harmonic and Superharmonic Functions

The Euler-Lagrange equation of the Dirichlet energy integral minimization
problem is the p(-)-Laplace equation

div(p(-)|Vu|PH~2Vu) = 0.
Next we discuss its weak solutions.
Definition 13.3.1. A function u € Wli’f(')(Q) is a (weak) p(-)-supersolution
in Q, if
/p(:v)|Vu|p(””)_2Vu -Vipdr =20

Q

for every non-negative test function ¢ € C§°(£2). A function u is a subsolution
in Q if —u is a supersolution in Q. A function u is a (weak) p(-)-solution in
Q if u and —u are supersolutions in ).

Note that in some paper, and also in our next section, the test functions
are on from Wl’p(')(Q) with a compact support in 2. For a function u €
W) (Q) these two test classes as well Hy”)(€Q) and W, P (Q) give the
same result provided that smooth functions are dense in the Sobolev space.
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If u € WHP()(Q) is a minimizer of the Dirichlet energy integral for given
boundary value function or if u € Wli)’cp (‘)(Q) is a local minimizer of |Vu[P(")
then it is a solution. If u is a solution, then it is a local minimizer and if a
solution belongs to Wl’p(')(Q), then it is a minimizer of the Dirichlet energy
integral for its own boundary values. Minimizers of the Dirichlet energy
integral with an obstacle are supersolutions [205].

A more general equation which has also been considered is

div(p(-)|Vul[P)~2Vu) = B(z, u). (13.3.2)

Weak solutions are defined analogously. There are several results on the exis-
tence of various functions B. As a preliminary result we mention that the
equation with homogeneous Dirichlet boundary data has a unique weak solu-
tion if B = B(x) € L®)'(1+9)(Q) is independent of u [144, Theorem 4.2].
Sanchén and Urbano [349] have shown that the same conclusion holds for
entropy solutions even if only B € L(Q).

Theorem 13.3.3 (Theorem 4.3, [144]). Suppose that p € C(Q) and
|B(x,u)| < ¢+ clulP 571, Then (13.3.2) has a weak solution for Dirichlet
boundary values g € Wl’p(‘)(Q).

To the best of our knowledge, this is the most general result which does
not require a largeness assumption on B. Newer results, by contrast, place
restrictions on the growth of B at the origin or at oo; in particular, these
results do not include as a special case B = 0.

Theorem 13.3.4 (Theorem 4.7, [144]). Let p € C(Q) with 1 < p~ <
pT < oo. Suppose that the following three conditions hold.

(a) |B(z,u)| < ¢+ clulP”®=1=¢ for some ¢ > 0.
(b) There exist R >0 and 6 > p* such that 0 < 6 [;' B(z,v) dv < uB(z,u)
for allu e R\ (=R, R) and x € Q.

(¢) B(z,u) = o(|u[*" =) as u — O uniformly in x.
Then (13.3.2) has a weak solution in Wol’p(')(Q).

In Theorem 4.8 of the same paper it is shown that there exist infinitely
many solutions if the third condition is replaced by the assumption that B
is odd in the second argument, see also [220]. A variant of this result was
proved in [68]: there it is assumed that B(z,u) = —\(z)|u[P®)~2u + b(x, u),
where A &~ 1 and b satisfies the same conditions as B in the previously stated
theorem.

We now return to the p(-)-Laplace equation. Alkhutov showed in [18] that
solutions are locally bounded, locally bounded supersolutions satisfy the weak
Harnack inequality and locally bounded solutions satisfy Harnack’s inequal-
ity, see also [391]. Harjulehto, Kinnunen and Lukkari extended his result to
unbounded supersolutions. Moser’s iteration are used in both papers. The
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key estimate in Moser’s iteration is the Caccioppoli estimate. In the proof of
Harnack’s inequality the Caccioppoli estimate is used for the function u + R,
where R is a radius of a ball. The extra term R is used to handle negative
powers which comes for putting together the variable exponent Caccioppoli
estimate and a constant exponent modular form Sobolev inequality. Several
different versions of the Caccioppoli estimate can be found from the literature,
see for example [18, Lemma 1.1], [20, Proposition 6.1] and [206, Lemma 5.3].

Theorem 13.3.5 (The weak Harnack inequality, [208]). Let Q be
bounded and p € P8(Q) with 1 < p~ < pT < oco. Assume that u is a
p(+)-supersolution which is nonnegative in a ball 4B C Q and s > pIB —Dup-
Then there exists qg such that

1

<][uq0 dx) “<e ((essinf u(z) + diam(B)),

2B

where ¢ depend on n, p(-), ¢ and L™ (4B)-norm of u.

Since the exponent p(-) is uniformly continuous, we can take for example
ns = p, by choosing 4B small enough. Thus the constants in the estimates
are finite for all supersolutions u on a scale that depends only on p(-).

Combining techniques from [18] and [208] we obtain the following result.
Recently Harjulehto, Hasto and Latvala noted that it can be extended to the
case p~ =1 [197].

Theorem 13.3.6. Let Q be bounded and p € P'°8(Q) with 1 <p~ <pt < .
Let B be a ball such that ABCC ) and let u be a p(-)-solution in Q. Assume
that s > pZB —Pag- Then

esssup |u| < c((][ ||t da:) 4 diam(B)>
B
2B

for every t > 0. The constant ¢ depends only on n, p, t and L™ (4B)-norm

of u.

Theorems 13.3.5 and 13.3.6 yields the following full version of Harnack’s
inequality.

Theorem 13.3.7 (Harnack’s inequality [18,208]). Let Q be bounded
and p € P8(Q) with 1 < p~ < pt < oo. Assume that B is a ball such
that 4BCC ), and assume that s > pZB —pyp- Let u be a solution which is
nonnegative in 4B. Then

<ol .
Sgg u(z) < c (mlrelgu(:c) + dlam(B))7

where the constant ¢ depends on n, p and the L™ (4B)-norm of u.
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The solutions are locally bounded, and hence the dependence of the
L™ (4B)-norm of u can be replaced by dependence of the supremum of u, as
has been done in [18].

This Harnack inequality implies, as pointed out in [18], that solutions are
locally Holder continuous. Since there is the extra diameter term on the right-
hand side, the inequality does not imply the strong maximum principle; by
the strong maximum principle we mean that a solution can attain neither
its minimum nor its maximum. Fan, Zhao and Zhang showed the strong
maximum principle for weak solutions of div(|Vu(z)[P®®)~2Vu) = 0 when
p € CY(Q) with 1 < p~ < pt < 0o [153]. Their proof is based on choosing a
suitable test function.

Since the constant in Harnack’s inequality depends on the norm of u, many
results that follows from Harnack’s inequality have slightly different forms
than in the constant exponent case even if p € P°8(Q) with 1 <p~ < p* < co.
Assume, for example, that u; is an increasing sequence of solutions and let
u be its point-wise limit. If p is a constant, then w is solution provided it is
finite at some point. If p is a variable exponent, then wu is solution provided
that u € Lf _ for some ¢ > 0 [205].

Alkhutov and Krashennikova studied boundary regularity of solutions in
[20]. They proved a Wiener type capacity condition for boundary regularity.
Behavior of solutions up to the boundary have also been studied in [127,277].

Next we define superharmonic functions by the comparison principle.

Definition 13.3.8. We say that a function u : @ — (—o0,00] is p(-)-
superharmonic in § if:

(a) wu is lower semicontinuous;

(b) w is finite almost everywhere and;

(¢) The comparison principle holds: if 4 is a solution in DCC €2, continuous
inﬁandu}honaD, then v > h in D.

Every p(-)-supersolution in §) which satisfies

u(z) = essliminf u(y)

Yy—x

for every x €  is p(-)-superharmonic in Q. On the other hand if u is a p(-)-
superharmonic function, then min{u, A} is a p(-)-supersolution for every A.
For the proofs see [205]. Lukkari showed in [275] that the weak solutions of

—div(p(z)|Vu(z)|P®~2Vu) = u (u is a finite Radon measure)
are p(-)-superharmonic. See also [48] for similar equations in the case of a

system. Next we list properties of p(:)-superharmonic functions. We assume
that € is bounded and p € P°8(Q) with 1 < p~ < pt < .
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e Let u be a p(-)-superharmonic in Q and DCC . Then there exists an
increasing sequence (u;) of continuous p(-)-supersolutions converging to u
point-wise everywhere in D [205].

o Higher integrability properties of p(-)-superharmonic functions and their
point-wise defined “gradient” has been studied in [205].

e Superharmonic functions can be point-wise estimated by Wolff’s potential
[278).

e The balayage is a superharmonic function [263].

o Assume that u € L! (Q), for some ¢ > 0. If u is a non-negative p(-)-
superharmonic function in Q, then v < oo p(-)-quasieverywhere in € [208].
Here the assumption u € Lj () is needed to adapt the weak Harnack
inequality.

o If w is a p(-)-superharmonic function, then it is p(-)-quasicontinuous [211].

13.4 Harnack’s Inequality for A-harmonic Functions

Harnack’s inequality, as stated in Theorem 13.3.7 and in the existence litera-
ture, is formulated only for weak solutions of p(-)-Laplace equation, although
the method covers all elliptic equations with Laplace type structural condi-
tions. Hence we prove, by Moser’s iteration, Harnack’s inequality here. Let
Q) C R"™ be an open bounded set. We study elliptic equation of the form

—divA(z,Vu) =0,

where the operator A :  x R®™ — R” satisfies the following structural
conditions for constants c1,co > 0:

x +— Az, £) is measurable for all £ € R”.

€ — A(x, ) is continuous.

Az, —¢&) = —A(z,§) for all z € Q and £ € R".

Az, €) - € = 1 |€P@) for all 2 € Q and € € R™.

Az, €)| < cal€[P@ ! for all z € Q and € € R™.

(A(z,n) — A(z,8)) - (n—&) >0 for all x € Q and n,§ € R™,n # &.

By choosing cs larger, if necessary, we may assume that co > ¢1. For example
the equations

— div(p(z)|Vu|P®~1Vu) = 0 and — div(|Vu[P®~1Vu) = 0

satisfy the above conditions.
Following Definition 13.3.1 we define weak solutions in this case as follows.
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Definition 13.4.1. A function u € T/Vlo’cp( )( Q) is a (weak) A-supersolution
in Q, if

/A(:mVu) -Vipdr >0

Q

for every non-negative ¢ € WP()(Q) with a compact support in Q. A func-
tion w is a A-subsolution in Q if —u is a supersolution in €. A function u is
a (weak) A-solution in Q if u and —u are A-supersolutions in .

We start by the following technical lemma that is need later.

Lemma 13.4.2. Let f be a positive measurable function and assume that
the exponent p € P'°8(Q) is bounded. Then

F i da <Ly
B

for any s > pE —pp and B C Q. Here the constant depends only on the
dimension n and Ciog(p).

Proof. Let q := pg — pp and let R be the radius of the ball B. Hélder’s
inequality implies that

prB_pB dx < (Zfsda:) =

By log-Holder continuity, R~% < R~ < ¢ < oo and hence the claim
follows. ad

Later we apply Lemma 13.4.2 with f = u? . In this case the upper bound

written in terms of w is
pB —pp)

CHUHLQ El B)

First we show that A-subsolutions are locally bounded above. We fix a ball
B := B(z, R) such that R < 1 and 4BCC Q. We write

v := max{u,0} + R,
where u is a A-subsolution; also,

O(f,q, A) = (][fq dx)l/q

A

for a nonnegative measurable function f and ¢ # 0.
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Lemma 13.4.3. Let p € P98(Q) with 1 < p~ < pt < oco. Let 1 <7<k <3.

Then
1 +
’— " — K Pap —
<][Uﬁn Pip d:c) < cfPas ( > ][U(ﬁ—l)p43+p($) dr
K—T

TB kB

for B = 1. The constant ¢ depends only on n, p~, p*, cg(p) and the
structural constants ¢1 and cs.

Proof. We choose n € C§°(kB) such that 0 < n < 1. Let G be a function
on [0,00) with G'(t) = Bt°~1. The function G; is defined by the cut-off
derivative, G(t) := Bmin{t, j}”~!. Fixing the origin, we see that

We further define

for £ > R.

First we show that ¢ := Hj(v)anB belongs to Wol’p(')(ﬂ). Since 1 has
compact support in €, it suffices to show that ¢ € WHP()(Q). Note that v
is non-negative, because 1 and v are. Since

Py _ - -
‘H](U)l < L '(ﬁil)p45+1 + ﬁp43j(ﬁ71)p45v7

<

we find that ¢ € LP()(Q). For the gradient we have
+ + -
V| < g™~ [Vn|Hj(v) + 172 |GG (0) [P+ [V
+ Be1\p—
< e(mpipH;(v) +nPiz (55771 Vo),

and hence |V € LPO(Q).
Since u is a A-subsolution and v is an admissible test function, we have
/A(x, —Vu) - Vipdz =0
Q

and furthermore
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/G; (v)PasnPis A(z, Vu) - Vv da < /pIBanBlej(v)A(x, Vu) - Vndz
)

<o / PPV (0)[VuP@ 1|V de.
Q

Note that Vv = 0 and H,(v) = H;(R) = 0 whenever v < 0. If u > 0, then
Vv = Vu. Hence we obtain

c1 / |VU|P(96)|G;»(U)|PZB77PE dr < 02/pIB|VU|p(z)71Hj(v)|V7]|77p4+Bfl da.
Q

We estimate the integrand on the right-hand side by Young’s inequality,

]_ p—1 ’
ab < (g> af + eb?

for the exponents p(x) and p’(x). For p(z) > 1 this yields that

P H; (0)| Vo)~ Lypin =t vy

_ap + _Pip _ Pip Pin
= Bl G )| p"?f)H( ) [Vnln™ 5~ 76 |G ()76 [Vl
<l P@ph, p(@ |G’( )| p;B(p(x)—l)Hj(U)p(x)|Vn|p(af)anB—p(x)
+ €| G (v) [P Vo) 1P

Combining this with the previous inequality and using < 1 we obtain

cr [ 19716 )it do

<ot e [l IG ()] PO D (0P TP do
Q

+862/|G;(v)\pZB|Vv|p(z)anB dz.

Next we choose ¢ so small that eco = ¢1/2. Then we can absorb the second
integral on the right-hand side into the left-hand side. Thus

[ IveIc @lrimpis de < e [[16)(0)] 7P 0|9 da,
Q Q
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Then we can use the trivial estimate |Vo[Pas < 1+ |Vo|P(®) and the previous
estimate to derive

/ Vol |G o) P e

/|G’ )|Pas s dx+c/|G’ ~Pap (P@ =D [ ()P@) |7 [P@) g,

Since n < 1 vanishes outside kB, we get
][ |V p4B)|p4B dz
= ][ |G, (v)pIBanB_1V77 + anB G;- (v)Vo|Pee do

< 2iply"™ 16y (Vo do+ 250 f (G50 do
xB

4 oPine ][ |G ()| P @)1 B ()P | 7P @) i

Next we use the constant exponent Sobolev-Poincaré inequality

"IPZB n! ;43
()2 ™ el fre)
B

K

with the function w = G, (v)nPis € Wol’pZB (kB). We obtain that

. ;DIB n'pip %1 _

({e52) ) e

xB kB
c][ |G, (v) P8 |Vn|Pas do + c][ |G (v) P15 da

kB

+ c][ |G, (v)| 7Pz P =D H (0)P@) |V P d.

Since Gj < G and G; < G', we may replace the functions G; on the right-
hand side by the function G. Then the right-hand side does not depend on
j, and we may use monotone convergence on the left-hand side to conclude
that
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e\
(][ (UBZ:IB)TLPALB dx)"

xkB

<c ][ vPPas |Vp|Paz dx + ¢ ][ BPaBy PanyPPas dp + T

kB kB
where [ is given as

I f FO=P(@Dpip (=1 (pip—p(@)pis)

kB

- p()
y (5”—3) P B=1Pis+0P(&) (7 ) g
(B—=Dpyp+1

C CK 4
s < Rln=r) Since

We choose 7 so that n = 1 in 7B and |V7| < i

v > R, we obtain v™P+s < R™Ps5 and

vPPis = pB=DPip+p(x) i —p(x) o) (B=1pip+r(z) prip—r(e)

By the log-Hélder continuity we have RPas —P(*) < ¢. Thus there is a common
integral average over v(#~1Pis+P(*) on the right-hand side. Since the measure
of 7B is comparable with the measure of kB, we can change the average on
the left-hand side to the smaller ball. Multiplying both sides of the inequality
by RP+s now implies

1

, n' K Pup _ _ K Pis _ +
1)5" Py dx <ec + ﬂpua + ﬂpw [ RPaB~PiB
K—T K—T

TB

w 4 pB=Dpip+p(®) g

kB

By the log-Holder continuity of the exponent, the term RPis ~Pi5 is bounded
by a constant and hence the claim follows. a

Lemma 13.4.4. Let p € P85(Q) with 1 <p~ < pT < oco. Let 1< <K< 3.
Then

+
P4B

, 1 Pap T B
®(v,n'B,7B) < P ®(v, B, kB)
r—0

for every > pyp, 1 <qg<n' and s > pj{B —p,p- The constant ¢ depends
only on n, p~, p*, ciog(p), and the qus(4B)—n01"m of v and the structural
constants ¢1 and c.
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Proof. Replacing § by 3/p,z in Lemma 13.4.3 we obtain

—£-yn'py " _ o B ) (e B
() e () D)
KR —T

TB kB

This yields by Holder’s inequality and Lemma 13.4.2 that

n—1

! nB
(7[1)*6" dx)
TB
BN - 2
< C%ﬂp‘lﬂB ( K ) <][vq’(p(w)—p43) dx) . <][v5q dm) ’
K—T
kB B

+
P4B

K
1 Pup K xa ( ) ? Ba
5 4 (Pip—pPap)) P Bq
< g ()T (v i) (o)™
kB

1
o’

To conclude the claim we include the term (1 + ||UHLqps4iB)p4B)) <14

lv Hq '(Pip—Pip) into the constant c. 0

L' (4B)

Theorem 13.4.5. Let p € P°8(Q) with 1 < p~ < p* < oo. Let B be a ball
with a radius R < 1 such that 4BCC Q) and let u be a A-subsolution in Q.
Assume that s > plp — pyg. Then

esssup u < c<<][|u|td:r> +R>
B

2B

for every t > 0. The constant ¢ depends only on n, p~, p*, ciog(p), t,
L"*(4B)-norm of uw and the structural constants ¢c; and ca.

Since the exponent p is uniformly continuous, we can take for example
ns = pg by choosing B small enough. Thus the constants in the estimates
are finite for all solutions u in a scale that depends only on p.

Proof. By making s slightly smaller if necessary, we may assume that there
exists ¢ € (1,n') such that [ul|p ez < 0o. Let 1 < 7 < £k < 3. For
j=0,1,2,..., we write r; := 7+ 277 (k — 7) and

n' J B
o (2o
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7 J
By Lemma 13.4.4 with 8 = (%) D, We obtain

+
L mm g\
€ j J
(p(v7§j+17rj+lB) < cti §J ’ ( ) (I)(vvgj/er)'
T3 —Ti+1
Iterating and letting j — oo we find that
+
[e%S) arup qp£4vB
T &G [o9i_ B I -
esssup |v| < Hc i€, 2 O(v,qp, 5, kB)
B ’ J R—=T
7=0
npt
qn ‘”74+B <, I qurB <, g K %
— — = 7 — = 7 _
< cPaB (n/) PaB ’ (7 2 Pup ’ (n")7 (— 4B <I>(v, qP4p> HB).
R—T

By the root test the sums in the previous inequality are finite and hence

2
esssup |v| < c(1—I) = ®(v,s,kB), (13.4.6)

pE, n'q _ .. . .
where A\ := (T‘l,f;q—) and s := gpp, .. By Holder’s inequality we see that

®(v,s,kB) < c®(v,t,kB) when t > s.
We then consider ¢t < s. Let us show that

esssup |v] < ¢ P(v,t,2B),
B

for any ¢ € (0,s). We adapt the argument of [280, Corollary 3.10]. Let
o € (3,1). Denote

[>
[>

T(o):=esssup|v| and S(0):=(1—-0)t">P(v,s,02B).
2B

Set o’ = HT" We rewrite the conclusion of the previous paragraph as
_2
T(o)<c(l—2Z) “®(v,5,02B) ~ (1 — o) 2 ®(v,s,0'2B).

o’

Since 1 — o’ = 177", we further obtain that

A
t

T(o) <c(l—0)"%S(a").

Using this in the second step, we estimate
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( ][ v® dx) < (T(a)sth ot dm)

2B

o

1

—?S(o')l—i< ][ vtd:c)s.

2B

A_A
t

Dividing both sides by (1 — )5~ %, we obtain

where we used o ~ 1 in the second step. Iterating this inequality, we find
that

J

%2_7‘(17%) %
S(U)gc(][vtdx) = <][Utdx) .
2B 2B

We choose 7 =1 and k = % in (13.4.6) and o = 2 in the above estimate.

4
Combining these give the claim for the function v.
The same estimate holds also for — min{u, 0}, since —u is a solution. Thus
the claim follows. ad

If u is a solution then the above theorem holds also for —min{w,0} and
hence we obtain the following corollary by covering DCC 2 by a finitely many
balls satisfying the conditions of the previous theorem.

Corollary 13.4.7. Let p € P8(Q) with 1 < p~ < pt < co. Then every
A-solution is locally bounded.

Next we show that non-negative A-supersolutions satisfy the weak Harnack
inequality. We write
vi=u+ R,
where u is a non-negative A-supersolution. Remember that B = B(z, R) is
fixed and 4BCC ).
We derive a suitable Caccioppoli type estimate with variable exponents.

Lemma 13.4.8 (Caccioppoli estimate). Let p € P(Q) with 1 < p~ <
pt < co. Let E be a measurable subset of ABCCQ and n € C§°(4B) such
that 0 < n < 1. Then for every vo < 0 there is a constant ¢ depending only
on pt, clog(p), c1, c2 and o such that

/Uv—1|vu|pg,7pig dr < c/ (npisvv—l + Uv+p(x)—1‘v,7‘p(m)) dx
E 4B

for every v < v < 0.
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Proof. We want to test with the function ¢ := v“*anB. Next we show that
P € Wol’p(')(élB). Since n has compact support in 4B it suffuces to show
that ¢ € WHP()(Q). We observe that ¢ € LP()(Q) since \v7|17p4+8 < RY.
Furthermore, we have

V| < |yo? " IpPie Vu + o7 pfpnPie ~ 1| < [y |RY NVl + pip RV,
from which we conclude that |Ve| € LPC)(Q).

Using the fact that u is a A-supersolution and ¥ is a nonnegative test
function we find that

0< /A(a:, Vu) - Vi(x) dx

4B
= /’yanBv'y_lA(a:, Vu) - Vudx + /pIB’U’anIB_lA(.T, Vu) - Vndz.
4B 4B

Since + is a negative number this implies by the structural conditions that

Ivo|e1 /UPIBUW’HVUP(I) dr < pIBCQ/anpIBflwmp(x)ﬂ V1| da.
4B 4B

We denote the right-hand side of the previous inequality by I. Using Young’s
inequality, 0 < € < 1, we obtain

1\p(z)-1 +p(z)—1 + _rip 1\ p(@)
I§p1302/<g> (U’Y JIZ(I) |V’r]|’r]p‘“3 p'4(f) 1)

4B

+ ’
Pap _atp(@)—1\P (z)
+s(|Vu|”(””)*1np'<w>v’Y P ) x

T £ A i L S i A o5
<p4B62(g> Iy TP |v77|17 771’43 p dx
4B
+ p(z) pip -1
+p43025/|Vu| nPiB YY" da.
4B

By combining these inequalities we arrive at

|70|c1/|Vu|P('”)77PIBW—1 da
4B

1\Pin—1
< plge (g) an /Uv+p(m)—1|vn|p(z)77pis—p(r) da

4B
+p1302€/\Vu\p(m)npj{vafld:c.
4B
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By choosing

[70]c1 }

€ = min {17 T
2p4BCQ

we can absorb the last term to the left-hand side and obtain

/|vu|p(96)nzaiB 07 do
4B

+ 2pipC2 PisTt Y+p(z)—1 p(x)
< pypce +1 v VP de.

|70|01 |70|61
4B

Taking f = UV*InPIB and g = |Vu/ in the point-wise inequality

f@)g(x)Pe < f(x) + f(x)g(a)™)
and using the previous inequality we obtain the claim. ad

Lemma 13.4.9. Let p € P°8(Q) with 1 < p~ < p™ < 0o. Assume that u is
a nonnegative A-supersolution in 4B and let 1 < 7 < k < 3. Then

+
+ P4p

@(v.8.5B) < P1(1 + 18) () T

KR —=T

®(v,n'3,7B)

for every f < 0 and1 < g <n’. The constant ¢ depends onn, p~, p*, ciog(p),
the qus(4B) -norm of u with s > pZB — pyp and the structural constants ci
and co.

Proof. In the Caccioppoli estimate, Lemma 13.4.8, we take £ = 4B and
v =0 —psp+1 Then v < 1—p,5 and thus

/Uﬂ—p;B |Vu|pZB77”IB dr < c/ (anRUB—p;B + Uﬁ—p;B+p(x)|v77|p(x)) dez.
4B 4B

Next we take a cutoff function n € C§°(kB) with 0 <n<1,n=1in 7B
and

(k—T) S R(k—71)

V| <
Ian

By the log-Holder continuity of p we have

+ +
) < CR—p(m)(L)p“B <R (2 )“B. (13.4.10)

KR—=T KR—T
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With this choice of  we have

5 rip
][ )v(’UPZB anB)
kB

< C][ |ﬂ|p4B Uﬂ_pw |Vu|p43 771743 dr + ¢ ]l Uﬁnpw “PuB \Vn\p‘*B dx

kB xkB

PyB

dx

< C|ﬂ|7’4_3 ][ (anBvﬁ*pZB + ,Uﬂ*PZBJFP(I”VmP(T)) dz + C][Uﬂ|v77|p4_3 dx

kB KB

<c(l+ |ﬁ|)PIB |:][UﬂprB dz + ][Uﬁfp23+p(z)|vn|p(z) dz + ][ ’L)5|V77|p23 dm}.

kB kB KB

Now the goal is to estimate each integrals in the brackets by

( ][ VP da:)l/q.

kB

The first integral can be estimated with Holder’s inequality. Since v P45 <

R™Pis | we have
][Uﬂ—p;; dx < R Pis < ][ 013 dx)l/q.

kB kB

By (13.4.10), Holder’s inequality and Lemma 13.4.2 for the second integral
we have

7[1]6—153 (@) |7 p|P®) dg

kB

+
gcR*PZB( K )p4B ][UﬁfpngrP(:r) dr

x
93

kB

)pIB ( ][ 07 (P(@)=Pip) d:c) o ( ][ 098 d:c) 1

kB kB

- 59 ropt o=\ 1/d 1/q
<eRrPim () (1 o) 0 ) (][zﬂﬂ ar) "

kB

=

gcR_pZB (

K —

9

X
3

Finally, for the third integral we obtain the estimate by Holder’s inequality.
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Now we have arrived at the inequality
B p4+B
][ ’V(’UPZB anB )
kB

e
where the term 1 + ||v\|2524(23§’43) is inside the constant c.

By the constant exponent Sobolev inequality

1 1
( ][ [ul¥5b da) "7 < cR(][ [Vul?io dz) 71,
kB

kB

Py, _ 24 1/q
e < et ol R () (f ot an)
kB

where u € I/Vol’p;’3 (kB), we obtain

BN = 8 rim . npp, 2
(foae ™ < cf (o) a

TB kB
p4+B
Dy )

5
< cRPas ][ ‘V(vaBn
<1+ |alpris (- )p4+5<][”qﬂ ar) "

Pyp

dzr

kB
KR—T
kB

’ + -
where the term 1+ Hv||i£i4(iB§)45) is inside the constant c. The claim follows

from this since 3 is a negative number. a

The next lemma is the crucial passage from positive exponents to negative
exponents in the Moser iteration scheme.

Lemma 13.4.11. Letp € P8(Q) with 1 < p~ < pt < 0o. Assume that u is
a nonnegative supersolution in ABCC Q and s > pip — pyg. Then there exist
constants qo > 0 and ¢ depending on n, p~, p*, cog(p) and L*(4B)-norm of
u such that

®(v, q0,2B) < c®(v, —qo, 2B).
Proof. Choose a ball B’ with a diameter r such that 2B’ C 4B and a cutoff

function n € C§°(2B’) such that n = 1 in B’ and |Vn| < ¢/r. Taking E = B’
and v =1 — pp, in Caccioppoli estimate, Lemma 13.4.8, we have

][|Vlogv|p1;/ dr < c( ][ v PB4 ][ oP(@) =P () dx).
B/

2B’ 2B’
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Using the estimate v 75 < R™Ps < er Ps’, the log-Holder continuity of p
and Lemma 13.4.2 we find that

][|Vlogv|p13’ T < c('r' pB, +r pZB/ ][UP(I) PB/ dlﬁ)
2B’
< C(’I”ipgf’ + 'rfpziB/ (1 + ||v||p4B_p4B).

L*(4B)

Let f := logwv. By the constant exponent Poincaré inequality, Holder’s
inequality and the above estimate we obtain

B (13.4.12)

( _'_r,apB/ sz/( )1/PB/.

Ls (4B

Note that pg, > p, 5 since B’ C 2B’, so that the right-hand side is bounded
(and f € BMO(2B)).

Since the BMO-estimate (13.4.12) holds for all balls B’ C 4B, the measure
theoretic John-Nirenberg lemma (see for example [219, Corollary 19.10, p. 371
in Dover’s edition] or [280, Theorem 1.66, p. 40]) implies that there exist
positive constants c¢3 and ¢4 depending on the right-hand side of (13.4.12)

such that
][603\.f—f23\ dr < cy.

2B

Using this we can conclude that

(][ec3f dz) (][e—csf dz) = (][603<f—f28> dz) (][6—03(f—f23> dz)

2B 2B 2B 2B
2
< (][ec3|f—f23| dx) < C?La
2B

which implies that

(][UC3 da:) 1/es3 (][ecgf dx) 1/es < Ci/CS (][67C3f dm)fl/@,

2B 2B 2B

—1/c
= ci/cs ( ][ v d:c) 3,

2B

so that we can take gg = c3. O
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Note that the exponent go in Lemma 13.4.11 also depends on the L*(4B)-
norm of u. More precisely, the constant c3 obtained from the John-Nirenberg
lemma is a universal constant divided by the right-hand side of (13.4.12).

Thus
c
qo =

¢ + HU\

Theorem 13.4.13 (The weak Harnack inequality). Let p € P°8(()
with 1 < p~ < p* < oo. Let B be a ball with a radius R < 1 such that
4BCC ). Assume that u is a nonnegative A-supersolution in 4BCC Q) and
5> pj{B —Dyp- Then

1/q0
( ][ u dgc> <c (esginf u(z) + R),
R

Bar

where qq is the exponent from Lemma 13.4.11 and ¢ depends onn, p—, pT,
Clog(P), ¢, L™ (4B)-norm of u and the structural constants c1 and cs.

Since the exponent p is uniformly continuous, we can take for example
ns = pg by choosing R small enough. Thus the constants in the estimates
are finite for all supersolutions u in a scale that depends only on p.

Proof. By making s slightly smaller if necessary, we may assume that there
exists ¢ € (1,n') such that [[uf po:4p) < co. Let go be as in the previous
lemma, and assume without loss of generality that ¢ < 1.

Let 1 <7<k <3, 1y i=7+279(k—7) and

!/

n'\J
&= *(—) do
’ q
for j =0,1,2,... By Lemma 13.4.9 with 8 = 3£, we have
qp+B r arip
j g1
(v, &, B) < (14 |¢)) T (ﬁ) " (v, &, 141 B).
j T

Iterating this inequality, and observing that 1 + |¢;| < 2("7,)j since g < 1,
we obtain

+
oo awryp

®(v, —qo, kB) < H N1+ &) ‘5 f (T—J) &3] essinf v(x)

Tj — Tj4+1 reTB

ary,

+
o _a /9n/ Zﬁoj% K Yo el .
< =0 \éj\<_) ! J‘( ) =0 T essinfv(z).
q

K—T reTB
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All the series in the sums converge by the root test, so

D (v, —qo, kB) < cessinf v(z).

zeTB

Next we choose 7 := 1 and k := 2 and use Lemma 13.4.11 to get the
claim. ad

Combining Theorems 13.4.5 and 13.4.13 we obtain the following theorem.

Theorem 13.4.14 (Harnack’s inequality). Let p € P°8(Q) with 1 <
p~ < pt < oo. Let B be a ball with a radius R < 1 such that ABCC Q. Let u
be a non-negative A-solution in 4B and s > pj{B —Pap- Then

- < f R ,
ezs:;pu(x) C(eibelél u(z) + R)

where the constant ¢ depends on n, p~, pT, ciog(p), the L™*(4B)-norm of u
and the structural constants ¢1 and ca.



Chapter 14
PDEs and Fluid Dynamics

We use the theory of Calderén—Zygmund operators to prove regularity results
for the Poisson problem and the Stokes problem, to show the solvability of the
divergence equation, and to prove Korn’s inequality. These problems belong
to the most classical problems treated in the theory of partial differential
equations and fluid dynamics. It turns out that the treatment, especially of
the whole space problems requires the notion of homogeneous Sobolev spaces,
which have been studied in Sect.12.2. The Poisson problem and the Stokes
system are studied in the first two sections. After that we study the divergence
equation and its consequences. The last section is devoted to the existence
theory of electrorheological fluids. This section nicely illustrates how all the
previously developed theory is used. Throughout the chapter we assume that
p € Plos,

14.1 Poisson Problem

The Poisson problem is one of the most classical problems treated in the
theory of partial differential equations. Beside its importance in itself it is
also very often used as an auxiliary problem in the treatment of nonlinear
problems. The well established theory for the Poisson problem includes among
many other results that under appropriate assumptions on the data there
exists a unique strong solution u € W?29(2) of the problem, provided 1 <
q < oco. We want to generalize this result to the setting of Lebesgue spaces
with variable exponents. Of course the results below apply to a much larger
class of elliptic problems and we have chosen to explain the ideas only for the
example of the Poisson problem. Note however, that the proof in the general
case has to be modified, since the corresponding fundamental solution does
not have the symmetry of the Newton potential and thus the estimates near
the boundary have to be derived differently (cf. the treatment of the Stokes
problem in the next section). This section is based on [103] and [264, Chap. 3],
[101] where all the missing details can be found.

L. Diening et al., Lebesgue and Sobolev Spaces with Variable Exponents, 437
Lecture Notes in Mathematics 2017, DOI 10.1007/978-3-642-18363-8-14,
(© Springer-Verlag Berlin Heidelberg 2011



438 14 PDEs and Fluid Dynamics

In this section we always assume that € is a bounded domain in R™, n > 2,
with Ct'-boundary. We want to show that the Poisson problem

—Au = in Q,

! (14.1.1)
u=g on Jf)

possesses a strong solution u, i.e. u € WP()(Q) satisfies (14.1.1) almost

everywhere, provided that the data have appropriate regularity. More pre-

cisely we prove:

Theorem 14.1.2. Let Q@ C R™, n > 2, be a bounded domain with C1:!-
boundary and let p € P8(Q) with 1 < p~ < pT < oo. For arbitrary data
f e LPO(Q) and g € Te(W?PO)(Q)) there exists a unique strong solution
u € W2PO)(Q) of the Poisson problem (14.1.1) which satisfies the estimate

sty < € (1o + I llasquacr )
where the constant ¢ depends only on the domain ) and the exponent p.

Due to the linearity of the problem and the assumption on g it is sufficient
to treat the case ¢ = 0. Indeed, let v € W2P()(Q) N Wol’p(')(Q) be the
solution of the problem —Au = f 4+ Ag in Q with a corresponding estimate
in terms of the right-hand side, where g € W22()(Q) is a suitable realization
of g € Tr(W2P()(Q)) (cf. Sect.12.1). Then we see that u := v + g satisfies
the assertions of Theorem 14.1.2.

In the proof of Theorem 14.1.2 we rely on the fact that the result is well
known for constant exponents (cf. [356, Theorem I1.9.1] or [355]). With the
usual localization technique the problem is reduced to corresponding prob-
lems in the whole space R™ and the half-space RY with right-hand sides f
which have bounded support. Since the structure of the Newton potential is
different for n = 2 and n > 3, we restrict ourselves to the latter case. The
methods presented here can be easily adapted to the case n = 2.

We extend the exponent p defined on €2 using Proposition 4.1.7 to an
exponent defined on R™, which we again denote by p. Solutions of the problem

—Au=f in R" (14.1.3)
are obtained by convolution of f with the Newton potential

1 1

RKule) = K@) = 05580, 1) [«

(14.1.4)

It is well-known and easy to see that the second derivatives of the Newton
potential satisfy the assumptions of Corollary 7.2.9. Consequently we get:
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Proposition 14.1.5. Let p € PY8(R") with 1 < p~ < p™ < oo and let
f € C5%(R™). Then the convolution u := K  f solves the problem (14.1.3)
and belongs to the space C°°(R™). The first and second weak derivatives have
the representations (i,7 =1,...,n)

= / 0o K (x —y)f(y) dy,
Rn ) (14.1.6)
didju(w) = lim / 0,0z, K (x = y) f(y) dy — ~0i; f ().

(B(,e))°
Moreover, u € DM2)PO)(R™) and it satisfies the estimates

HVUHLP(-)(R") Se HfHDfl,p(-)(Rny
<

||v2uHLP(')(]R") CHfHLP(-)(]Rn)a

with a constant ¢ = c(p,n).

Proof. Since f € Cg% the formulas (14.1.6), v € C*°(R"), and that u
is a solution of (14.1.3) follow from the classical theory (cf. [304]). The
second estimate is a direct consequence of the representation in the sec-
ond line of (14.1.6) and Corollary 7.2.9. Using the norm conjugate formula
(Corollary 3.4.13) and Fubini’s theorem we get

10l s oy <2 sup / £ uda
L

1€l prc. W)\

=c, sup /f /
£eCq( R"),

el L ey <

1
— —————¢(z) dz dy.

=:2(y)

Note that ® € C*°(R"™) and that Corollary 7.2.9 yields
HV(PHLPI(')(]R") < C||§||Lp’(~>(Rn)»

with ¢ = ¢(p,n). Thus ® € D*?()(R™) and the first estimate follows from
the above calculation. O

Proposition 14.1.5 shows that the linear operator L: C§%(R") — C*°(R")
defined through
L:f—Kxf

is bounded as an operator from D~'P()(R") into DVP()(R") and from
LPU)(R™) into D*PO)(R™). Due to the density of C§%(R") in LP()(R™) and
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D=12()(R™) (Propositions 3.4.14 and 12.3.7) we thus can extend the opera-
tor L to a bounded operator in these spaces. Moreover, for f € LP()(R™) with
compact support and [p,, fdx = 0 we know from Lemma 12.3.8 that f also
belongs to the space Dil’p(')(R”) and thus both estimates of the previous
proposition apply. More precisely we have:

Corollary 14.1.7. Let p € P°8(R") with 1 < p~ < pt < oo and let L be
the operator defined above.

(a) If f € LPO)(R™), then u = Lf € D>PO)(R™) solves the problem (14.1.3)

a.e. and

||Lf||D2,p(,>(Rn) = HVQUHLP(')(R"L) <c ”f”Lp(')(Rn) (14.1.8)

with a constant ¢ = ¢(p).
(b) If f € D-LPO)(R™) thenu = Lf € DYPO)(R") solves the problem (14.1.3)
in a distributional sense and

”LfHDl,p(‘)(]R") = HVUHLP(‘)(R") <c ”fHD*l,p(')(R")' (14.1.9)

with a constant ¢ = ¢(p).

(¢) If f € LPO)(R™) has support in a bounded John domain A C R™ and
satisfies [g, fdx =0 then u = Lf € DU2PO)(R™) solves the problem
(14.1.3) a.e. and

e®) 1 Fllp- 1y
c(diam A, p) ||f||LP(-)(]Rn) ‘

L1 procy@ny = VUl Locy g (14.1.10)

NN

HLfHDZ,p(o(Rn) = ||v2u||LP(-)(R")

Proof. The first two assertions follow immediately from Proposition 14.1.5
and the discussion before the corollary. For the third statement one has to
use Lemma 12.3.8 to approximate f by a sequence (fx) C C§%(R™) in both
spaces LP()(R™) and D~YP()(R™) and to observe that the corresponding
sequence (L fy) is a Cauchy sequence in D?()(R™) and in the closed subspace
D:2):P()(R™). The common limit satisfies the first estimate (14.1.10) due to
(b), and also ||Lf||D<1,2)~P(-)(]R") < C(Hf“;:p(-)(]Rn) + ”f”D*lvp(-)(]Rn)) due to
(a) and (b). This estimate together with Lemma 12.3.8 implies the second
estimate in (14.1.10). O

For f € LP(')(R”) with compact support we get that f also belongs to
L1(R™) for all ¢ € (1, min {p—,n/2}) and again classical theory of the Poisson
problem can be used. In particular, the uniqueness of the Poisson problem
follows in the classical theory from the mean value property of harmonic
functions and the Theorem of Liouville (cf. [128]). More precisely, if we set
LR") = U, ep,00) L(R™) we then get that there exists at most one solution
u € L(R™) which satisfies (14.1.3) in a distributional sense. Using this and
the previous corollary we get:
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Corollary 14.1.11. Let p € P8(R") with 1 < p~ < pt < oo and let
f € LPO(R™) have support in a bounded John domain A C Q and satisfy
Jgn fdz = 0. Let u € L(R™) be a distributional solution of (14.1.3). Then
u € DW2PC)/(R™) satisfies the estimates (14.1.10).

From the previous results we immediately get interior estimates for the
Poisson problem.

Proposition 14.1.12. Let 2 be a bounded domain and let p € P°8(Q) with
1<p <pt <oo, feLPOQ) and let Qo CC Q CC Q. Moreover, let
u € W2PO)(Q) be a solution of —Au = f in Q. Then

IVl o @y < € (1100 @0y + Il oo )
’ ' e (14.1.13)

2
1920l s 0y < € (10 @) + Nellwrsor @)

with constants ¢ = ¢(p, dist(Qo, 1), diam()).

Proof. Without loss of generality we can assume that 2; is a John domain.
Let 7 € C*°(R™) with 7 = 1 in Q¢ and spt(r) CC Q. For 4 := ur we have

—Atu=fr—2Vu -Vr —uAr =T inR".

Since u € W2>PC)(R™), T € LPO)(R™) has bounded support and satisfies
fRn T dx = 0, we can use Corollary 14.1.11 to get

||v2u||L:v(')(QO) < Hv2a||LP(‘)(Ql) < ||V2ﬂ||Lp(,>(Rn) < CHT”LP(‘)(]R")
¢ (111> 2y + Il wrsr @i )
which proves the second estimate in (14.1.13), and
[Vull poc )(Qo) HVUHLpu () HVUHLP() R7) CHTHD—I-,p(-)(]R")'

Since [, T'dez = 0, the Poincaréinequality (Theorem 8.2.4) implies that
7 (€ = Sa)llyy 1570 (@) < o(V7) [[€ll pror e (ny for all £ € CG°(R™). We use
this for the ﬁrst mtegral and partial integration in the second one to derive

||T||D—1.,p<->(Rn) = SUP/T(f — &, ) dx (14.1.14)
Q
= sup (/f’T (& —&q,)dx+ / ulAT (£ —€q,) + 2uVT - Vfd:v)
Q Q1\Q0

Sc (||f||wfl,p<->(91) + HuHLP(‘)(Ql\QU)> J
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where the suprema are taken over all £ € CG°(R"), [[{]| p1.p()gny < 1. The
last two estimates prove the first estimate in (14.1.13). O

Due to the symmetry of the Newton potential we can derive estimates of
the Poisson problem in the half-space with an odd reflection from Proposi-
tion 14.1.5.

Proposition 14.1.15. Let p € Plog(R’;) with 1 < p~ < pT < oo and let
f € Cg°(RZL). Let p be the even reflection of p and f be the odd reflection
of f. Then the convolution u := K = f solves the problem —Au = f in RZ
and u = 0 on ¥ := ORY and belongs to the space C* (R’;) Furthermore,

u € DI2PO)(RY) satisfies the estimates

HVUHLP(»(RQ) CHfHD*LP(-)(]R;)v

<
14.1.16
< ( )

||V2U||Lp(->(uq<g) CHfHLp«)(Rg)’

with constants ¢ = c¢(p,n).

Proof. Note that f € C5o(R™). Thus Proposition 14.1.5 yields that u €
C>*(R%) satisfies —Au = f in RZ. Moreover, Proposition 14.1.5 and the
estimates

11l 5r @ny < 2N lpoer e
i ®") ®2) (14.1.17)
1l p-1.50@ny < 21l p-100) gn)

prove the estimates (14.1.16). These inequalities can be easily obtained using
the definition of the norms and a decomposition of the function in an even
and an odd part. Since f is an odd function we see that u = K x f is an odd
function too and thus we have u = 0 on ¥ = ORZ. ]

Proposition 14.1.15 shows that the linear operator H: C§°(RZ)—C*>(RY)
defined through R
H: f— Kxf,

where f is the odd reflection of f, is bounded as an operator from D~1»(") (R2)
into DYPC)(R2) and from LPO)(RZ) into D?P()(R2). Due to the density of
Cs°(R2) in LPO(R2 ) and D~1P()(R2 ), respectively, (Corollary 4.6.5, Propo-
sition 12.3.11) we thus can continue the operator L to a bounded operator
in these spaces. Moreover, for f € Lp(')(]R’;) with compact support in RY
we know from Lemma 12.3.8 that f also belongs to the space D~1P()(R2)
and thus both estimates of the previous proposition apply. Thus it is clear
that Corollary 14.1.7 also holds for RZ if we replace the operator L there by
the operator H defined above. Of course the corresponding © = H f solves
the problem —Au = f in RZ and v = 0 on ¥ = JRZ. In the statement
(c) of Corollary 14.1.7 it is not necessary to require that f has a vanishing
integral. However the constant in the second estimate in (14.1.10) depends
on A instead of diam(A) (cf. Lemma 12.3.10).
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In analogy to the whole space case we set L(RY) = UJye( o) LY(RY)
and note that we also have uniqueness for the half-space problem in the
appropriate class (cf. [128]). More precisely, a solution u € £L(RZ) with first
and second weak derivatives from Lj . (R%) of —Au = f in RZ and u = 0 on
Y = ORY is unique. Thus we obtain in a analogous way to Corollary 14.1.11:

Corollary 14.1.18. Let p € P8(R2) with 1 < p~ < p* < oo and let
f € LPO(RZ) have support in a bounded John domain A C Q. Letu € L(RZ)
with first and second weak derivatives from L%OC(R;) be a solution of the

problem —Au = f in R? and u =0 on ¥ = ORZ. Then u € DLDPO)(RY)
satisfies the estimates

o) 1 s e
C(A,p) ”f”Lp(‘)(]Rg) .

||v“||Lp(->(Rg)

<
14.1.19
< ( )

||V2u||Lp(,)(R§)

Using the half-space estimates and a usual localization procedure we get
now estimates near the boundary for the Poisson problem. Recall that the
boundary 99 of a domain with boundary 992 € CU! is locally described
by a function a € CH1([—a,a]”™1), @ > 0. One can always choose the
function a such that a(0) = Va(0) = 0. Moreover, the sets V. = V, :=
{(@,2,) € R" : |2 < a,a(e)) < z, < a(z’) + 8}, B > 0, and
Vi =V] = {(",z,) € R* : |2/| < o ,a(2') < z, < a(a’) + '}, where
0<B<f@,0<a<d, satisfy VcV' cqQ.

Proposition 14.1.20. Let Q be a bounded domain with CY'-boundary, let
p € PO8(Q) with 1 < p~ < pt < oo, f € LP(Q), and let u € WPO)(Q) be
a strong solution of (14.1.1) with g = 0. Then

|VUI|LP(')(V) <c (Hf”vvfl,m-)(vl) + ||U||Lp(~>(vl)> )
(14.1.21)

192ull oy < € (Il zocr vy + Mllancr 1))

with constants ¢ = c¢(p,Q, V', V), where V and V' were defined above.

Proof. We define V" analogously with 0 < a < o’ < o and 0 < 8 <
B" < B. Let 7 € C®(Q) satisfy 7 = 1 in V and 7 = 0 outside of V". Let
us straighten the boundary with the help of the coordinate transformation
F:V' - FV') =V CR" where (¢,y,) := F(2',z,,) = (', 2, — a(2))
(cf. Fig. 14.1). We set V= F(V), 7:=70oF~! and analogously 7, 7.p. One
easily computes R

Hf”m(»(f//) = ||f||Lp(~>(v/)>

S0 f € Lﬁ(')(Rg), and fhas bounded support. Setting @ := u T one checks
analogously that @ € W2’p(')(R’>‘) and ¢ = 0 on X. A straightforward
computation, using the properties of the transformation F, yields
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Fig. 14.1 The mapping F

n—1 n—1 n—1
Al= -7+ 02,0200 — 020 (dia)? + Y i (—20,a0,7 + 20,7)
=1 1=1 =1

n—1

+ zm(zan? +> (?afa — 20,a0;7 + 28n?(8ia)2>>

i=1

n—1
+0 Y (—20,00%,7 + 077(0ia)* + O}7)
=1

= —7f+Y A% 0+ Bidi+Ci=T inRL,
i=1 i=1

Note that due to the assumptions on u, 7, and 9, the function T' € LP() (R2)

has support in V' and B; and C are bounded on vV’ depending on 7 and a.

Moreover, due to Va(0) = 0, A := max{||Ai|| oy} tends to 0 for o — 0.

Now Corollary 14.1.18 applied to @ and T yields for sufficiently small A (such

that the term can be absorbed in the left-hand side)

192l 50y < 1920 00 5y < € (1F Wl gy + Nl ) -
Transforming back with the help of F~! we obtain

1¥2ll oy < € (1 zoor vy + lllignncr ) -
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The first inequality in (14.1.21) is proved analogously if one additionally
uses ideas from the proof of (14.1.14) to estimate T in the negative norm.
Moreover, one has to use partial integration to get rid of the normal derivative
from the function @ in the term with A; (note that A; depends only on ')
and to choose again A sufficiently small. This finishes the proof. O

Now we have at our disposal everything what we need for the proof of the
main result of this section.

Proof of Theorem 14.1.2. Since C§°(f2) is dense in LP()(Q) it is sufficient
to construct a linear solution operator on C§°(€2), which is bounded from
LPO)(Q) into W2PO)(Q). For f € C§°(Q) there exists a unique strong solution
we W2 (Q) N WP (Q) of (14.1.1) with g = 0 [356, Theorem 9.1]. This
defines the linear solution operator. From the definition of 9Q € C'! it follows
that there exists a finite covering of Q with sets A?. Using the corresponding
sets V' we choose open sets Q¢ CC ©; CC  such that Q = Qg U Ufll V.
Propositions 14.1.12 and 14.1.20 now imply

HVUHLP(-)(Q) < ||vu||Lp(-)(Q0) + Z ||vu||Lp(->(vi)
i
(1100 t0) + DI w10y + oo )

Sc (HfHW*lm(-)(Q) + ||U||Lp<-)(g)) )

and consequently

Fllwscr oy < € (1 w100y + Il 0y ) - (14.1.22)

Analogously we obtain

el gy < € (1 20y + Illwrmco o)

¢ (I zoor @y + Nl ooy ) -

where we also used the previous estimate and || f{lyy—1.00) () < ¢fll e (-
From a standard contradiction argument, using also the reflexivity of the
space W1P()(Q) and the compact embedding W1P()(Q) < LPO(Q), we
deduce using (14.1.22) that

||u||LP()(Q) |l fllw- Lp() (Q)

This together with the previous estimate implies the estimate in Theo-
rem 14.1.2 in the case ¢ = 0 for f € C§°(£2). The general result for
f € LPO(Q), g = 0 now follows by continuation, since C§°(f2) is dense in
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LP0)(Q). The case of arbitrary g € Tr(W?2?()(Q)) follows by the definition
of Tr(W?2P()(Q)) and the linearity of the problem. O

Remark 14.1.23. Using the estimates in the previous results we also have
shown that a unique weak solution u € WP()(Q) of the Poisson problem
(14.1.1) exists if the data satisfy f € W=1P()(Q) and g € Tr(W1PO)(Q)).
This solution satisfies (14.1.1) in the usual weak sense, i.e. for test functions

from the space Wol’p/(')(Q), and satisfies the estimate

el < € (1 w1000y + l9llwrnoay )

with a constant ¢ = ¢(p, 2).

14.2 Stokes Problem

In this section we treat the Stokes problem and prove also for this system the
existence of strong solutions in spaces with variable exponents. The Stokes
problem is of fundamental importance for the mathematical treatment of fluid
dynamics. The treatment essentially follows along the lines in the previous
section and is based on the Calderén—Zygmund theory of singular integral
operators and the Agmon—Douglis—Nirenberg theory of operators in the half-
space. In contrast to the previous section one cannot use in the construction of
the half-space solutions the symmetry of the kernel. This problem occurs since
the solution of the Stokes problem has a given divergence. It can be overcome
by a generalization of the classical approach of Agmon—Douglis—Nirenberg
(cf. [14,15]) to the case of spaces with variable exponents. Moreover, one has
to notice that an efficient adaptation of this method requires the usage of
homogeneous Sobolev spaces (cf. Sect. 12.2). This section is based on [103], an
improved version of [104,105] and [264, Chap. 4], [101] where all the missing
details can be found. For the classical theory we refer the reader to [67] or
[169, Chap.IV].

Also in this section we always assume that ) is a bounded domain in R™,
n > 2, with C''-boundary. We want to show that the Stokes problem

Av—-Vr=f in Q,
divv =g in €, (14.2.1)

v=vg on 9,

possesses a unique strong solution (v,7) € (W20 (Q))™ x WP()(Q) with
fﬂ m dxr = 0 provided that the data have appropriate regularity. More pre-
cisely we prove:
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Theorem 14.2.2. Let Q@ C R®, n > 2, be a bounded domain with C1:!-
boundary and let p € P°8(Q) with 1 < p~ < pt < oco. For arbitrary data
f c (LPOWQ))", g € WHPO(Q) and vo € Tr(W*PO)(Q)" satisfying the
compatibility condition ng dx = faﬂ vy - Vv dw, where v is the outer unit
normal to 0K, there exists a unique strong solution (v,m) € (W2P0)(Q))" x
whrO)(Q) with Jom dx = 0 of the Stokes problem (14.2.1) which satisfies
the estimate

HV”WZP(‘)(Q) + ||7T||W1wp(-)(Q)

Sc <||f||Lp(->(Q) + Vol myw2p0 () + HgHlep(-)(Q)) ,

where the constant ¢ depends only on the domain Q and the exponent p.

As in the treatment of the Poisson problem it is sufficient to consider
homogeneous boundary conditions, i.e. vo = 0. For the general case one again
uses the linearity of the problem and modifies the other data by a suitable
representant of the boundary condition vy. The usual localization procedure
reduces the problem on bounded domains to the treatment of the problem
in the whole space and in the half-space with data having bounded support.
For that we extend the exponent p defined on 2 by Proposition 4.1.7 to an
exponent defined on R", which we again denote by p. Since the structure of
the fundamental solutions of the Stokes problem is different for n = 2 and
n = 3, we restrict ourselves to the latter case. The methods presented here
can be easily adapted to treat also the case n = 2. We refer the reader to
[67] and [169, Chap.IV] for the assertion in the classical case of a constant
exponent.

For sufficiently smooth data, the solutions of the problem

Av—-Vr=f inR",

. . (14.2.3)
divv =g in R",

are obtained by convolution with the fundamental solutions of the Stokes
problem V = (V”)r,l:L...,n and Q = (Ql)lzlwm given by

1 1 5rl Ty
yr =
)= 26B0.1] <n e x> ’

and

l — 1 T
Q) = BEED] Tl

More precisely, set F :=f + Vg. Then v :=V «F 4+ K %« Vg, where K is the
Newton potential (14.1.4), and 7 := Q * F solve (14.2.3). From Sect. 14.1 we
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already know that K * Vg has the desired properties. Thus it is sufficient to
consider the convolution of the fundamental solutions of the Stokes problem
with given data from (LPC)(R™))™. From the classical theory it is well known
that the kernels 0;0; Vb and 9;Q" satisfy the assumptions of Corollary 7.2.9.
Consequently we get:

Proposition 14.2.4. Let p € PY3(R") with 1 < p~ < p™ < oo and let
f e (C§QR™)™. Then the convolutions u(z) =[5, V(z — y)f(y)dy and
o(z) :== [z Qz—y)-£(y) dy belong to (C=(R™))"™. Moreover, their first and
second derivatives have the representations (i,j,7r =1,...,n)

0uur(a) = 3 [ 00,V = )ty o

I fn
Oidjur(@) = ) limy / 00,02, V" (x = y) fily) dy
L (Bae)e
(14.2.5)
1
+ —TL(TL n 2) ( - (’ﬂ + 1)§1jfr($) + 5“~f](58) —+ 5rjfi(1')),

O =Yl [ 0.Qw - Ay + i)
l

(B(w,e))*

and satisfy the estimates

HquLPH(]R") + HQHLM-)(Rn) < clfllp-1e0 @ny
) (14.2.6)
A4 u”LP(')(]R") + HVQ”LP(')(]R”) Sc HfHLP(')(JR") J

with a constant ¢ = ¢(p,n).

Proof. The proof of the statements follows, as in the proof of Proposi-
tion 14.1.5, from the classical theory and the estimates for singular integral
operators (Corollary 7.2.9). O

Proposition 14.2.4 shows that the linear operator U: (Cg%H(R"))" —
(C°°(R™))™ defined through

U:f—Vxf
is bounded from (D~%?C)(R™))™ into (DP()(R"™))" and from (LP()(R™))"
into (D%?()(R™))". Similarly we see that the operator and P: (CSo(R™)™ —
(C>°(R™))™ defined through

P:f—Qxf
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is bounded from (D~1P()(R™))™ into (LP)(R™))" and from (LP()(R™))" into
(DY) (R™))™. Due to the density of C§(R™) in LPO)(R™) and D=120)(R™)
(Propositions 3.4.14 and 12.3.7) we thus can continue the operators U, P to
bounded operators in these spaces. Moreover, a function f € (LPC)(R™))"
with compact support and [;,fdr = 0 belongs to (D~'*0)(R™))" by
Lemma 12.3.8. Thus both estimates of the previous proposition apply. More
precisely like Proposition 14.1.7 we can prove:

Corollary 14.2.7. Let p € P8(R") with 1 < p~ < pT < oo and let U, P be
the operators defined above.

(a) If £ € (LPO(R™)" then Uf € (D*PO(R™))" and Pf € DVPO(R™)
satisfy the estimate

1UE[| p2.ocr gy + 1 PEl procy gy < cllfll oo @n)

with a constant ¢ = c¢(p,n).
(b) If £ € (D~YPOR™)™ then Uf € (D¥PO)(R™))" and Pf € LPO)(R™)
satisfy the estimate

IUE] procy @ny + 1PEl o) @ny < ClIEllp-100) @n)

with a constant ¢ = ¢(p,n).

(c) If f € (LPC)(R™))™ has support in a bounded John domain A C R"™ and
satisfies [, fdz =0 then Uf € (DW2P0)(R™)™ and Pf € WPO(R™)
satisfy the estimates

||Uf||D2vP(')(R") + HPfHDl»P(')(Rn)
1UEl procy ey + 1PEl ey @y

c(p) ”f“LP(')(]R”) J
c(p, diam A) [|£]| p- 100 gn) -

NN

Based on this corollary and the representation of a solution of (14.2.3)
before Proposition 14.2.4 we obtain:

Corollary 14.2.8. Let p € PY8(R") with 1 < p~ < pt < oo and let
f ¢ (LPORM)™ and g € WHPC(R™) have support in a bounded John
domain A C R™. Moreover, let f have vanishing mean value and let (v, ) €
(W2P (R"))" x WLP (R™) be a solution of the Stokes problem (14.2.3). Then
v € (DL2APO(R™M)™ and 7 € WIPC)(R™) satisfy the estimates

||VV||LP(')(R") + ||7THLp<->(]Rn) <c (HfHD—lm(»(Rn) + ||g||Lp(')(R")> )
14.2.9)

||V2V||Lp<')(Rn) + ||V7T||Lp<-)(Rn) sc (HfHLm-)(]Rn) + HVg”LP(‘)(]R")) )

with a constants ¢ = ¢(p, diam A).
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Proof. From the properties of f and g follows that they belong to the
spaces (LPO)(R™))™ N (LP~ (R™)™ N (D~2O(R™)™ N (D=2 (R™))™ and
WLPO(R™) N WHP™ (R™), respectively. This, Corollary 14.2.7(c), Corollary
14.1.7(c), and the obvious estimate [[Vg[|p-1,¢)®n) < ¢lgllpoe) @n) Imply
(14.2.9) with v and 7 replaced by v := UF + LVyg, L is the continu-
ation of the convolution with the Newton kernel (Corollary 14.1.7), and
7w := PF, where F := f 4+ Vg. Note that there holds analogous estimates
with p(-) replaced by p~. Using these estimates, the fact that solutions
(v,m) € (DY9(R™))™ x LIY(R"), 1 < g < 0o, of the Stokes problem (14.2.3)
are unique up to a constant (cf. [169, Theorem IV.2.2]), and the integrability
of m and 7 we obtain (14.2.9). O

Now we are ready to prove interior estimates for solutions of the Stokes
problem.

Proposition 14.2.10. Let p € P'°%(Q) with 1 < p~ < pt < oo and let
f e (LPO@Q)"™ and g € WHPO(Q). Let Qg CC Q1 CC Q be open sets.
Moreover, let (v,7) € (W*PO)(Q))" x WEPO(Q) be a solution of the Stokes
problem (14.2.1). Then there exists a constant ¢ = ¢(p, Qo, Q1) such that (v, )
satisfy the estimates

”vv”l,p(-)(go) + ||7T||Lp<->(90)
< e (I8l + 19100000y + 900 sy + 1Ty anr )
V2Vl Lo 00y + IV TN Lot ()

< (Il ooy + 19lwrso @ + IVIwiso @ian) + 171 Leo @iva0)) -

Proof. Let 7 € C*°(R™) with 7 = 1 in Qg and spt(7) CC Q4. For v := vr
and 7 := 77 we have
AV —Va =2VvWVr+ Arv —aVr+fr=T in R"
divv=v-Vr+gr=_G inR".
Due to the choice of 7 we see that v € W2PO(R"), 7 € WEPO)(R™), G €

WP (R™) and T € LPC)(R™) satisfy the assumptions of Corollary 14.2.8,
which yields

”vV”LP(-)(QO) + ||7T||Lp<-J(QO) Sc (”T”D*LP(‘)(IRN) + ||G||Lp<->(91)) )

192¥ 006> 2y + 197 2oy < € (ITLzargay) + IVGllzorqa) ) -

This estimate and the definition of T and G immediately imply the above
estimates for v and . For the estimate of ||'T||p-1.»¢)(rn) We use that T has
a vanishing mean value and proceed as in the estimate (14.1.14). O
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Now we turn our attention to the Stokes problem in the half-space

Av —Vr=f inRT,
divv=g¢ inRZ, (14.2.11)

v=0 on?2.

In order to derive estimates for this problem we cannot proceed as for
the Poisson problem, since the convolution of the fundamental solutions of
the Stokes problem with odd reflected data does not satisfy the divergence
constraint.

Thus we proceed differently. Namely, we reflect the data in an even manner
and produce by convolution a whole space solution v of (14.2.3). This solution
does not satisfy the homogeneous boundary condition v = 0 on ¥ = JRZ.
To achieve this we add to v a solution of the problem in the half-space

Aw —-V0=0 inRY,

divw =0 in RZ, (14.2.12)
w=h on?2]
with the special choice h = —v|s. In order to obtain appropriate esti-

mates of solutions of (14.2.12) we need to prove the analogue of the famous
Agmon, Douglis, Nirenberg result (cf. [14]) for spaces with variable expo-
nents. Before we proceed with the treatment of the Stokes problem in the
half-space we derive this result. Recall that Cg°(R%) is the space of smooth
function with compact support in RY. Moreover, we set S := 0B(0,1),
Sn=2:=9B(0,1)" ' cR" !, S5 ;== SNRZ and S> := S NRY.

Theorem 14.2.13. Let k be a kernel on RY of the form

P(x/|z])

|z["

k(z) =

3

where P: S5 — R is continuous and satisfies

/ P(2',0)dz’ = 0.

Sn—2

Assume that k possesses continuous derivatives d;k, i = 1,...,n, and 0%k
in R, which are bounded on the hemisphere S. Let p € P°8(R2) with
L<p™ <p' <oc. For f e Ce(RY) we define Hf : RY — R through

(H flg)(x) = /k(x’ —y zn) (Y, 0)dy'. (14.2.14)

b
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Then
IVHf|sllro) @e) < €IVl ro e (14.2.15)

for all f € C§°(RY) with constant ¢ = c(p,n, P). In particular, H defines (by
estension) a linear, bounded operator H: DVP()(R2) — DIPO)(R2).

From the definition of the norm in the trace space Tr DVPC)(RZ) (cf.
Sect. 12.2) we immediately get from the previous theorem:

Corollary 14.2.16. Under the assumptions of the Theorem 14.2.13 the
operator H defines a linear, bounded operator H: TrDl’p(‘)(Rg) —
Dl,p(‘)(]}gg).

The proof of Theorem 14.2.13 makes use of the following consequence of
the Calderén—Zygmund theorem (Corollary 7.2.9):

Lemma 14.2.17. Let () : RE — R be a measurable function, which satisfies

P(z/|x])
Q(z)] < T
where P € L"(S}), r € (1,00, is non-negative. Let p € P8(R2) with v’ <
p~ <pT < oo. For f € Lp(')(R’;) we define If : RL — R through

If(x) = / Q' — of s an + ya) ) dy.
Ry

Then I defines a the linear operator I: LPO)(RZ) — LPCO)(RR), which satisfies
the estimate

I flror gy < ellfllLee @a )
with a constant ¢ = ¢(r,p,n, P).

Proof. Note that for x = (2/,x,) € RZ the kernel Q(z" — -, z,, +-) belongs to
Lp/(')(R’;) and thus I f is well defined. We extend p by even reflection, Q(x)
and Z&/lzD by odd reflection, and f by 0 to R”. Thus p € P8(R") and

|[™

f € LPO)(R™). Moreover, the extended kernel k() := Pe/le) on R™ satisfies

[]™

the assumptions of Corollary 7.2.9, which due to
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()| < / k(' — o o+ yo) ()] dy
RY
- / k(& — o n + y) F )] dy
RTI,
- / k(&' — oo — gl (s —ym)| dy = Tf(2)
RTI

yields the estimate

I fl e ey < I fll e @ny < llf oo @n )
which proves the lemma. ]

This lemma is the analogue of [14, Lemma 3.2] which is sufficient to handle
the tangential derivatives in the assertion of Theorem 14.2.13. In order to
handle also the normal derivative we need the following result:

Lemma 14.2.18. Let J be a continuous kernel on RZ, which is homogeneous
of degree —(n+1) on RZ, i.e. J(ax) = a~ "V J(z), a > 0, bounded on S~
and satisfies for all x, >0

/ J(2',xn) da’ = 0. (14.2.19)

Let p € PP8(RL) with 1 < p~ < pT < oo and g € (1,00). For f € C5°(R%)
we define the function If: RY — R, through

If(z) = / (@ — o2+ ) (4) dy.

RY

Then I satisfies
I fll e ey < €IV F oo @a)

for all f € C5°(RY) with a constant ¢ = c(p,n,J). In particular, I defines
(by extension) a linear, bounded operator I: D¥P()(RZ) — LPO)(RR).

Proof. Note that for z = (2/,z,) € RZ the kernel J(2' — -, 2, + -) belongs
to L"(RZ), 1 <7 < oo, and thus I is well defined. The proof of the assertion
of the lemma is identical with the proof of [14, Lemma A.3.1] if one uses
Lemma 14.2.17 instead of [14, Lemma 3.2]. The proof is based on the obser-
vation that one can assume without loss of generality that J additionally
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satisfies for i < n and x,, > 0
/ z;J (2 ) dx’ = 0.
Rn—1
Such J can be represented in the form

n—1
J(2' x,) = Z 0; / J(Y  20) 0 K1 (2 — o) dy,

i=1 Rn—1

=:L;(z',xn)

where K,,_; is the Newton potential in R”~!. Consequently we can write I f

as
n—1

If(x)=> / Li(z" =y, xn +yn)0i f(y) dy
i=1gn
and the assertion follows from Lemma 14.2.17. O

Now we are ready to prove Theorem 14.2.13.

Proof of Theorem 14.2.13. The proof of this theorem is analogous to the
proof of [14, Theorem 3.3]. We extend P to RZ through P(z) = P(z/|x|).

From the assumptions on the kernel one easily checks that for i =1,...,n
k(@) € == k(@) < =0 [0RR@] < e (14.2.20)
X |I|n717 7 X |.§U|n’ n X |1‘|n+1 V.

For f € C§°(RY) and z € RY we consider the function g: RZ — R defined
through g(y) := k(z' — ¢, s + yn) f(y). Since the kernel k(z' — -, z, +-) and
its first derivatives belongs to L™(R"~* x (0,T)), T > 0, 1 < r < oo, and
due to the assumptions on f we see that 9, g € L*(R"~! x (0,7)). This
enables us to derive in the same way as in the proof of [14, Theorem 3.3] the
equations

_O(H f)(x) = / (Oek(@’ — o/, 2n + yn)On f(3)
#o (14.2.21)

+ Op, k(@ =y, &n + yn)0i f (y)) dyndy/,

T

0. (H)(x) = / / (90, k(@ — ', 2n + yn)On F(9)
RA-1 0

+ 02 k(' =y xn +yn) f(y)) dyndy’

(14.2.22)
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fori=1,...,n—1. Now Lemma 14.2.17 applied to (14.2.21) and to the first
term in (14.2.22) and Lemma 14.2.18 applied to second term in (14.2.22) yield

the estimate (14.2.15). The remaining assertions follow from the density of
C§°(RZ) in DMPOI(RZ). O

Now we have at our disposal the tools we need for the treatment of
the Stokes problem (14.2.12) in the half-space. The solutions of this prob-
lem are obtained as usual by a convolution of the fundamental solutions
Z = (Zrl)nlzl,---,n and z in the half-space, which are given by

2 Tp XX

AL = —
) = B, D] Jal 2
and
4 Ty
2= —
BB0.1)] al”

with the boundary data h from (14.2.12). From the classical theory it is well
known that the kernels Z™ and z satisfy the assumptions of Theorem 14.2.13.
This is the basis for the half-space estimates for these kernels. The result is
formulated in such a way that it fits to the application in Proposition 14.2.25
showing half-space estimates for the Stokes problem. Note that the next
lemma can be also shown for data h € D(1:2:P()(RZ). For that one needs to
use the density of Cg°(RZ) in D**O)(R2) and D*22()(RZ), which holds
due to Propositions 12.2.7 and 12.2.12 and Theorem 8.5.12.

Lemma 14.2.23. Let p € PY8(R") with 1 < p~ < pT < oo, and h €
(DW2)PC)(RM)™, Then there exists a solution

(w,0) € (DU2PO(RL))" x WH(RY)

of the Stokes problem (14.2.12) on the half-space with boundary data hl|x,
which satisfy the estimates

c ||Vh||Lp<')(Rg)7 (14.2.24)
¢ (HVQh”LP(‘)(R'g) + ||VhHLP(‘)(Rg))7

VW Loy ey + 101l Lo @)

NN

IV o gy + 1VO oo g

with a constant ¢ = ¢(p,n).

Proof. Since C§°(R") is dense in D(:2)P()(R™) and D*P()(R"™) (Proposi-
tions 12.2.12 and 12.2.7) it suffices to show the existence of a linear solution
operator satisfying the estimates (14.2.24) and then to argue by density simul-
taneously in D(1:2):P()(R") and D*P()(R™) (cf. the proof of Corollary 14.1.7).
Thus let h € Cg°(R™). Then the functions w : RZ — R™ and 6 : RZ — R
defined through
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2
&
i

/ Z(e' — o ea)h(y,0) dy,
>

~Y o / 2o = an)hily, 0) dyf,
=1 >

=:¢; ()

>
—~

&
~

Il

are smooth solutions of (14.2.12), which is easily shown as in the classical
theory. The first estimate in (14.2.24) now follows from Theorem 14.2.13
applied to w and ¢;, ¢ = 1,...,n. In order to prove the second estimate in
(14.2.24) we notice that

Opw(x) = /Z(z' — vy, zn)0h(y’,0) dy,

R0l =~ 3o / ~ s en)Oihi(y',0) dy’

=:qir(z)
for 1 < k < n. Again Theorem 14.2.13 applied to Oy w and g;; gives

HakVWHLp(A)(Rg) + HakHHLP(‘)(Rg) < C||v2h||LP(‘)(R7>’)'

Using the first two equations of (14.2.12) we compute 92w,, = — Z?:_ll OniW;,
D2w; = 0,0 — Z" ! a%i, 1< i< n,and 0,0 = Aw,, which together with
the last estimate for 9, Vw and 9,0 gives also the missing estimate for 92w
and 9,0. This finishes the proof of the proposition. a

Using the whole space result Corollary 14.2.8 and the previous lemma we
get half-space estimates for the Stokes problem (14.2.11).

Proposition 14.2.25. Let p € P°8(R2) with 1 < p~ < pt < oo, and
let £ € (LPO(R2)™ and g € WHPO(RZ) have support in a bounded John
domain A CC RL. Let (v,m) € (W?P (RZ))" x WP (RZ) be a solution
of the Stokes problem m the half-space (14.2.11) corresponding to the data
f and g. Then v belongs to the space D(1’2)’p(')(R§) and 7 belongs to the
space Wl’p(')(R’;). Moreover, they satisfy the estimates

||vv||LP<')(]R")+||7r||Lp(*)(]R”) Sc (HfHD*LP(‘)(R")+||g||Lp(~)(]R")> J
g 77 (14.2.26)
& VI ey ey HIVAl Loy (mey < C(HfHLP()(R" +HVgHLp<)(Rn))

with a constant ¢ = ¢(p, A) > 0.
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Proof. From the assumptions on f and Lemma 12.3.10 we obtain that
fe D‘LP(')(RQ). We extend p and g by even reflection, and f by odd reflec-
tion to R™. Thus p € P°&(R"), f € LPO)(R™) and g € WPO)(R™) with
corresponding estimates of the whole space norms by the half-space norms.
Moreover, f has mean value zero and f and g still have bounded support.
Due to Lemma 12.3.8, f € D~1P0)(R™) with an estimates of the whole space
norm by the half-space norm (14.1.17). Let v := V«F+ K « Vg, K being the
Newton kernel, and 7 := Q * F, where F := f — Vg, be whole space solutions
of the Stokes problem (14.2.3) corresponding to the extended data. Corol-
laries 14.2.8 and 14.1.7 and the above mentioned estimates of the extended
data by the original data yield the estimates

1990 ooy + 17l o ey < 19 ooy + 17 oo any

< e (Ifllp-1rer@e) + V915100 @z) )

”VQVHL:J(')(]RQ) + HV%”LP(‘)(R;I) < HV2V||LP(‘>(R7L) + HV%HLM')(R”)

< (Ifllwroge) + 1960 oo g ) -

Thus v € D1:2):2()(R™) and Proposition 14.2.23 yields the existence of a solu-
tion (w, @) of the Stokes problem in the half-space (14.2.12) with boundary
data —V|y satisfying the estimates

||VW||LP<»>(RQ) + ||9HLP(‘)(]R’>L) Sse ”vv”m(')(Rg)’
IV o @y + VOl ooy < ¢ IV o0 @y + IV oo ) )-

These last four estimate together with ||Vg||D_1,p<.>(RT>L) <ec Hg||Lp(.)(Rg) and

Lemma 12.3.10 applied to f and Vg imply that v.=v+w and 7 := 7+ 6
satisfy the estimates (14.2.26) and solve the problem
AVv=Av+Aw=f+ V7 inRY,
divv=gyg in RY,
v=v-v=0 on X.

If we replace in the above arguments p(-) by p~ we get that v and 7 also
satisfy the corresponding estimates (14.2.26) with p(-) replaced by p~. Due
to the uniqueness results in classical spaces in [169, Theorem IV.3.3] and the
integrability of m we get that also v and 7 satisfy estimates (14.2.26). O

Now we are ready to prove estimates near the boundary for solutions of
the Stokes problem (14.2.1) with homogeneous boundary data.
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Proposition 14.2.27. Let Q be a bounded domain with CY'-boundary, let
p € P8(Q) with 1 < p~ < p™ < oo and let f € (LPO(Q))" and g €
WLrO)(Q). Let (v,n) € (W*PO)(Q))" x WEPC)(Q) be a solution of the Stokes
problem (14.2.1) with vo = 0. Let V and V' be as in Proposition 14.1.20.
Then there exists a constant ¢ = c(p,V, V', Q) such that (v, ) satisfy the
estimates

VYoo oy + Tl Lo vy

< c(Ifllw-100 vy + 19l oo vy F 1V oo vy F 17l -100 )
||V2V||Lp(->(v) + IVl Loy vy

< c(lfllpoer vy + Mgllwroe @ + IVIwroo @y + 17l o ) -

Proof. The proof of this proposition is analogous to the proof of Proposi-
tion 14.1.20. We use and adapt the notations and conventions introduced
there. Thus let v,7,f, g and p the transformed quantities defined on RZ.
With the transformed cut-off function 7 we define v := v7 € W2PO)(R2)
and 7 := 77 € WHPO)(R2). The couple (¥, 7) solves the Stokes problem in
the half-space with data (T, G) defined through

Tj =T j?] + Z Aia?n'l_}j + Z Blaﬁj + Ci]\] + Dj8n7‘r + Ej%,
i=1 i

i=1

3
3

where the functions A;, B;, C' are defined in the proof of Proposition 14.1.20
and where Dj = —8ja, Ej = 6n? 8ja — 8j?, Rl = 82? — 8n? 8ia,
and S; = 0;a. Note that D; and S; are as well as A; transformations of
first derivatives of the boundary description a, which can be made arbi-
trarily small such that they can be absorbed in the left-hand side. Since
(T,G) € (LPO(RZ))™ x WIPO)(RZ) have bounded support we can use
Proposition 14.2.25 and proceed as in the proof of Proposition 14.1.20 to
obtain

||V2{’||Lﬁ<-)(\7) VT oo 7y
< (Il z50r gy + 18llwscr 9y + 19l @y + 17l 0 o ) -
From this estimate we derive in the same way as in the proof of Proposi-

tion 14.1.20 the second estimate of the proposition. Proposition 14.2.25 also
gives
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IVl Lor @y + 17l Lo @y < € (1Tl p-100 @z ) + NG Lo (1)) -
Proceeding as in the end of the proof of (14.1.14) one can show that

1Tl o150 @n) < € (IEllw—100 vy + 1T llw—100 vy + 1Vl Eoer (1)
+ AV ooy iy + DIEN o (9

where A is defined in the proof of Proposition 14.1.20 and can be made
arbitrarily small. The quantity D is defined analogously and can also be
made arbitrarily small. Similarly we get

||G||Lﬁ(-)(\7) Sc Hg”Lp(-)(V/) tc ||V||Lp<->(v/) +5 ”vVHLﬁ(-)(\A/)v

where S is defined analogously to A and can also be made arbitrarily small.
Absorbing the appropriate terms and proceeding as in the proof of Proposi-
tion 14.1.20 we can derive from the last three estimates the first estimate of
the proposition. This finishes the proof of the proposition. ]

Now the Theorem 14.2.2 follows from Propositions 14.2.10 and 14.2.27
in the same way as Theorem 14.1.2 follows from Propositions 14.1.12 and
14.1.20.

Remark 14.2.28. Using the corresponding estimates in the previous results
we also have shown that a unique weak solution (v,7) € (WHPO)(Q))™ x
LPO)(Q) of the Stokes problem (14.2.1) with Jom dx = 0 exists if the data
satisfy £ € (W=2POQ)", g € LPO(Q), vo € Tr(WP()(Q))™ and the
compatibility condition [, vo - v dw = [, g dz. This solution satisfies the
problem (14.2.1) in the usual weak sense, i.e. for test functions from the space
(Wol’p/(‘)(Q))", and satisfies the estimate

||VHW11P(*)(Q) + ||7THLP(‘)(Q)
Sc (HfHW*LP(-)(Q) + 9l oy @) + ||VOHTr(W1,p<-)(Q))) ’

with a constant ¢ = ¢(p, 2).

14.3 Divergence Equation and Consequences

In this section we deal with the divergence equation, which is of great impor-
tance in the theory of incompressible fluids. Moreover, we will derive from
the main result important consequences such as the negative norm theorem
and Korn’s inequality.
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For given f with mean value zero we seek a solution u with zero boundary
values of

divu=f  inQ, (14.3.1)

where € is a bounded domain. This problem has been studied by many
authors. The L°~theory in Lipschitz domains is based on an explicit represen-
tation formula is due to Bogovskii [50,51]. We generalize these results to the
case of Lebesgue spaces with variable exponents and bounded John domains
using the theory of Calderén—Zygmund operators, developed in Sect. 6.3 and
the transfer technique from Sect. 7.4. This involves showing that in the unit
ball B(0,1) the solution u € Wol’p(')(B(O, 1)) of (14.3.1), which is given by

/f (m= [ lreimp)e )

|z—yl

where w € C§°(B(0,1)), fB(O ywdz =0, satisfies the estimate

IVall,oy <ellfllpe -

For that we need to show that the corresponding kernels satisfy the necessary
assumptions. The properties of the kernel are well known and can be found
e.g. in [50,51,103,169].

Lemma 14.3.2. Let w € CP(R™) be a standard mollifier. For i,j =
1,...,n, we define

|| ||

(o)
i
Nij(z, z) == Jn/ (erri) n— 1d7‘+‘ n+1/33w oerrm)r dr,
0

kij(xa y) = Nij(if,x - y)
(14.3.3)

for all z,y,z € R" with z # 0 and x # y. Then k;; is C° off the diagonal
and

for all z,y € R™ with |z| > 1+ |y|. For 1 < o < oo, there exists a constant c,
depending on ||w||y1... and n, such that
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Nij(z, az) = a”"Ny;(z, 2),
/ N;j(z,2)dz =0,
|z|=1 (14.3.5)

/ |Nij(z,2)|” dz) <c(1+ |z))".

|z|=1
Furthermore for all z,y,z € R™ with x #y, y # z, and |z — z| < |z — y|

[kij ()l < e (L4 |2)" |z — 97",
iyl <e(+ ) e —zlle -y, (14.3.6)
2 <e(+ly)" e —zl|lz -y,

for all o > 0 and x € R™. Especially the k;; are kernels on R x R™ in the
sense of Definition 6.3.1.

|kij(x,y) — K
|Kij(y, x) — kij(y

‘We now show that the kernel k satisfies a condition similar to the condition
(D) from Definition 6.3.7.

Lemma 14.3.7 (Condition (D?)). Let k be a kernel satisfying the second
condition in (14.3.6). Then there exist constants ¢ > 0 and N > 0, depending
on ||w|lyi1.e and n, such that

sup / )| Doy k() dy < ¢ Mf(z0)
ly—zo|>Nr

for all f € C§°(B(0,1)) and zp € R™.

Proof. Note that for all y € Q, x,z € R™ with z # y # z, and |z — 2| <
| — y| there holds

Ikij (2, y) — kij(2,9)| < 2" o — z]|lo —y[ "7

The rest of the proof follows exactly as in the discussion after Definition 6.3.7
that a standard kernel satisfies condition (D). O

Note that in contrast to condition (D) of Definition 6.3.7 the condition
(D’) is only fulfilled for smooth f with compact support in €2 not in R™.

Lemma 14.3.8. Let w,k;j, Ni; be as in Lemma 14.3.2, let k;; . denote the
truncated kernels, and let p € P8(Q) satisfy 1 < p~ < pt < co. Then the
operators Tj; ., defined by
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Ty f(x / ke (2, 9)f () dy

B(0,1)

for f e LP)(B(0,1)), are bounded on LP)(B(0,1)) uniformly with respect
toe > 0. For all f € LP*)(B(0,1))

Tijf(x) :== El_igg Tijef(z) = lim Kije(m,y)f(y)dy

exists almost everywhere and lim,_ o+ Tyjof = Ty f in LPC)(B(0,1)) norm.
In particular the Ti; are bounded on LP()(B(0,1)).

Proof. By Theorem 5.7.2 we know that the maximal operator M is contin-
uous from LPC)(R™) to LPO)(R™). Let n € C§°([0,00)) with n(t) = 1 for all
0 <t<3andn(t) =0 for all t > 4. Now define k;; and N;; by

Nij(,2) = n(@)N (z, 2),

kU(x,y):Z‘AQKx,x——yL
so that Eij (x,y) = kij(z,y) for all x € B(0,1) and all y € R™. From (14.3.5),
(14.3.6) and the definition of N;; we deduce:

(a) (14.3.5) clearly holds.
(b) For all z,y,z € R" with 2 # y # 2, and |z — 2| < |x — y| there holds

—n

—n—1

Ikij(y, @) — ki (y, 2)

(c) For ally € B(0,1) and z, 2z € R" with  # y # 2, and |z — 2| < 3|z — y|
there holds

[Eij (2, y) = kg (z,9)| < clo — 2|z —y[ "
Let Eij)g denote the truncated kernels and define ﬁjyg by
Ty @) = [ Fiselan) f(0)
]R’n.

Due to the properties (a) the kernel k:U fulfills all requirements of Proposi-

tion 6.3.4. Thus the operators T” . are uniformly bounded on L? (R") with
respect to € > 0. Moreover
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Tiif(x) = lim Ty _f(z) = lim [ kjo(z,y)f(y) dy (14.3.9)

e—0+ e—0+t
RTI,

exists almost everywhere and lim._ g+ ﬁj,gf = ﬁjf in Lo (R™) norm. In
particular T;; is bounded on L (R™). From this and the estimates (b) one
deduces as in the classical theory (cf. [360, p. 33], [103] or Remark 6.3.6)

|{I€Rn |,T¢]f |> }| ”£H1

for all « > 0 and all f € L*(R") N L7 (R™). Hence ﬁj extends to a bounded

operator from L'(R") to w-L'(R™). Further recall that Tj; fulfills condi-
tion (D’). Thus exactly as in the proof of Proposition 6.3.8 in [29] we get

(ME(Tf11)) (@) < e Mf(2)

for fixed 0 < s < 1, and all f € C§°(B(0,1)),x € R™ The restriction
to smooth f with compact support in B(0,1) originates from the substitu-
tion of (D) by (D’). From the previous inequality we deduce exactly as in
Theorem 6.3.9 that

1T55f Ny < ellF .

for all f € Cg°(B(0,1)). Since Cg°(B(0,1)) is dense in LP()(B(0,1)) by
Theorem 3.4.12, this implies

17551 Lo @ny < €llflLocr 80,1 (14.3.10)

for all f € LPO(B(0,1)). We now show that lim._o+ Tyj.f = Tijf in
LPO)(R™) for all f € LPO)(B(0,1)). As an intermediate step we prove

T35 f(2) < ¢ (M (T f)(w) + Mf () (14.3.11)

for all f € LPC ( (0,1)), where ff is the maximal truncated operator cor-
responding to Tm and 0 < s < 1: This will be done almost exactly as in the
proof of Proposition 2 in [360, pp. 34-36]. The only difference in our case
is that property (c) above only holds for y € B(0,1) and not all y € R™.
Therefore, we have to adapt the derivation of inequality (31) in [360, p. 35],
i.e. we have to show the following: There exists ¢ > 0 such that

|Tij fa(2) — Tij fo(@)| < e Mf(x)

for all e > 0, z € R", fo := Xgn\B(2,-)f and all z € R™ with |z — 2| < ce. So
let f € LP()(B(0,1)), e > 0, and set fo := Xr™\B(z,e)f- Then for all z € R"
and z € B(z, §) we have with property (c) above
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T fol2) — Tog Fo )] < / o (1) — Ty (=) | £ (0) dy

ly—z|>e

=Y [ s - Fal )y

k:02k+1e>|y—z|22ka

e[ Uwle-ad T dy
k=0 oht1csy—a|>20e

<ced B0, 1)[(2"e)" Mf(x) (2Fe) "
k=0

=cMf(x).

Using the boundedness of ﬁj on L7 (R™), the growth conditions in (b), and
the previous inequality, we conclude from [360, Proposition 2, p. 34] that
(14.3.11) for all f € LP*)(B(0,1)). The boundedness of M on LPC)(R™),
inequalities (14.3.10), (14.3.11) (with s = 1), and the previous inequality

imply
15571 s ey < €7 oo (50,0

for all f € LPO)(B(0,1)). We have already shown that lim,_q+ ﬁj7gf =
ﬁj f almost everywhere. As in Corollary 6.3.13, the pointwise convergence,
the last estimate, and the density of C§°(B(0,1)) in LP()(B(0,1)) imply
lim,_,o+ Tijysf = ﬁjf also in Lp(‘)(R”)—norm.

Overall we have shown that Lemma 14.3.8 holds with Tj; replaced by ﬁj
But by the definition of %ij and i-j we have for all z € B(0,1)

Tijf(x) = Tii f(x),

whenever fm f(x) exists. Thus all results for ﬁj on R™ transfer to results for
T;; on B(0,1). This proves the lemma. O

Since we are looking for solutions u of (14.3.1) with zero boundary values
we need to assume that the right-hand side has a vanishing integral. For
bounded domains we have denoted the space of such functions by

LPOQ) = {f e 1°0(Q) : Q/f(a;) do = o}.

Due to Proposition 3.4.14 smooth function with compact support and van-
ishing integral are dense in Lg(')(Q).
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Proposition 14.3.12. Let B(0,1) C R", n > 2, and let p € P°8(B(0,1))
satisfy 1 < p~ < pT < oo. Then there exists a linear, bounded operator
B : LFY(B(0,1)) — WP (B(0,1)) such that for each f € LEY)(B(0,1))
the function Bf € Wol’p(')(B(O, 1)) is a solution of the divergence equation
(14.3.1), i.e. div(Bf) = f, satisfying the estimate

HVBfHLp(-)(B(O,l)) <c ||f||Lp(-)(B(o,1)) ‘ (14.3.13)

The operator B is independent of p, although the constant c is not. Also, B
maps C5%(B(0,1)) to C5°(B(0,1)).

Proof. By Theorem 5.7.2 we know that M is continuous from LP()(R™)
to LPC)(R™). By Proposition 3.4.14 we know that C5o(B(0,1)) is dense in
L](g(')(B(O7 1)) and thus we can assume f € C§(B(0,1)). In this case we

have an explicit representation (We follow the approach outlined in [169,
Sect. IT1.3] and use the same notation.) of the solution given by

a) =B = [ s (Z20 [ (vl ac)ay.
B(0,1) |z—y|

where w € C¢°(B), [z wdz = 0. Note that the operator B itself only depends
on the choice of w. From [51] we know that u € C§°(B(0,1)). Due to the

continuous embedding LP()(B(0,1)) < LP™ (B(0,1)) we can use the classical
LP  theory and justify (cf. [51]) the formula

Ojui(r) = / by, e — y)fy) dy + / Giy(a,9) () dy

B(0,1) B(0,1)

b @) / (x —|?;)i(z|2_ Y)j w(y) dy (14.3.14)
B(0,1)

=: F1(z) + F3(z) + F5(x),

where k;;(x,y) is given by (14.3.3), and where G;;(z,y) satisfies

C
|Gij (2, y)| < Tyt

for all x,y € B(0,1). By Lemma 14.3.8,

||F1||Lp(-)(B(o,1)) Sc¢ ||f||Lp<-)(B(071)) )

and
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1E51 Lor ((0,1)) < €N llLeer 0,1 -

By the estimate of Gjyj, it is clear that Fo < I1f < c¢Mf, where I; is the
Riesz potential. Hence

||F2||Lp<-)(13(o,1)) Sc ”Mf”LP(')(]R”) Sc ||f||Lp<~)(]Rn) =c HfHLp<-)(B(o,1)) .

From (14.3.14), and the estimates for Fy, F» and F3 we immediately obtain
(14.3.13). 0

Using the previous proposition and Theorem 7.4.9 we get the following
result:

Theorem 14.3.15. Let Q0 C R", n > 2, be domain satisfying the emanat-
ing chain condition and let p € P°8(Q) satisfy 1 < p~ < pt < oo. Then
there ezists a linear, bounded operator B : C§°(Q) — Li _(Q) which extends

loc
uniquely to an operator B : Lg(‘)(Q) — Dé’p(‘)(Q) with

div(Bf) = f (14.3.16)
IVBfllyy < ellfllyy - (14.3.17)

The operator B is independent of p, but the constant c is not. If Q) is bounded,
and f € C55(S2), then Bf € C5°(1).

Proof. Since € satisfies the emanating chain condition we can find a chain-
covering Q of 2 consisting of balls ) (cf. Sect.7.4). Let Sq : Lg(')(Q) —
Lg(')(Q) be as in Theorem 7.4.9. In Proposition 14.3.12 we have shown that
there exists a linear operator B which maps C§%(B(0,1)) to C5°(B(0,1))
and Lg(')(B(O7 1)) to Wol’p(')(Bl (0)), and satisfies div(Bf) = f and (14.3.13).
By a simple translation and scaling argument it follows that there exist linear
operators B : LE7(Q) — W P)(Q) which satisfy divBgg = g in Q and

||VBQg||LP()(Q) < c ||g||Lg<')(Q)7

with a constant ¢ independent of Q). Moreover, Bg maps C5%(Q) to C5°(Q).
Let f € L’O)(')(Q). We extend BgSqf outside of ) by zero, so that
BoSof € Dé’p (')(Q). We define our operator B almost everywhere by

Bf:=> BuSof.
QeQ

Due to (B3), the fact that the cover Q is locally o1-finite (B1), and the pre-
vious estimate we see that the sum converges in L{, () and therefore in the

sense of distributions. The same argument ensures that VBf = > 0 VBoSof
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in L (). Moreover, VBf € LIOC)(Q). Thus Corollary 7.3.24, the previous
estimate and (d) of Theorem 7.4.9 imply

HVBfHLP(-)(Q) = Z VBqoSqfxq

QEQ Lr()(Q)
Z X HVBQSQfHLP()(Q)
Q

| D xo—————

56 Ixelly.
<c ||f||Lg(')(Q)

Lp(-)(Q)
HSQfHLm (@)

Lp(-)(Q)

which proves (14.3.17). From VBf = > ,VBgSqf in LPO)(Q) it follows
that

divBf =Y divBgSqf= > Sof =f

QeQ QeQ

for f € Lg(')(Q). This proves (14.3.16).

Assume now that  is bounded and f € C§°(€2). Then Sgf € C5°(Q) for
all @ € Q and Sgf # 0 for only finitely many @ € Q. Therefore, by the
properties of Bg, BoSqf € C5°(Q) for all Q € Q and BgSg f # 0 for only
finitely many @ € Q. Thus Bf € C§° (). a

Theorem 14.3.15 is very useful in the theory of fluid dynamics. To avoid
technical problems with the pressure one uses mostly divergence free test
functions & in the weak formulation of the fluid system. Sometimes however,
these test functions have to be perturbed by functions h with compact sup-
port with small norm of divergence. Then Theorem 14.3.15 can be used to
find a function u with compact support with divu = divh whose full norm
[ul[; , is controlled only in terms of ||divhl|, which is small. The function
h — u is then again divergence free and the necessary correction u has small
norm. We will use this in Sect. 14.4.

As a consequence of Theorem 14.3.15 we are able the generalize Necas
theorem on negative norms (Lions-Lemma) to variable exponent spaces and
domains satisfying the emanating chain condition.

Theorem 14.3.18 (Negative norm theorem). Let Q C R" be a domain
satisfying the emanating chain condition and let p € P°8(Q) satisfy
1<p~ <pT <oo. Then

19 £llp-1500@) < 11z @y < €19 b0y (14.3.19)
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for all f € LEY(Q). If Q is additionally bounded, then

C

010y < €19 F sy + Gy oo (14320
for all f € LPO)(Q).
Proof. Let f € Lg(')(ﬂ). Then
IVfllp-1s0r(q) = sup (Vf,h)y = /fdlvhd:r
I8l 1 ) <1 IRl )(ﬂ)<1Q
0

which implies by Hoélder’s inequality
”vf”DO—lvP(')(Q) < HfHLg<')(Q)'

On the other hand the above equalities and Theorem 14.3.15 yield

11l 00y < [ r9ds< [ fods
E® ) 01 1,,<>(Q><1

Lp /(- )(Q) Q Q

=c sup /fdiV Bgdz < c||Vfllp-1.00)(a)

<1
HB.‘JHDé,p/(.)(Q)\ Q

where we used the norm conjugate formula. This proves (14.3.19).
Assume in the following that 2 is bounded. Let Qg be the central cube of 2
and choose n € C§°(Qo) with n > 0, fQo zr)dr =1, ||n|l < ¢/|Qol, and

V1l < ¢/(IQo] diam(Qy)), where ¢ = ¢(n). For f € LP()(Q) we estimate
with Lemma 7.4.14 and (14.3.19)

/fndac

Q

<c ||Vf||D—1m(->(Q) +4 ||f||D—1,p(->(Q)||7I||Dé,p’<~)(9) ||X£2||Lp<->(g)-

|‘f|‘LfU(‘>(Q) <cllf- <f>9||Lg(‘>(Q) +4 ||XQ||LP<-)(Q)

By Lemma 7.4.5,

CO2
171l p1.5 0> gy Xl o (@) S NVAllc Xl o @) IxellLoe (@) < diam(Q)”

This and the previous estimate yield (14.3.20). O
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Let us now turn our attention to Korn’s inequality. In the context of fluid
dynamics and elasticity the governing partial differential equation gives only
control of the symmetric part of the gradient rather of the full gradient itself.
For u € V[/'lic1 (R™) we define the symmetric gradient Du by

Du:= - (Vu+ (Vu)T).

DN | —

In particular the partial differential equation only ensures that the norm of
Du can be controlled. However, from a point of view of Sobolev spaces it is
desirable to have control of the gradient Vu. Although it is not possible to
estimate |Vu| point-wise by |Dul, it is in some cases possible to bound the
norm of Vu in terms of the norm of Du. In particular, for all u € W1 4(R")
with 1 < ¢ < oo we have Korn’s inequality (see for example [312])

IVull, < ¢|[Dul,.

We will generalize Korn’s inequality to the variable exponent spaces LP() ().
In the case of zero boundary value no assumption on the domain is needed,
while for the general case we need a bounded John domain. The approach
presented here is based on Theorem 14.3.18 (cf. [108]). A completely different
proof can be found in [103].

Theorem 14.3.21 (Korn’s inequality; first case). Let p € P°8(Q) with
1<p~ <pT <oo. Then

HVUHLP(‘)(Q) < CHDuHLP(-)(Q) (14.3.22)

for all u € DYPV) ().

Proof. Since every function u € Dé’p(')(Q) can be extended by zero to a

function u € Dé’p(')(R”), it suffices to consider the case = R™.
By the vector valued version of Theorem 14.3.18 and the identity 0;0,u; =
0jDpiu+ 0 Diju — 0;Djpu (in the sense of distributions) it follows that

||Vu||Lp<.)(Rn) < CHVVUHDfl,p(«)(Rn) < CHVDu”Dﬂ,p«)(Rn) < C”Du”LP(‘)(R")’

where we used that LP()(R"™) = Lg(')(R"). 0

Theorem 14.3.23 (Korn’s inequality; second case). Let Q2 C R" be a

bounded John domain and let p € P°8(Q) satisfy 1 < p~ < p+ < 0co. Then
[Va - <Vu>QHLP(')(Q) <c|Du-— <Du>9||LP(-)(Q)’

HVUHLPM(Q) Sc HDu - <Du>QHLp(-)(Q) + m Hu o <U>QHL,,(,)(Q)

for all u € WHP0)(Q).
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Proof. We use the identity 0;0ru; = 0;Dg;u+ 0 Diju— 0;Djru (in the sense
of distributions). Thus

[Vu — <VU>Q||L5<->(Q) c||[VVul[ o1 e Q) S ¢ [VDul| p-1 4 ) ()

<
< ¢||Du — (Du)

Then the first inequality follows from Theorem 14.3.18. The proof of the
second one is similar to the one of (14.3. 20) Let Qo be the central cube of 2
and choose n € C§°(Qo) with n > 0, fQ z)dr =1, ||n|l < ¢/|Qol, and

V1|l < ¢/(|Qo| diam(Qo)), where ¢ = ¢(n). For u € Whr0)(Q) we estimate

with Lemma 7.4.14
/akuj ndx

Since [, Opujndr = [, O (u; — (uj)g) ndz, we get with the already proven
Korn’s inequality

n n
IVallpo) o) S cllVa = {(Vujallpe) ) + Cz;kz
J=1k=1

Ixe ||Lp(~)(Q)~

||V11||Lp(->((z)

n
<c ||Du—<Du)QHLp( (@) CZ Z

j=1k=1

[ 5= )un da| xall oo
Q
Sc ||Du - <Du>Q||Lg(')(Q) +c Hu - <u>QHLg(‘>(Q) HVT/HLP/(‘)(Q) HXQHLP(')(Q)'

Exactly as in the proof of Theorem 14.3.18 we get | V|| ¢ (o) [ Xell o) (@) <
¢/diam(€?). This and the previous estimate give the second inequality. ad

14.4 Electrorheological Fluids

One of the driving forces for the rapid development of the theory of variable
exponent function spaces has been the model of electrorheological fluids intro-
duced by Rajagopal and Ruzicka [328,329,337]. This model leads naturally to
a functional setting involving function spaces with variable exponents. Elec-
trorheological fluids change their mechanical properties dramatically when
an external electric field is applied. They are one example of smart mate-
rials, whose development is currently one of the major task in engineering
sciences. Also in the mathematical community such materials are intensively
investigated in the recent years [4,6,7,9,90,94, 102,106,107, 296].

In the case of an isothermal, homogeneous, incompressible electrorheolog-
ical fluid the governing equations read
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O + [TVl — divS + Vr —g + [VEJP. (14.4.1)
divv =0,

where v is the velocity, [Vv]v = (E?:l vjajvi)i:uﬁ denotes the convective
term, m the pressure, S the extra stress tensor, g the external body force,
E the electric field, and P the electric polarization. The latter two fields are

subject to the quasi-static Maxwell’s equations

div(sE+P) =0, (14.4.2)
curlE=0,
where ¢ is the dielectric constant in vacuum. Equations (14.4.1) and (14.4.2)
are supplemented with appropriate boundary conditions. Moreover, we have
to specify constitutive relations for S and P. One possibility is to assume
that the polarization P is linear in E, i.e., P = YFE and that the extra
stress tensor S is given by

p—1 p—2

S=an((1+[D?) 2 —1)E®E+ (a1 + azE?)(1+ D) 2 D

p—2
+a5(1+|D]*) 2 (DEQE+E®DE), (14.4.3)

where «;; are material constants and p = p(|E|?) is a Holder continuous
function with 1 < p~ < pt < oo. The constant coefficients a;; have to
satisfy certain conditions which ensure the validity of the second law of ther-
modynamics. These requirements also ensure that the operator induced by
—divS(D, E) is coercive and satisfies appropriate growth conditions. For the
mathematical treatment we have additionally to assume that the operator
induced by — divS(D, E) is strictly monotone. For simplicity and clarity we
will restrict ourselves here to the treatment of the steady version of the gov-
erning equations, i.e., in (14.4.1) we omit the time derivative dyv. For results
concerning the unsteady problem we refer to [336,337], and [338].

From now on we consider the steady version of the problem. Note, that
the system (14.4.1) and (14.4.2) is separated. Thus we can first solve the
Maxwell’s equation and obtain under appropriate assumptions on the bound-
ary data that the solution E is so regular that |E| is Holder continuous. Thus
in the following we will assume that E is given and that we consider only the
steady version of the equation of motion equipped with Dirichlet boundary
conditions, i.e.,

—divS +div(vev)+Vr=f in Q,
divv=0  inQ, (14.4.4)
v=0 on 092,
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where we have set f := g+ [VE]P and have re-written the convective term as
div(v ® v) with v ® v denoting the tensor product of the vector v with itself
defined as (v;v;); j=1,...n. For simplicity, we denote p(z) := p(|E(x)[*) which
from now on is assumed to be log-Hélder continuous with 1 < p~ < p™ < oo.
We refrain from considering the concrete form of the extra stress tensor in
(14.4.3), but assume only that S(x, D) satisfies the following coercivity and
growth conditions

S(z,D)-D > C; (1+|D))*™®~2DJ?, (14.4.5)
IS(z,D)| < Cs (1 4 [D|)P™®~2|D| (14.4.6)

for all D € R?" := {D € R™*": D =D'}, and all z € Q, with Q being a

sym
bounded domain in R™, n > 2, and is strictly monotone, i.e.,

(S(z,D) — S(z,C))- (D~ C) >0 (14.4.7)

for all D # C € R and all z € Q. In the above formulas we have used the
notation A -B for the usual scalar product between two tensors. Analogously
we denote the usual scalar product between two vectors by v - w.

In this situation one can use the theory of monotone operators to show
the existence of a weak solution. Before we do so let us introduce the relevant
functions space for the treatment of problems for incompressible fluids. We
denote by V the space of mappings u from C35°(£2) which additionally satisfy
divu = 0 and set

V() () := closure of V in ||[D || 4, ) — norm,
where Du = 2(Vu+Vu') is the symmetric velocity gradient. Due to Korn’s
inequality (Theorem 14.3.21 and Corollary 8.2.5) the space V,.y(€2) can be
equivalently equipped with the [|||yy1.() ()-norm or the [V || ;,¢)q)-norm.
Consequently the space V,,.)(€2) is identical with the subspace of divergence

free functions from Dé’p (')(Q).

Theorem 14.4.8. Let 2 C R™ be a bounded domain with Lipschitz boundary
OQ and letp : Q — (1,00) belog-Hélder continuous with TS’—J:IQ <p” < ph<oo.
Assume that £ € W12'0)(Q) and that S satisfies (14.4.5)~(14.4.7). Then
there exists a weak solution (v,m) of the problem (14.4.4) such that

veV,y(Q) and we Lg/(‘)(Q) ,

satisfy the weak formulation
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/S(a:,Dv)-D1/Jda:—/v®v-v¢da:—/WdiV't/)dx: (f,p) (14.4.9)

Q Q Q

for all 4 € Wi PO ().

Proof. The proof follows from an easy adaptation of Brezis’ theorem on
pseudo-monotone operators (cf. [58,378]). The main obstacle is the iden-
tification of the limit in the nonlinear elliptic operator induced by — div S
for a sequence of approximate solutions. In view of the divergence con-
straint divv = 0 we use first, instead of the weak formulation above, a weak
formulation with divergence-free test functions, namely

/S(z,Dv)-qu d;z:f/v®v-v¢dx— (f,9) =0 (14.4.10)

Q Q

has to be satisfied for all ¢ € V() (£2). Later we will recover from this equation
the pressure 7.

By Theorem 12.2.3 and the above remarks the space V,.)(£2) is a reflexive,
separable Banach space. The growth condition (14.4.6) and the monotonicity
condition (14.4.7) imply that —divS defines a strictly monotone operator
from V) (€) to (Vy()(€2))* and from Wo Q) to Wy '#')(Q). Using the
embeddings Wol’p(')(Q) o WP (Q) —— LYQ), for all 1 < ¢ < n—”_’% one
easily checks that the convective term div(v®v) induces a strongly continuous
operator from V},.)(2) to (Vj,.)(2))* and from Wol’p(‘)(Q) to ng’p/(')(ﬂ), if
n?’—fQ <p~ < pt < oo (cf. [271]). Moreover one easily checks, using that v is
divergence-free, that

/v@v-Vvdm:O. (14.4.11)
Q

From the assumption on f and the remarks above it follows that f can be
viewed also as a linear bounded functional on the space Dé’p (‘)(Q) equipped
with the |[D-|;,)(q)-norm. A straightforward modification of the proof of
Proposition 12.3.5 implies that there exists F € (L'()(Q))" " with F = F T,
such that

(f, ) = /F~V¢da: = /F~D1/; dx (14.4.12)

Q Q

for all ¢ € Wol’p(')(Q). This representation also implies that f € (V,.y(€2))*.
The only point which has to be modified is the derivation of the a pri-
ori estimate, due to the different behaviour of the modular and the norm,
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compared to classical Sobolev spaces with constant exponents. We derive
the a priori estimate only formally, since it can be easily justified using the
Galerkin method (cf. [58,378]). Using v as a test function in (14.4.10) we

obtain
/|Dv|p(z) dr < c (1 + / |F - Dv]| da:) :

Q Q

where we used the property (14.4.11) of the convective term, (14.4.12), and
(14.4.5), which implies that there exists a constant depending on p and
Cy such that S(z,D) - D > (D™ — 1). Now we apply point-wise
Young’s inequality to estimate |F - Dv| < e |D[P") + c(s_l)|F|p,('). Choosing
¢ sufficiently small and using F € (L¥'()(£2))"*" we thus obtain

/|Dv|”<f> dx < c(||F Loy () - (14.4.13)
Q

Having at our disposal this a priori estimate one can now proceed exactly as
in the proof of Brezis’ theorem of pseudo-monotone operators to obtain the
existence of a weak solution v € V,,)(Q2) satisfying (14.4.10).

It remains to recover the pressure. Since the left-hand side of (14.4.10)

defines a bounded linear functional on WO1 w (©), which vanishes for all
1 € V, we obtain from deRahm’s theorem (cf. [361, Chap. 1] or [357, Chap. 2])
the existence of an associated pressure m € L(()p ") () such that the weak for-
mulation (14.4.9) is satisfied for all ¢» € C§°(€2). From the properties of v we

deduce in the following way that = € L2 ) (Q):

||7THLP/(_)(Q) <2 sup ‘/m]dx < sup ‘/Wdivdzdx‘
0 nEC () wecg(@) 1)
11l o )(Q)<1 IVl o) ) ST

2 sup ‘/S(x,Dv)-Dz/:—v®v~V1/;dx—<f,¢>‘
)
IVl oy g < ©

(I8, DV) | v oy + VI 200y () + IE w103 )

<c
< (IIS(z,DV)ll ooy + IVIT, o) + IEllw-1000 () < 00,

where we used the norm conjugate formula in Lg/(") (Q) (Corollary 3.4.13), the
solvability of the divergence equation (Theorem 14.3.15), the weak formula-
tion (14.4.9), Holder’s 1nequahty, the embeddmgs () (Q) — (WEE(Q))n
s (L2?7)(Q))™ valid for 25 < p~ < pt < oo, and the growth condition
(14.4.6) together with (14.4.13). Since now all terms in (14.4.9) are finite for
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test functions ¥ € (WP()(Q))" we obtain (14.4.9) by continuity also for
such test functions. a

The lower bound p~ > ;2% in Theorem 14.4.8 comes from the fact that
the convective term is well defined for test functions v from the energy space
V() (€2) only for such values of the exponent. If we relax the requirements on
the space of test functions, then we obtain results for lower bounds for p~. In
this case however, one cannot use the theory of monotone operators to iden-
tify the limit in the nonlinear operator induced by — div S for a sequence of
approximate solutions. This problem can be overcome by using the Theorem
of Vitali (Theorem 1.4.12). The application of this theorem requires us
to show the almost everywhere convergence of gradients of approximate
solutions. This is possible due to the monotonicity of the operator induced
by — div S and the approximation property of Sobolev functions by Lipschitz
functions from Sect. 9.5. Using these ideas one can prove the following result:

Theorem 14.4.14. Let Q2 C R™ be a bounded domain with Lipschitz bound-
ary 0N and let p be log-Hdélder continuous with f—fQ <p~ < pt < 0. Define

the variable exponent s by é%() := max {1 — Tld’ 2(1% — )}, Assume that
£f e WLPO(Q) and that S satisfies (14.4.5)~(14.4.7). Then there exists a
weak solution (v, m) of the problem (14.4.4) with

veV,y(Q) and we LS,(')(Q).

The proof of this result is based on the weak stability of the system (14.4.4).

Lemma 14.4.15. Let 2 C R™ be a bounded domain with Lipschitz contin-
wous boundary 9S), let p be globally log-Holder continuous with 1 < p~ <
pt < oo and let S satisfy (14.4.6) and (14.4.7). Let v*,v € V,y(Q) with
vE = v oin V) (Q). Let u* := v¥ — v and let u*J be the approzimations
of u® as in Theorem 9.5.2. Assume that

<6, (14.4.16)

k—oo

lim ‘/ (S(z,Dv*) — S(z,Dv)) - Du*/ dzx
Q

for all j € N, where limj_,o 6; = 0. Then, for any 0 <6 <1,

limsup/ ((S(w,ka) —S(z,Dv)) - (DV* — Dv))edx =0.

k— oo

Proof. Recall that a bounded domain with Lipschitz boundary 902 has a
fat complement and thus Theorem 9.5.2 is applicable. The monotonicity
(S(x, Dv*) —S(z,Dv))-Du* > 0 and Hélder’s inequality yield for 0 < 6 < 1
and all j € N,
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/ ((S(;U,ka) - S(%DV)) 'Dllk)edx

Q

0
< (/ (S(z,Dv*) — S(z,Dv)) 'DukX{uk_uk,j}dx) |t

0
+ (/ (S(z,Dv*) — S(z,Dv)) .Dukx{ukiuk,j}dg [{u* # u’w}ﬁ"’

_9 1 11—0
=Y 1 + Vo [{ut # a3

In order to estimate the last two terms we first notice that v¥ — v in Vo) (Q)
implies supy, ||[v* HVp<->(Q) < ¢, which together with the growth condition of S
(14.4.6) yields

Slép ”S('vDVk)HLP’(-)(Q) ) HS('7DV)||LP'(-)(Q) Ssec.
Holder’s inequality and the last estimate yield for all j € N

Yi 1 = / (S(z,DvF) — S(z,Dv)) 'Duk’jX{uk,j:uk} dx
Q
< /(S(I,ka)—S(a:,Dv)) Db da

~

Q
+ ‘/ (S(z,Dv*) — S(z,Dv)) 'Duk’jX{uk,j?guk} dx
Q

< ‘/ (S(z,Dv*) — S(z,Dv)) - Du*7 dz
Q

+ ¢ Va* I x furs zuiy L Lo (@) -
Using similar estimates, we also get from Holder’s inequality and the
estimates for S(-,DvF), S(-,Dv) and Dv*, Dv in (LP()(Q))"*" and
(LPO)(Q))*™ respectively, that

Yijo2 <c.

From the vector valued version of Corollary 9.5.4, the embedding LP()(Q) —
LY(Q), and Ay ; > 1 we deduce

lim sup |{uk =+ uk’j}‘ = limsup HX{uk;ﬁuk,j}”Ll(Q)
k—o0 k—o0

< ¢ limsup || A X{uk?guk,j}HLp(A)(Q) <€
k—o0
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and
||Vuk’jX{uw¢uk}||LP<->(Q) S gy
These estimates together with (14.4.16) imply for all j € N

0
lim sup/ ((S(Lka) — S(:I:,Dv)) -Duk) dr <c (5? + 6? + 5;_0) .

k—o0

Since the last estimate holds for all j € N and limj_. €; = lim;_o 6; = 0,
we obtain the assertion of the lemma. O

Corollary 14.4.17. Let all assumptions of Lemma 14.4.15 be satisfied.
Then there exists a subsequence, labeled again v*, satisfying

DvF — Dv a.e. in )

as k — oo.

Proof. From Lemma 14.4.15 we know that

1imsup/ ((S(a:, Dv*) — S(z,Dv)) - (DvF — DV))G dx = 0.

k—o0

By monotonicity, the integrand is non-negative, hence it tends to zero almost
everywhere. O

2n

Now we can prove the existence of weak solutions for the case p~ > - s

Proof of Theorem 1/.4.1/. We will only consider the case that p~ < n?’—fQ < n,
since the other case is covered by Theorem 14.4.8. Choose ¢ > —2— = 2(p~ )/

p~—1
and let v¥ € V1 (Q)NLI(Q) be a weak solution of the approximate problem

/S(a:, Dv*) - Dy —vF @ vF . Vo + %|v’“|q*2v’€ cpdr = (f,9) (14.4.18)
Q

for all ¥ € V},)(2) N LI(£2).

The existence of a weak solution to this approximate problem can be obtained
in the same way as in the proof of Theorem 14.4.8, if one replaces the energy
space Vp,.)(Q2) there with the natural energy space Vp.y(Q2) N LI(S2) of the
problem (14.4.18). The choice of the value for ¢ is due to the convective term
since
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vF e v ‘Dypdr < HV ‘|L2(p7)/(ﬂ)‘|v¢||LP7(Q) <C(k)

O —

for & € N and 9 € V,)(©2) by Holder’s and Korn’s inequality and the

embedding LP()(Q) < LP™ (Q).
Choosing 1 = v* i (14 4.18) we easily obtain as in the derivation of
(14.4.13) that

/|ka‘ dr + + ||Vk||qu(Q) < C(”F”LPI(‘)(Q)) : (14.4.19)
Q

Consequently, due to the growth condition (14.4.6), the embedding V,,.)(22) —

Vo-(€2), the comments before Theorem 14.4.8, and the classical Sobolev

embedding theorem

IS¢, DVF) Lorer @) < e(IF Il ey)
<

k
np— F P’ ’
Iv HL#@ (IF o) (14.4.20)
IV evk e <e(IFlo@):
Lz(n—p*)(ﬂ)

Obviously, the estimate (14.4.19) implies the existence of v € V,,(.y(2), and a
subsequence, which will be denoted again by v such that

vk v weakly in Vp(,)(Q) ,
1
7 / |vE[972vk apdz — 0 for all @ € LI(Q), (14.4.21)

and due to the compact embeddings V,)(R2) — V,-(Q) —— L%(Q),
o €[l,;5=), and V() (Q) == LP()(Q) (Theorem 8.4.2)

vk v strongly in L7(Q) N LPO(Q). (14.4.22)
Note that ¢ > 2 provided p~ > 712—_:12, which is the lower bound for p~ in
Theorem 14.4.14. For these exponents p we fix some o € (2, "_pp_) and thus
obtain

/Vk®vk-vwdx—>/v®v-v¢dx (14.4.23)
Q

for all ¢ € Wol’(a/Z)/(Q). Our next goal is to prove that also
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/S(x,ka)-Dw dr — /S(x,Dv)-D'tp dx (14.4.24)
Q Q

for all 1 € W +1(Q). By virtue of (14.4.13), (14.4.6), Hoélder’s inequality
(Lemma 3.2.20) and Lemma 3.2.5 the integrands in (14.4.24) are equi-
integrable. Thus, it suffices in view of Vitali’s theorem (Theorem 1.4.12),
to show at least for a subsequence that

Dv®¥ = Dv ae. inQ. (14.4.25)

In view of Lemma 14.4.15, Corollary 14.4.17, and (14.4.21) we thus have to
verify the assumption (14.4.16) of Lemma 14.4.15. As in that lemma we set

uk ZZVk—V

and denote the Lipschitz approximations from Theorem 9.5.2 applied to the
vector valued functions u® by (u¥7);cy. Note that the functions u*/ are
in general not divergence free and we have to correct them in order to use
them as a test function in (14.4.18). For that we use the Bogovskif operator B,
whose existence is ensured by Theorem 14.3.15. This linear, bounded operator
maps LF)(Q) into Wi*)(Q) and simultaneously LI(Q) into WE9(Q), 1 <
g < oo. The function Bh is a solution of the divergence equation div(Bh) = h
and satisfies the estimates

IV B Lot
IVBA 0

¢ ||h||LP(-)(Q) ) (14.4.26)

NN

¢ ||h||Lq(Q) )
with constants ¢ depending only on €2, p and 2, g, respectively. We define
€M = B(divu*).

From Corollary 9.5.4 we know that for each fixed j € N, Vu*J — 0 in
L(Q). This together with the fact that continuous linear operators preserve
weak convergence and classical compact embedding theorems implies, for
each j € N, that

¢* <0  weakly in whi(Q) ask— oo,

) 14.4.27
¢M =0 strongly in LY(Q) as k — co. ( )

Due to Vub = Vu*J on the set {u® =u*J} [280, Corollary 1.43] and
divu® = 0 we get divu*7 = X {ub£uk} div u®J . Consequently,

k,j 3 2J )
”é ! ||W1~P(')(Q) Sc ||d1V uk / X{uk#£uki} HLP(‘)(Q)
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and Corollary 9.5.4 yields

lim sup [|£*7

k—o0

. . ki
wieo () < climsup || divu™ X puksuri || Lo (o)
k—o0

< climsup VU™ x i zaray I o) (14.4.28)

k—o0

N

CEj.

Now we set

kg . . kg k,j
ni=u™ —§

and observe that we have in view of the above construction n*J € Vo) N

LQ(pf)/(Q). Moreover, from the properties of u*7 proved in Corollary 9.5.4,
and (14.4.27) we have for each j € N,

n* —~ 0 weakly in Wh9(Q) ask — oo,
. _ (14.4.29)
n"’ — 0 strongly in LI(Q}) ask — oo.

Thus we can use the test function n*7 in the weak formulation (14.4.18).
This equation can be re-written as

/(S(z, Dv") — S(z,Dv)) - Du*7 dx
Q
= /S(x,ka)~D€k7j d:cf/S(a:,Dv) - Du*7 dx
Q Q
1 . ) .
% / |vE1972vF . pkd da + (F, nFT) + /vk @ vk . Vnkide
Q Q

Using the first estimate in (14.4.20), Vu®J — 01in L(Q); (14.4.19), (14.4.29),
the assumption of f; and (14.4.22), (14.4.29) we deduce for all j € N

. 2 3 4 | _
klgglo | i | + T ;1 + 1T ;1 = 0.

On the other hand with Holder’s inequality, the first estimate in (14.4.20),
and (14.4.28) we get

lim sup \J,i)j| < co(K)ej.

k—oo

Thus we have shown for all j € N
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limsup/ (S(z,DvF) — S(z,Dv)) - Du™/ da < ¢(K) ¢,

k—o0

which is assumption (14.4.16) of Lemma 14.4.15. Consequently, Corollary
14.4.17 yields (14.4.25), which in view of Vitali’s theorem (Theorem 1.4.12)
proves (14.4.24). This and (14.4.23), as well as (14.4.21) prove that the weak
formulation (14.4.10) is satisfied for all sufficiently smooth divergence-free
test functions 1. By continuity and the growth properties of the extra stress
tensor and the convective term we than get that (14.4.10) is satisfied for all
P € Vyy(Q). The existence of a pressure with the stated properties now
follows as in the proof of Theorem 14.4.8. The proof of Theorem 14.4.14 is
complete. a

Remark 14.4.30. Note that in both Theorems 14.4.8 and 14.4.14 the
assumption that €2 has a Lipschitz continuous boundary is not needed if
one is only interested in the existence of a velocity v satisfying the weak
formulation for divergence-free test functions only. This is due to the fact
that we treat homogeneous boundary conditions and thus Korn’s inequality
and the properties of the function spaces also hold for arbitrary bounded
domains. In Theorem 14.4.14 one has additionally to localize the Lipschitz
truncation theorem (Theorem 9.5.2, Corollary 9.5.4) and the stability result
(Lemma 14.4.15). Details can be found in [107].
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